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Physics 6303                                            Lecture 23                                            November 12, 2018 
 
LAST TIME: Contour integration examples 
 
What happens when we have poles on the real axis?  Consider the integral given by 
 

න
sin ݔ݇
ݔ െ 2

ାஶ

ିஶ
 ݔ݀

 
You notice that we have a simple pole at ݔ ൌ 2.  There is even a question concerning the meaning 
of this integral because it is unbounded at the pole.  We have to define what we mean, and we 
define the principal value of the integral by 
 

ܲන
sin ݔ݇
ݔ െ 2

ାஶ

ିஶ
ݔ݀ ൌ lim

ఢ→଴
ቈන

sin ݔ݇
ݔ െ 2

ଶିఢ

ିஶ
ݔ݀ ൅න

sin ݔ݇
ݔ െ 2

ାஶ

ଶାఢ
 ,቉ݔ݀

 
and we have avoided the singularity.  Remember that we cannot have any poles on the contour 
when we use the residue theorem.  We use the definition of the sine to split up our original integral 
into two parts given by 
 

න
sin ݔ݇
ݔ െ 2

ାஶ

ିஶ
ݔ݀ ൌ

1
2݅
ቆන

݁௜௞௫

ݔ െ 2

ାஶ

ିஶ
ݔ݀ െ න

݁ି௜௞௫

ݔ െ 2

ାஶ

ିஶ
 .ቇݔ݀

 
We are assuming here that k is a positive number.  To do the first integral, 
we close the contour in the top half, but avoid the pole by using a small 
semicircle to go around it.  See the figure.  From our previous theorems, 
Jordan’s lemma, the large semicircle contributes nothing and because no 
poles are included, the integral is zero.  For the second integral, we close 
the contour in the bottom half, but now the pole is inside the path.  Just flip the large semicircle to 
the bottom without changing anything else.  Now 
 

ሺ2ሻܭ ൌ lim
௭→ଶ

ሺݔ െ 2ሻ
݁ି௜௞௫

ݔ െ 2
ൌ ݁ିଶ௜௞. 

 
Therefore, the integral is given by 

න
݁ି௜௞௭

ݖ െ 2஼ೃ	್೐೗೚ೢ

ݖ݀ ൌ െ2ି݁݅ߨଶ௜௞, 

 
But we still must do the integral over the small semicircle and take the limit as 
߳, the	radius	of	the	small	semicircle	 → 0.		We obtain 
 

lim
ఢ→଴

න
sin ݖ݇
ݖ െ 2஼ച

ݖ݀ ൌ lim
ఢ→଴

1
2݅
න

ቂ݁௜௞൫ଶାఢ௘
೔ഇ൯ െ ݁ି௜௞൫ଶାఢ௘

೔ഇ൯ቃ

߳݁௜ఏ
߳݁௜ఏ݀ߠ

଴

గ
. 
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The integral goes from ߨ	to	0	because we are traveling the contour in the clockwise direction.  We 
take the limit to obtain 

lim
ఢ→଴

න
sin ݖ݇
ݖ െ 2஼ച

ݖ݀ ൌ
1
2
൫݁௜ଶ௞ െ ݁ି௜ଶ௞൯න ߠ݀ ൌ െ݅ߨ sin 2݇.

଴

గ
 

 
We have defined the principal value to be the integral along the real axis up to the beginning of 
the small semicircle and continuing from the end of the small semicircle to infinity.  Therefore, 
 

ܲන
sin ݔ݇
ݔ െ 2

ାஶ

ିஶ
ݔ݀ െ ߨ݅ sin 2݇ ൌ න

sin ݔ݇
ݔ െ 2

ାஶ

ିஶ
ݔ݀ ൌ

1
2݅
൫0 െ െ2ି݁݅ߨଶ௜௞൯.		 

Finally 

ܲන
sin ݔ݇
ݔ െ 2

ାஶ

ିஶ
ݔ݀ ൌ ଶ௜௞ି݁ߨ ൅

݅ߨ
2݅
൫݁௜ଶ௞ െ ݁ି௜ଶ௞൯ ൌ ߨ cos 2݇. 

