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Physics 6303                                             Lecture 22                                             November 7, 2018 
 
LAST TIME: 

ܽ	ݐܽ	݂	ݏ݁ݎ ൌ
1
݅ߨ2

ර ݂ሺݖሻ݀ݖ,
஼
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஼
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ே
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ே

௡ୀଵ

,	 

 
There are numerous methods of calculating these residues, and I list them below. 
 
1. We may calculate the Laurent series and pick out the coefficient ܿିଵ	.	 
 
2. For a simple pole, the residue at a is given by 
 

ሺܽሻ݂	ݏܴ݁ ൌ ௡ሺܽሻܭ ൌ lim
௭→௔

ሺݖ െ ܽሻ ݂ሺݖሻ.	 

 
Number 2 is true because if you substitute the Laurent series in for ݂ሺݖሻ,	it yields only ܿିଵ	.	 
 
3. For a pole of order m, we may calculate the residue by considering the Laurent series once again 
and differentiate it term by term, and we obtain 

ሺܽሻ݂	ݏܴ݁ ൌ ௡ሺܽሻܭ ൌ lim
௭→௔

1
ሺ݉ െ 1ሻ!

݀௠ିଵ

௠ିଵݖ݀ ሾሺݖ െ ܽሻ௠݂ሺݖሻሿ.	 

 
One use of the residue theorem is to calculate the integral of functions having the form 
 

න ݂ሺsin ߠ
ଶగ

଴
, cos  	.ߠ݀	ሻߠ

 
To see how this works with complex integration, we need to convert the sine function, cosine 
functions, and ݀ߠ to their complex forms.  We use ݖ ൌ ,௜ఏ݁ݎ ݖ݀ ൌ ߠ௜ఏ݀݁ݎ݅ ൌ ݅݁௜ఏ݀ߠ	if we 

evaluate the integrals around the unit circle in the complex plane.  Therefore, ݀ߠ ൌ ௗ௭

௜௭
. 

 
We express sine and cosine in terms of z as follows. 
 

cos ߠ ൌ
݁௜ఏ ൅ ݁ି௜ఏ

2
ൌ
1
2
൬ݖ ൅

1
ݖ
൰	 

and  

sin ߠ ൌ
݁௜ఏ െ ݁ି௜ఏ

2
ൌ
1
2݅
൬ݖ െ

1
ݖ
൰. 

 
Using these transformations, we may convert trigonometric functions to functions of z and use 
contour integration to obtain useful results. 
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Let’s look at some examples of how to use the residue theorem for integrals that don’t appear to 
be quite so straightforward. 
 
Example 1 
 
Evaluate 

න
1

3 ൅ sinଶ ߠ

గ

଴
 	.ߠ݀

 
The first thing we notice is that the integral does not run over the full range we need to close the 
contour.  We note, however, that sinଶ  is an even function, so we may write	ߠ
 

න
1

3 ൅ sinଶ ߠ

గ

ିగ
ߠ݀ ൌ න

1
3 ൅ sinଶ ߠ

଴

ିగ
ߠ݀ ൅ න

1
3 ൅ sinଶ ߠ

గ

଴
 ߠ݀

 

ൌ 2න
1

3 ൅ sinଶ ߠ

గ

଴
 .ߠ݀

 
Now use the results above to convert this integral to one over ݖ. 
 

න
1

3 ൅ sinଶ ߠ

గ

଴
ߠ݀ ൌ

1
2
ර

1

3 ൅ ቂ 12݅ ቀݖ െ
1
ቁቃݖ

ଶ
௨௡௜௧	௖௜௥௖௟௘

ݖ݀
ݖ݅

 

 

ൌ
1
2݅
ර

1

ቂ72 െ
1
4 ݖ

ଶ െ 1
ଶቃݖ4

௨௡௜௧	௖௜௥௖௟௘

ݖ݀
ݖ
. 

 
Eliminate the fractions in the denominator and rationalize to obtain 
 

න
1

3 ൅ sinଶ ߠ

గ

଴
ߠ݀ ൌ 2݅ ර

ݖ
ସݖ െ ଶݖ14 ൅ 1௨௡௜௧	௖௜௥௖௟௘

 .ݖ݀

 
Now we find the residues to see how many lie in the unit circle by solving the quadratic equation 
in ݖଶ.		 

