Physics 6303 Lecture 22 November 7, 2018
LAST TIME:
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ta=—-— d
res fata 2ni£ f(z)dz,

ji f(z)dz = Zm'nz:Res f(z,) = ZEiZ K,,

There are numerous methods of calculating these residues, and | list them below.
1. We may calculate the Laurent series and pick out the coefficient c_, .

2. For a simple pole, the residue at a is given by
Res f(a) = K,(a) = lim(z — a) f(2).
z—a
Number 2 is true because if you substitute the Laurent series in for f(z), it yields only c_; .

3. For a pole of order m, we may calculate the residue by considering the Laurent series once again
and differentiate it term by term, and we obtain
1 m-—1

Res f(a) = Ky(a) = lim [(z =)™ f(2)].

zoa(m—1)!dzm1

One use of the residue theorem is to calculate the integral of functions having the form
2
J. f(sin@,cos0) db.
0

To see how this works with complex integration, we need to convert the sine function, cosine

functions, and dé@ to their complex forms. We use z = re'®,dz = ire'®do = ie'®do if we

evaluate the integrals around the unit circle in the complex plane. Therefore, d6 = %.

We express sine and cosine in terms of z as follows.

cosf =——=—

el 4 g0 1( 1)
2 2

and
i0

NS —e“"’_l( 1)
sin@ = > =>(z—-)

Using these transformations, we may convert trigonometric functions to functions of z and use
contour integration to obtain useful results.



Let’s look at some examples of how to use the residue theorem for integrals that don’t appear to
be quite so straightforward.

Example 1
Evaluate

T 1
jo 3 + sin? Hde'

The first thing we notice is that the integral does not run over the full range we need to close the
contour. We note, however, that sin? 8 is an even function, so we may write

T 1 0 T
————df=| ———=do0+ | s———db
fn3+sin29 fn3+sin29 f03+sin26

T 1
=2 z—/——=5db.
j; 3 +sin? 0

Now use the results above to convert this integral to one over z.

j” L ff 1 dz
3+sin26  2) . . 1 2 iz
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Eliminate the fractions in the denominator and rationalize to obtain

fﬂ ! d9—2'7€ z d
o 3+sinzg ) i l4z2 1

Now we find the residues to see how many lie in the unit circle by solving the quadratic equation
in z2.
zy—14z; +1=0

We solve the quadratic equation to obtain

,  14£vV142 -4 1
72 = > =713 192=7+4V3=7+693.

The four roots are
Z1’2 = i3.73 and Z3,4_ = i0.27



Only z3 4 are inside the unit circle, so we do not need to worry about z; ,.
Therefore,

Kz) =l s G -z —22) (s — 2@ — 22 (s — 2)

z Z3

and

) =l ) - )G 2)e—2)  — 2)( — ) — 23

z Z4

We may use the fact that z, = —z; and z, = —z; to obtain the sum of the residues inside the unit
circle as

K X B Z3 Zy _ 1
(z3) + K(z4) = (22 — z2) (25 — 24) * (z2 —22)(z4 —23) (22 —z})
1 V3

T (7-4V3) = (7+4V3) 24
We use the residue theorem to obtain

do = 2mi(2i) <— g) = gn. (Whew!!).

/s
_l; 3 +sin?46
There is a really nice example of calculating the flux through a circular loop outside a long, straight
. . . dl . . .
wire carrying a time-dependent current Ethat I will assign as homework. It is actually a good

physics problem that uses the same ideas as this example does.

Other integrals of the form fj;o f(x)dx may also be converted into an integral in the complex

plane so that we may use these techniques. For these problems, we will close the contour by
adding addition sections that do not contribute to the integral’s value.

Example 2

Consider the integral given by
+00 1
f_oo —(xz T a?)? dx.

One way to think of this integral is along the real axis in the complex y

plane. To make a closed contour that is a requirement for using the

residue theorem, we will have to close our contour by taking a large

semi-circle whose radius becomes infinite. We have to make sure that

our integral does not have a value along that circle, or the technique ia

does not work. In other words, the value of our integral as R — co must x
go to zero. We are essentially doing the following )




1 1 1
=[Gt | ]
£ (ZZ + a2)2 R—co I -R (Zz + a2)2 semi—circle (Zz + a2)2

The issue to settle is how our function behaves on the large semicircle. If we show that the
contribution to the integral is zero, then this approach is fine. Consider the absolute value of the
integrand.