 
There is one last issue we need to consider.  How do we deal with a branch point and a branch cut?  
Branch points and branch cuts occur when we have “multi-valued” functions.  These include 
integrals of the form 

න ,ݔሻ݀ݔ௣݂ሺݔ
ஶ

଴
		where	݌	is	a	fraction. 

 
Remember that this is a problem because ݖ௣ ൌ ݖ		at	analytic	not	is	௣݁௜௣ఏݎ ൌ
0	when p is not an integer.  We must construct a closed contour that does not 
include the branch point and the branch cut.  Here is a typical contour that 
would be used for a branch point at zero and a branch cut along the positive 
real axis.  Suppose we look at the integral given by 
 

ܫ ൌ න
ݔ√

ଶݔ ൅ 1

ஶ

଴
 .ݔ݀

 
There are two simple poles, one at i and one at –i.  There are four separate integrals to do for this 
case.  Imagine we use the contour shown and go in the ccw direction.  Therefore, the total integral 
is given by 
 

ර
ݖ√

ଶݖ ൅ 1஼
ݖ݀ ൌ න ൅න ൅න ൅න

஼ച௕௢௧௧௢௠	௢௙	௖௨௧	஼ೃ௧௢௣	௢௙	௖௨௧
. 

 
For our contour, the poles are inside the contour, so we need to get the residues.  We have done 
this quite a few times, so I will state the results as follows. 

ሺ൅݅ሻ݂	ݏܴ݁ ൌ 	
√݅
2݅
ൌ
݁௜గ/ସ

2݅
ൌ
√2
4݅
ሺ1 ൅ ݅ሻ 

ሺെ݅ሻ݂	ݏܴ݁ ൌ 	
√െ݅
െ2݅

ൌ
݁௜ଷగ/ସ

െ2݅
ൌ
√2
4݅
ሺ1 െ ݅ሻ 
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ර
ݖ√

ଶݖ ൅ 1஼
ݖ݀ ൌ ݅ߨ2

2√2
4݅

ൌ  .2√ߨ

 
The actual integral we want is along the top of the branch cut because it goes from 0 to infinity.  
We may use the same approach we have used before to see that the contribution of the integral 
along the big circle is zero.  What about the small circle around the origin?  Set ݖ ൌ ߳݁௜ఏ.		Then 
 

න
ݖ√

ଶݖ ൅ 1
ݖ݀ ൌ න

√߳݁௜ఏ/ଶ

߳ଶ݁ଶ௜ఏ ൅ 1
߳݅݁௜ఏ݀ߠ.

଴

ଶగ஼ച

 

 
Simplify this and take the limit as ߳	goes	to	0. 
 

݅߳ଷ/ଶ න
݁ଷ௜ఏ/ଶ

߳ଶ݁ଶ௜ఏ ൅ 1

଴

ଶగ
ߠ݀ ⟶ ߳	ݏܽ	0 ⟶ 0.		 

 
Finally, what about the lower part of the branch cut?  Along this part, ߠ ൌ ݖ Using  .ߨ2 ൌ  ,௜ఏ݁ݎ
The integral becomes 

න
௜ଶగ݁ݎ√

ଶ݁௜ସగݎ ൅ 1

଴

ஶ
ݎ݀ ൌ െන

௜గ݁ݎ√

ଶݎ ൅ 1

ஶ

଴
ݎ݀ ൌ න

ݎ√
ଶݎ ൅ 1

ஶ

଴
ݎ݀ ൌ  .ܫ

Finally 

ර
ݖ√

ଶݖ ൅ 1஼
ݖ݀ ൌ න ൅න ൅න ൅න ൌ ܫ2

஼ച௕௢௧௧௢௠	௢௙	௖௨௧	஼ೃ௧௢௣	௢௙	௖௨௧
		 

and 

ܫ ൌ න
ݔ√

ଶݔ ൅ 1

ஶ

଴
ݔ݀ ൌ

2√ߨ
2
.	 