௣ସݖ െ ௣ଶݖ14 ൅ 1 ൌ 0 
 
We solve the quadratic equation to obtain 
 

௣ଶݖ ൌ
14 േ √14ଶ െ 4

2
ൌ 7 േ

1
2
√192 ൌ 7 േ 4√3 ൌ 7 േ 6.93.	 

 
The four roots are 

ଵ,ଶݖ ൌ േ3.73	ܽ݊݀	ݖଷ,ସ ൌ േ0.27 
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Only ݖଷ,ସ	are inside the unit circle, so we do not need to worry about ݖଵ,ଶ.	 
Therefore, 

ଷሻݖሺܭ ൌ lim	ሺݖ െ 	ଷሻݖ
௭→௭య

ݖ
ሺݖ െ ݖଵሻሺݖ െ ݖଶሻሺݖ െ ݖଷሻሺݖ െ ସሻݖ

ൌ
ଷݖ

ሺݖଷ െ ଷݖଵሻሺݖ െ ଷݖଶሻሺݖ െ ସሻݖ
 

and 

ସሻݖሺܭ ൌ lim	ሺݖ െ 	ସሻݖ
௭→௭ర

ݖ
ሺݖ െ ݖଵሻሺݖ െ ݖଶሻሺݖ െ ݖଷሻሺݖ െ ସሻݖ

ൌ
ସݖ

ሺݖସ െ ସݖଵሻሺݖ െ ସݖଶሻሺݖ െ ଷሻݖ
. 

 
We may use the fact that ݖଶ ൌ െݖଵ	and	ݖସ ൌ െݖଷ	to	obtain	the sum of the residues inside the unit 
circle as 

ଷሻݖሺܭ ൅ ସሻݖሺܭ ൌ
ଷݖ

ሺݖଷ
ଶ െ ଵݖ

ଶሻሺݖଷ െ ସሻݖ
൅

ସݖ
ሺݖସ

ଶ െ ଵݖ
ଶሻሺݖସ െ ଷሻݖ

ൌ
1

ሺݖସ
ଶ െ ଵݖ

ଶሻ
 

 

ൌ
1

൫7 െ 4√3൯ െ ൫7 ൅ 4√3൯
ൌ െ

√3
24
. 

 
We use the residue theorem to obtain 
 

න
1

3 ൅ sinଶ ߠ

గ

଴
ߠ݀ ൌ ሺ2݅ሻ݅ߨ2 ቆെ

√3
24
ቇ ൌ

√3
6
 	.ሺWhew‼ሻ		.ߨ

 
There is a really nice example of calculating the flux through a circular loop outside a long, straight 

wire carrying a time-dependent current 
ௗூ

ௗ௧
	that I will assign as homework.  It is actually a good 

physics problem that uses the same ideas as this example does. 
 

Other integrals of the form ׬ ݂ሺݔሻ݀ݔ	
ାஶ
ିஶ may	also	be	converted	into an integral in the complex 

plane so that we may use these techniques.  For these problems, we will close the contour by 
adding addition sections that do not contribute to the integral’s value. 
 
Example 2 
 
Consider the integral given by 

න
1

ሺݔଶ ൅ ܽଶሻଶ

ାஶ

ିஶ
 .ݔ݀

 
One way to think of this integral is along the real axis in the complex 
plane.  To make a closed contour that is a requirement for using the 
residue theorem, we will have to close our contour by taking a large 
semi-circle whose radius becomes infinite.  We have to make sure that 
our integral does not have a value along that circle, or the technique 
does not work.  In other words, the value of our integral as ܴ → ∞	must 
go to zero.  We are essentially doing the following 
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ර
1

ሺݖଶ ൅ ܽଶሻଶ஼
ൌ lim

ோ→ஶ
ቈන

1
ሺݖଶ ൅ ܽଶሻଶ

ାோ

ିோ
ݔ݀ ൅න

1
ሺݖଶ ൅ ܽଶሻଶ

.
௦௘௠௜ି௖௜௥௖௟௘

቉ 

 
The issue to settle is how our function behaves on the large semicircle.  If we show that the 
contribution to the integral is zero, then this approach is fine.  Consider the absolute value of the 
integrand. 