1 _ 1 1 < 1 1
(22 i aZ)Z - |Z|4 a_z 2 = |Z|4 (1 _M)z
72 [Z]z

The last step makes use of the relationship we gave earlier given by

|z — 2| = ||Z1| - |Zz||

and z; + z, = z; — (—z,). We may make the semicircle large enough so that = < T’ and this
gives
1

(z2 + a?)?

4

<—.
|z|*

This value of # sets the maximum value of the integrand. We multiply this number by the length
of the contour to see what its limit is as R — oo. If that number is zero, then this process works.

Therefore,
4 41
R <R4) R

which goes to zero as R — oo, so everything is fine. Finally, the value of our integral is given by

1 f 1
— = ———dz
Cc (Zz + a2)2 real axis (ZZ + a2)2

There are two order 2 poles given by z = +ia. Because we closed the contour in the top half, only
the z = +ia pole contributes. Now, we calculate the residue of the order 2 pole using our
expression given by

1 dm—l

Res f(a) = K,(a) = (m Didzn T

[(z =)™ f(2)],
S0
d 1
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K(ia) = hm [(Z la) z2 + a?)? zh—g}l dz (z + ia)?
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Finally, the integral is



f 1 o 1 j+°° 1 4
. (z2+a?)? M aia® " 2a3 o (X% 4+ a?)? X
What | have used in this example is a result that has a more general result. We know that
[ r@dz<| irllas < m
C C
where M is the upper bound of |f(z)| on C and L is the length of C. We want to prove that if

lIf(2)] < % for z = Re'® with k > 1, 1%1330 fC f(z) dz = 0. Here C is the semicircle used before.

Lf@w

M M
< f lf(2)| |dz| < ﬁnR = W,Which goes to zero in the limit of R — oo.
c

This is a useful result because it tells us that as long as the denominator has at least a positive
power, our method works.

I suspect that you are all of you are familiar with Fourier transforms that typically have the form
+0oo )
F(k)~j fx)e™* dx.
There is another theorem that is useful for evaluating such integrals. If F(z) < % for z = Re'?,

}gim fc e™?F(z) dz = 0 for k > 0 and M is a constant. Here, m is a positive constant and C is
the semicircular arc used before. Written in terms of 8, our integral becomes
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feimRe‘gF(Rele)iRelede
0
and

do

n i . .
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Now use the fact that sin 8 > %ﬂfor 0<6< %as is seen sin 8

from the graph. This means that the integral above is
related to another integral by

T
2

L a2 n
2M f e—mRsinB do < 2M fz e—ZmRO/Tt de '
0 0

Rk—l - Rk—l
M
= Rk (1 - e_mR))

which goes to zero when R goes to infinity. This is known as Jordan’s lemma.

Here is an example of how it works. Consider

+ 00
f eimx dx
o a? + x2

where m > 0 and a > 0. We consider closing the contour in the upper half plane as usual.

Therefore, consider
. dz
elmZ
c a? + z2

with a pole in the upper plane at z = ia. The residue is given by

eimz 1
— e~ma
z+ia . 2ia
zZ=la

e imx dx T -ma
e 2 > = —e .
—oo a“+x a

and

Here is a summary of some of the important proofs involving closing the contour in these cases.
The reference is Hildebrand’s book Advanced Calculus for Applications.

Theorem I. If, on a circular arc Cy, with radius R and center at the origin,
z f(z) — 0 uniformly as R — oo, then

lim _[CB f(z)dz = 0.

R=w



Theorem II. Suppose that, on a circular arc Cy with radius R and center
at the origin, f(z) — 0 uniformly as R — co. Then:

. li ™ f(z)dz =0 >0
1 Jim [ ™ f(2)dz (m > 0) /M
if Cy, is in the first and/or second quadrants.*
2. lim [ e™ f(z)dz=0 (m>0)
R " Cr
if Cp, is in the third and/or fourth quadrants. :7
3. lim [ ef@dz=0 (m>0 ]
if Cy, is in the second and/or third quadrants. \4
4. lim e ™ f(z)dz =0 (m>0)
R—w Cr

if Cg, is in the first and/or fourth quadrants.

* This result is known as Jordan's lemma.

Theorem III. If, on a circular arc C, with radius p and center at z = gq,
z f(z) — 0 uniformly as p — 0, then
lim [ f(z)dz =0.

p=0" "p

Theorem IV. Suppose that f(z) has a simple pole at z = a, with residue
Res (a). Then, if C, is a circular arc with radius p and center at z = g, inter-
cepting an angle « at z = a, there follows

lim | f(2) dz = i Res (a),

p=0""p
where « is positive if the integration is carried out in the counterclockwise
direction, and negative otherwise.

NEXT TIME: Return to Green functions briefly and conformal mapping.