 
There is an interesting relationship between the real and imaginary parts of a function that is 
analytic at ݖ௢	in the upper half plane.  Use the Cauchy formula to express the value of ݂	at	ݖ௢	as 
follows 

݂ሺݖ௢ሻ ൌ
1
݅ߨ2

ර
݂ሺݖሻ
ݖ െ ௢஼ݖ

 ݖ݀

 
with both C and zo in the upper half plane.  We assume that |݂ሺݖሻ| → 0	as ݖ → ∞.		Then we may 
let C be a large semicircle in the top half plane with its flat side along the real (x) axis.  The integral 
along the curved part becomes zero, but we have to use our small semicircle of radius  under the 
pole that will be on the x axis as ݖ௢	approaches the axis from the top.  Therefore, 
 

݂ሺݖ௢ሻ ൌ
1
݅ߨ2

න
݂ሺݔሻ
ݔ െ ௢ݖ

ାஶ

ିஶ
 .ݔ݀

 
We use our definition of the principal value to obtain 
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݂ሺݔ௢ሻ ൌ
1
݅ߨ2

ቈܲන
݂ሺݔሻ
ݔ െ ௢ݔ

ାஶ

ିஶ
ݔ݀ ൅ lim

ఢ→଴
න

݂ሺݔ௢ ൅ ߳݁௜ఏሻ
߳݁௜ఏ

଴

ିగ
݅߳݁௜ఏ݀ߠ቉ 

 

ൌ
1
݅ߨ2

ቈܲන
݂ሺݔሻ
ݔ െ ௢ݔ

ାஶ

ିஶ
ݔ݀ ൅  		.௢ሻ቉ݔሺ݂ߨ݅

 
We obtain for ݂ሺݔ௢ሻ 

݂ሺݔ௢ሻ ൌ െ
݅
ߨ
ܲන

݂ሺݔሻ

ݔ െ ௢ݔ

ାஶ

ିஶ
 .ݔ݀

 
However, ݂ሺݔሻ	has both real and imaginary parts, so we may write 
 

ܴ݁ሾ݂ሺݔ௢ሻሿ ൌ
1
ߨ
	ܲන

ሻሿݔሾ݂ሺ݉ܫ
ݔ െ ௢ݔ

ାஶ

ିஶ
 ݔ݀

and 

௢ሻሿݔሾ݂ሺ݉ܫ ൌ െ
1
ߨ
	ܲන

ܴ݁ሾ݂ሺݔሻሿ
ݔ െ ௢ݔ

ାஶ

ିஶ
 ݔ݀

 
This means that the real and imaginary part of a function that satisfies these conditions are linked.  
In materials, one is accustomed to considering the real and imaginary part of the dielectric tensor 
or the conductivity tensor.  The connections between the real and imaginary parts of either are 
called the Kramers-Kronig relations.  They mean that we may measure the absorption and get the 
dispersion or vice-versa.  Thes are very important in optical measurements and spectroscopy.  
Essentially, anytime we have waves involved, there will be dispersion and absorption, so these  
relations show up in many areas of physics. 
 
Return to the previous Green function problem – damped, driven harmonic oscillator. 
 
Recall that we looked at the Green function for a harmonic oscillator, but we were temporarily 
stumped because we did not know how to transform back from the omega representation to the 
time representation.  Now we know how to do that, so let’s see how it works. 
 

݉
݀ଶݔሺݐሻ
ଶݐ݀

൅ ܾ
ሻݐሺݔ݀
ݐ݀

൅ ሻݐሺݔ݇ ൌ  .ሻݐሺܨ

 
To put the equation in a more standard form, let’s divide through by ݉ and define some new 
constants which should be familiar to you. 
 

݀ଶݔሺݐሻ
ଶݐ݀

൅ ߛ2
ሻݐሺݔ݀
ݐ݀

൅ ߱௢ଶݔሺݐሻ ൌ ݂ሺݐሻ. 