ฬ
1

ሺݖଶ ൅ ܽଶሻଶ
ฬ ൌ

1
ସ|ݖ|

1

ฬ1 ൅ ܽଶ
ଶฬݖ

ଶ ൑
1
ସ|ݖ|

1

൬1 െ
|ܽ|ଶ
ଶ൰ۀݖڿ

ଶ 

 
The last step makes use of the relationship we gave earlier given by 
 

ଵݖ| െ |ଶݖ ൒ ห|ݖଵ| െ  		ଶ|หݖ|
 

and ݖଵ ൅ ଶݖ ൌ ଵݖ െ ሺെݖଶሻ.		We may make the semicircle large enough so that 
|௔|

ۀ௭ڿ
൏ ଵ

√ଶ
,	and this 

gives  

ฬ
1

ሺݖଶ ൅ ܽଶሻଶ
ฬ ൑

4
ସ|ݖ|

. 

 

This value of 
ସ

|௭|ర
	sets the maximum value of the integrand.  We multiply this number by the length 

of the contour to see what its limit is as ܴ → ∞.		If that number is zero, then this process works.  
Therefore, 

ܴߨ ൬
4
ܴସ
൰ ൌ

ߨ4
ܴଷ
, 

 
which goes to zero as ܴ → ∞, so everything is fine.  Finally, the value of our integral is given by 
 

ර
1

ሺݖଶ ൅ ܽଶሻଶ஼
ൌ න

1
ሺݖଶ ൅ ܽଶሻଶ

ݖ݀
௥௘௔௟	௔௫௜௦

. 

 
There are two order 2 poles given by ݖ ൌ േ݅ܽ.		Because we closed the contour in the top half, only 
the ݖ ൌ ൅݅ܽ	pole contributes.  Now, we calculate the residue of the order 2 pole using our 
expression given by 

ሺܽሻ݂	ݏܴ݁ ൌ ௡ሺܽሻܭ ൌ lim
௭→௔

1
ሺ݉ െ 1ሻ!

݀௠ିଵ

௠ିଵݖ݀ ሾሺݖ െ ܽሻ௠݂ሺݖሻሿ,	 

so 

ሺ݅ܽሻܭ ൌ lim
௭→௜௔

1
1!
݀
ݖ݀

൤ሺݖ െ ݅ܽሻଶ
1

ሺݖଶ ൅ ܽଶሻଶ
൨ ൌ lim

௭→௜௔

݀
ݖ݀

1
ሺݖ ൅ ݅ܽሻଶ

 

 

ൌ lim
௭→௜௔

െ2
ሺݖ ൅ ݅ܽሻଷ

ൌ
െ2

ሺ2݅ܽሻଷ
ൌ

1
4݅ܽଷ

. 

Finally, the integral is 
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ර
1

ሺݖଶ ൅ ܽଶሻଶ஼
ൌ ݅ߨ2

1
4݅ܽଷ

ൌ
ߨ
2ܽଷ

ൌ න
1

ሺݔଶ ൅ ܽଶሻଶ

ାஶ

ିஶ
 .ݔ݀

 
What I have used in this example is a result that has a more general result.  We know that 
 

න ݂ሺݖሻ	݀ݖ ൑
஼

න |݂ሺݖሻ|	|݀ݖ|
஼

൑  ,ܮܯ

 
where M is the upper bound of |݂ሺݖሻ|	on C and L is the length of C.  We want to prove that if 
 

|݂ሺݖሻ| ൑ ெ

ோೖ
	for	ݖ ൌ ܴ݁௜ఏ	with k > 1, lim

ோ→ஶ
׬ ݂ሺݖሻ	݀ݖ஼ ൌ 0.		Here C is the semicircle used before. 