 
We will have some initial conditions on this equation, and we will worry about those later.  The 
Green function we need to find satisfies the equation given by 
 



5 
 

݀ଶܩሺݐ, ሻ′ݐ
ଶݐ݀

൅ ߛ2
,ݐሺܩ݀ ሻ′ݐ

ݐ݀
൅ ߱௢ଶܩሺݐ, ᇱሻݐ ൌ ݐሺߜ െ  	.ᇱሻݐ

 
Equations of this type may be solved using a Fourier transform to convert the ODE to an algebraic 
equation, much in the same way you used the substitution of ݁௤௧	to convert the homogeneous 
version to an algebraic equation.  The Fourier transform, however, is useful to convert from one 
space to another, such as time to frequency, space to k-space in solid state physics, or space to 
spatial frequency in optics.  Here are the two most common forms of the transform and its inverse 
transform. 
 

ሺ߱ሻܨ ൌ
1

ߨ2√
න ݂ሺݐሻ݁ି௜ఠ௧
ାஶ

ିஶ
ሻݐሺ݂	݀݊ܽ	ݐ݀ ൌ

1

ߨ2√
න ሺ߱ሻ݁௜ఠ௧ܨ
ାஶ

ିஶ
݀߱,	 

 
where ݂ሺݐሻ	ܽ݊݀	ܨሺ߱ሻ	are Fourier transform pairs.  Sometimes, it is convenient to write 
 

ሺ߱ሻܨ ൌ ࣠ሾ݂ሺݐሻሿ	and	݂ሺݐሻ ൌ ࣠ିଵሾܨሺ߱ሻሿ.	 
 
The use of the factor √2ߨ is not standard.  Some authors use 2ߨ	in only one of the factors, but the 
product must be 2ߨ	for one-dimensional transforms.  In other applications, we might right 
 

ሺ݇ሻܨ ൌ
1

ߨ2√
න ݂ሺݔሻ݁ି௜௞௫
ାஶ

ିஶ
ሻݔ݂ሺ	and	ݔ݀ ൌ

1

ߨ2√
න ሺ݇ሻ݁௜௞௫ܨ
ାஶ

ିஶ
݀݇. 

 
The Fourier transform of this equation is given by 
 

െ߱ଶܩሺ߱, ᇱሻݐ െ ,ሺ߱ܩ߱ߛ	2݅ ᇱሻݐ ൅ ߱௢ଶܩሺ߱, ᇱሻݐ ൌ
1

ߨ2√
݁௜ఠ௧

ᇲ
.	 

We solve for ܩሺ߱,  to obtain	ᇱሻݐ
 

,ሺ߱ܩ ᇱሻݐ ൌ
1

ߨ2√

݁௜ఠ௧
ᇲ

߱௢ଶ െ ߱ߛ	2݅ െ ߱ଶ.		 

 
Now we take the inverse transform to get 
 

,ݐሺܩ ᇱሻݐ ൌ න
1

ߨ2√

݁௜ఠ௧
ᇲ

߱௢ଶ െ ߱ߛ	2݅ െ ߱ଶ

ஶ

ିஶ
݁ି௜ఠ௧݀߱. 

 
As you can see, this is a relative straightforward way to obtain the Green function in integral form, 
but we must use the residue theorem to do the integral.  The integrand has two simple poles located 
at 

െ݅ߛ േ ඥ߱௢ଶ െ  	.ଶߛ
 
We have not yet done contour integration, but the result is given by 
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,ݐሺܩ ᇱሻݐ ൌ ݐ					0 ൏ ,ݐሺܩ	and		ᇱݐ ᇱሻݐ ൌ ݁ିఊሺ௧ି௧
ᇲሻ sin	ሾΩሺt െ tᇱሻሿ

Ω
ݐ					 ൐  .ᇱݐ

 
So how do we get this result using our recently developed ideas of contour integration? 
 
Both of these poles are in the lower half plane, symmetrically located with respect to the y axis.  
Rewrite our integral as 

,ݐሺܩ ᇱሻݐ ൌ න
1

ߨ2√

݁௜ఠሺ௧
ᇲି௧ሻ

߱௢ଶ െ ߱ߛ	2݅ െ ߱ଶ

ஶ

ିஶ
݀߱. 

 
This integral has exactly the same form as we used to prove Jordan’s lemma earlier.  Here, ߱	is 
the integration variable instead on z, and ሺݐᇱ െ ᇱݐሻ plays the role of k.  For ሺݐ െ ሻݐ ൐ 0	or	ݐ ൏  ,ᇱݐ
we close the contour upward and find no poles, so ܩሺݐ, ᇱሻݐ ൌ 0	for	ݐ ൏   .ᇱas  required by causalityݐ
For ݐ ൐  ᇱ, we close to the bottom – see Theorem II number 2 from lecture 22.  Here, then are theݐ

poles, so we set Ω ൌ ඥ߱௢ଶ െ  and get the following given by	ଶߛ
 

,ݐሺܩ ᇱሻݐ ൌ െ
1
ߨ2

ሺെ2݅ߨሻ ቆ
݁௜൫௧

ᇲି௧൯ሺି௜ఊାஐሻ

2Ω
൅
݁௜൫௧

ᇲି௧൯ሺି௜ఊିஐሻ

2Ω
ቇ ൌ ݁ିఊ൫௧ି௧

ᇲ൯ sinΩሺݐ െ ᇱሻݐ
Ω

, ݐ ൐  ′ݐ

 
Keep in mind that we now have solved the problem for any ݂ሺݐሻ.	 We need only solve the integral 
given by 

ሻݐሺݔ ൌ න ݂ሺݐ′ሻܩሺݐ, 		ᇱݐᇱሻ݀ݐ
௧

଴
 

 
Conformal mapping 
 
Recall that we found some rather elementary mappings that accomplished translation, rotation, 
stretching, inversion, and combinations of those.  Here they are again. 
Translation:     ݓ ൌ ݖ ൅  ߚ
Rotation:     ݓ ൌ  ௜ఏ೚݁ݖ
Stretching:     ݓ ൌ  ݖܽ

Inversion:     ݓ ൌ ଵ

௭
 

Linear Transformation:   ݓ ൌ ݖܽ ൅  (translation, rotation, stretching) ߚ	

Bilinear or fractional Transformation: ݓ ൌ ௔௭ା	ఉ

ఊ௭ାఋ
	(translation, rotation, stretching, 

inversion) 
 
We specifically looked at how the transformation (or mapping) given by ݓ ൌ ݂ሺݖሻ ൌ  appears	ଶݖ
in the ݑ െ ݔ plane when we consider a particular set of curves in the	ݒ െ  plane.  Recall that we	ݕ
are using ݓ ൌ ݂ሺݖሻ ൌ ,ݔሺݑ ሻݕ ൅ ,ݔሺݒ݅ ݔ  We looked at a set of curves	ሻ.ݕ ൌ 1, ݔ ൌ 2, ݔ ൌ 3, ݔ ൌ
4, ݕ ൌ 1, ݕ ൌ 2, ݕ ൌ 3, and	ݕ ൌ 4.		Just to see how one looks, consider ݔ ൌ 1,	where ݕ	extends 
from 0	to	∞.		For this function, ݑሺݔ, ሻݕ ൌ ଶݔ െ ,ݔሺݒ	and	ଶݕ ሻݕ ൌ ,ݔሺݑ ,Therefore		.ݕݔ2 ሻݕ ൌ 1 െ

,ݔሺݒ	and	ଶݕ ሻݕ ൌ ݑ ,So		.ݕ2 ൌ 1 െ ௩మ

ସ
.		Similar shapes occur for the other straight lines.  Here are 

the graphs of each set of curves in the ݔ െ ݑ plane and in the	ݕ െ  .plane	ݒ
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Notice that these functions ݑሺݔ, ሻݕ ൌ ଶݔ െ ,ݔሺݒ	and	ଶݕ ሻݕ ൌ  satisfy the Cauchy-Riemann	ݕݔ2
relations because 

ݑ߲
ݔ߲

ൌ
ݒ߲
ݕ߲

	and	
ݒ߲
ݔ߲

ൌ െ
ݑ߲
ݕ߲
, 

and therefore, 
ݑ߲
ݔ߲

ൌ ݔ2 ൌ
ݒ߲
ݕ߲

ൌ 	and	ݔ2
ݒ߲
ݔ߲

ൌ ݕ2 ൌ െ
ݑ߲
ݕ߲

ൌ െ െ  .ݕ2

 
 
 
We also saw that we could derive the two-dimensional Laplace’s equation for ݑሺݔ, ,ݔሺݒ	and	ሻݕ  ሻݕ
to obtain 

߲ଶݑ
ଶݔ߲

൅
߲ଶݑ
ଶݕ߲

ൌ 0	and	
߲ଶݒ
ଶݔ߲

൅
߲ଶݒ
ଶݕ߲

ൌ 0. 