 

ቤන ݂ሺݖሻ	݀ݖ
஼

ቤ ൑ න |݂ሺݖሻ|	|݀ݖ| ൑
ܯ
ܴ௞

ܴߨ ൌ
ܯߨ
ܴ௞ିଵ஼

,which	goes	to	zero	in	the	limit	of	ܴ → ∞. 

 
This is a useful result because it tells us that as long as the denominator has at least a positive 
power, our method works. 
 
I suspect that you are all of you are familiar with Fourier transforms that typically have the form 
 

ሺ݇ሻ~නܨ ݂ሺݔሻ݁௜௞௫
ାஶ

ିஶ
 		.ݔ݀

 

There is another theorem that is useful for evaluating such integrals.  If ܨሺݖሻ ൑ ெ

ோೖ
 for ݖ ൌ ܴ݁௜ఏ,	 

 

lim
ோ→ஶ

׬ ݁௜௠௭ܨሺݖሻ	݀ݖ ൌ 0	஼ for ݇ ൐ 0	and	ܯ	is	a	constant.		Here, ݉	is a positive constant and C is 

the semicircular arc used before.  Written in terms of ߠ,	our integral becomes 
 

න ݁௜௠ோ௘೔ഇܨ൫ܴ݁௜ఏ൯ܴ݅݁௜ఏ݀ߠ
గ

଴
 

and 

ቤන ݁௜௠ோ௘೔ഇܨ൫ܴ݁௜ఏ൯ܴ݅݁௜ఏ݀ߠ
గ

଴
ቤ ൑ න ቚ݁௜௠ோ௘೔ഇܨ൫ܴ݁௜ఏ൯ܴ݅݁௜ఏቚ ߠ݀

గ

଴
 

 
 

ൌ න ห݁௜௠ோୡ୭ୱఏି௠ோୱ୧୬ఏ	ܨ൫ܴ݁௜ఏ൯ܴ݅݁௜ఏห݀ߠ
గ

଴
ൌ න ݁ି௠ோୱ୧୬ఏ	

గ

଴
หܨ൫ܴ݁௜ఏ൯หܴ݀ߠ	 

 

൑
ܯ
ܴ௞ିଵ

න ݁ି௠ோୱ୧୬ఏ	
గ

଴
ߠ݀ ൌ

ܯ2
ܴ௞ିଵ

න ݁ି௠ோୱ୧୬ఏ	
గ
ଶ

଴
 		ߠ݀
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Now use the fact that sin ߠ ൒ ଶగ

ఏ
	for 0 ൑ ߠ ൑ గ

ଶ
 as is seen 

from the graph.  This means that the integral above is 
related to another integral by 
 

ܯ2
ܴ௞ିଵ

න ݁ି௠ோୱ୧୬ఏ	

గ
ଶ

଴
		ߠ݀ ൑

ܯ2
ܴ௞ିଵ

න ݁ିଶ௠ோఏ/గ	݀ߠ

గ
ଶ

଴
 

 

ൌ
ܯߨ
ܴ௞

ሺ1 െ ݁ି௠ோሻ, 

 
which goes to zero when R goes to infinity.  This is known as Jordan’s lemma. 
 
Here is an example of how it works.  Consider  
 

න ݁௜௠௫ ݔ݀
ܽଶ ൅ ଶݔ

ାஶ

ିஶ
		 

 
where ݉ ൒ 0	ܽ݊݀	ܽ ൐ 0.  We consider closing the contour in the upper half plane as usual.  
Therefore, consider 

න ݁௜௠௭

஼

ݖ݀
ܽଶ ൅ ଶݖ

 

 
with a pole in the upper plane at ݖ ൌ ݅ܽ.		The residue is given by  
 

ቆ
݁௜௠௭

ݖ ൅ ݅ܽ
ቇ
௭ୀ௜௔

ൌ
1
2݅ܽ

݁ି௠௔ 

and 

න ݁௜௠௫ ݔ݀
ܽଶ ൅ ଶݔ

ାஶ

ିஶ
ൌ
ߨ
ܽ
݁ି௠௔. 

 
Here is a summary of some of the important proofs involving closing the contour in these cases.  
The reference is Hildebrand’s book Advanced Calculus for Applications. 
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NEXT TIME: Return to Green functions briefly and conformal mapping. 