 
All of these findings suggest that complex variables and mapping may have some useful 
applications is solving two-dimensional potential problems as well as two-dimensional problems 
in other fields as well, e.g., heat 
flow and fluid flow.  There are 
four very important theorems 
concerning these issues.  First, 
if ݂ሺݖሻ	is analytic in a region R 
and ݂ᇱሺݖሻ ് 0	݅݊	ܴ,	then the 
mapping ݓ ൌ ݂ሺݖሻ	is 
conformal at all points in R.  
Recall that conformal means 
that the mapping preserves both angles and the sense of the angles as shown in the figure.  Second, 
if ݂ሺݖሻ ൌ ,ݔሺݑ ሻݕ ൅ ,ݔሺݒ݅  is analytic in a region R, then the family of curves given by	ሻݕ
 

,ݔሺݑ ሻݕ ൌ ,ݔሺݒ	and	ଵܥ ሻݕ ൌ  	ଶܥ
 
are orthogonal.  To prove this, suppose two particular members of these families given by 
 

,ݔሺݑ ሻݕ ൌ ,ݔሺݒ	and	௢ݑ ሻݕ ൌ  ௢ݒ
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intersect at the point ሺݔ௢, ݑ݀ Note that		௢ሻ.ݕ ൌ డ௨

డ௫
ݔ݀ ൅ డ௨

డ௬
ݕ݀ ൌ 0	so that 

ௗ௬

ௗ௫
ൌ െ

ങೠ
ങೣ
ങೠ
ങ೤

.		The 

calculation for ݀ݒ ൌ డ௩

డ௫
ݔ݀ ൅ డ௩

డ௬
ݕ݀ ൌ 0	so that 

ௗ௬

ௗ௫
ൌ െ

ങೡ
ങೣ
ങೡ
ങ೤

.		These two expressions represent the 

slopes of the respective curves as the point of intersection ሺݔ௢, -We may use the Cauchy		௢ሻ.ݕ

Riemann relations to write these as 
ௗ௬

ௗ௫
ൌ െ

ങೡ
ങ೤
ങೠ
ങ೤

	and	 ௗ௬
ௗ௫
ൌ െ

ିങೠ
ങ೤
ങೡ
ങ೤

.		Multiplying the two slopes gives 

 

൮െ

ݒ߲
ݕ߲
ݑ߲
ݕ߲

൲൮െ
െ߲ݕ߲ݑ
ݒ߲
ݕ߲

൲ ൌ െ1, 

 
which is the condition for 
orthogonality.  Third, the harmonic 
nature of the equations for 
,ݔሺݑ ,ݔሺݒ and	ሻݕ  ሻ as functions ofݕ
 carries over to functions ݕ	and	ݔ
ܷሺݑ, ,ݑܸሺ	and	ሻݒ ݓ in the	ሻݒ െ
plane.		 This preservation of 
Laplace’s equation is proved by 
using straightforward chain rule 
differentiation and the Cauchy-
Riemann relations.  If the mapping function is analytic and f′ is not zero, the mapping is one to 
one.  Fourth, Riemann’s mapping theorem states that if C is a simple closed curve in the z – plane 
forming the boundary of a simply connected region R, and if Cʹ is a circle of radius one and center 
at the origin forming the boundary of region Rʹ in the w - plane, every point in Rʹ is the image of 
a point in R under a function ݓ ൌ ݂ሺݖሻ.  Here is a figure that represents this statement.  Although 
the mapping theorem guarantees the existence of such a mapping, it does not tell us how to find it.  
The mapping theorem may also be extended to a region bounded by two simple closed curves, one 
inside the other, where these curves map onto a region bounded by two concentric circles. 
 
NEXT TIME:  Conformal mapping continued 


