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Physics 6303                                              Lecture 18                                              October 22, 2018 
 
Do examination 2 comments at end of lecture first. 
 
Finish the last example on Green functions and give a methodology for calculating the Green 
function in general.  Here is a fairly general method for calculating a Green function. 
 
1. Decide what the object is, usually a sphere or cylinder, and indicate the regions where ݎ ൐
ݎ	ᇱandݎ ൏  .It is not a bad idea to draw the configuration		ᇱ.ݎ
 
2. If you are outside a sphere, as we were in my example, the inner boundary of the region is at the 
surface of the sphere, and the outer boundary is at infinity. 
 
3. Place a point charge at ܚᇱ	and write the equation ׏ଶܩሺܚ, ᇱሻܚ ൌ െ4ߜߨሺܚ െ  Put in the		ᇱሻ.ܚ
appropriate BCs. 
 
4. Within the region where ܚ ് ,ܚሺܩଶ׏ solve the equation	ᇱ,ܚ ᇱሻܚ ൌ 0. 
 
5. The region is usually divided using the function that does not have orthogonal functions.  
Usually, for spheres or cylinders, the dividing variable is either ݎ	or	ߩ.	 
 
6. Apply the BCs at the inner and outer region of interest. 
 
7. Set the Green functions for region 1 and region 2 equal to one another at r = r’ or  = ’.  This 
step will probably require use of the orthogonality condition for the variable has the orthogonal 
functions, probably spherical harmonics or Bessel functions, for sphere of cylinders, respectively. 
 
8. By now there should be only one set of constants to determine.  You should be able to write the 
ODE with only one variable, again either ݎ	or	ߩ. 
 
9. Integrate the ODE across the boundary at r = r’ or  = ’. 
 
Complex Analysis 
 
Real numbers, positive and negative integers, rational numbers (numbers expressed as a ratio of 
two integers), and irrational numbers (numbers that cannot be expressed as the ratio of two 
integers) do not allow for the solution to problems of the type ݔଶ ൅ 1 ൌ 0.		For this reason, 
complex numbers must be introduced to deal with such problems, and many more, for that matter. 
 
Review complex algebra first. 
 
A complex number is usually represented by ݖ ൌ ݔ ൅ ݖ	 or ݕ݅ ൌ ሺݔ,  ሻ in the Cartesianݕ
representation, where  ݅ଶ ൌ െ1.  Its complex conjugate is given by ݖ∗ ൌ ݔ െ  is the	∗ݖ where	,ݕ݅
usual designation for the complex conjugate.  The real part of the complex number is 
ݖ	ܴ݁ ൌ ݖ	݉ܫ and the imaginary part is	,ݔ ൌ  Here are the fundamental operations for complex		.ݕ
numbers. 
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Addition:  ሺܽ ൅ ܾ݅ሻ ൅ ሺܿ ൅ ݅݀ሻ ൌ ሺܽ ൅ ܿሻ ൅ ݅ሺܿ ൅ ݀ሻ 
 
Subtraction:  ሺܽ ൅ ܾ݅ሻ െ ሺܿ ൅ ݅݀ሻ ൌ ሺܽ െ ܿሻ ൅ ݅ሺܾ െ ݀ሻ 
 
Multiplication: ሺܽ ൅ ܾ݅ሻሺܿ ൅ ݅݀ሻ ൌ ሺܽܿ െ ܾ݀ሻ ൅ ݅ሺܽ݀ ൅ ܾܿሻ 
 

Division:  
ሺ௔ା௜௕ሻ

ሺ௖ା௜ௗሻ
ൌ ሺ௔ା௜௕ሻሺ௖ି௜ௗሻ

ሺ௖ା௜ௗሻሺ௖ି௜ௗሻ
ൌ ሺ௔௖ା௕ௗሻ

ሺ௖మାௗమሻ
൅ ݅ ሺ௕௖ି௔ௗሻ

ሺ௖మାௗమሻ
 

 
In addition, here are the rules for commutative, associative, and distributive operations. 
 

ଵݖ ൅ ଶݖ ൌ ଶݖ ൅  ଵݖ
ଵݖ ൅ ሺݖଶ ൅ ଷሻݖ ൌ ሺݖଵ ൅ ଶሻݖ ൅  ଷݖ

ଶݖଵݖ ൌ  ଵݖଶݖ
ଷሻݖଶݖଵሺݖ ൌ ሺݖଵݖଶሻݖଷ 

ଶݖଵሺݖ ൅ ଷሻݖ ൌ ଶݖଵݖ ൅  ଷݖଵݖ
ଵݖ ൅ 0 ൌ 0 ൅  ଵݖ
1 ∙ ଵݖ ൌ ଵݖ ∙ 1 

That	ݖଵ ൅  .closure	called	is	set	the	to	belong	ଶݖଵݖ	and	ଶݖ
 
Members of a set that satisfy the rules listed above is called a field, as opposed to the group that 
we mentioned earlier.  Have you ever heard of a ring, another one of the collection of objects that 
have certain properties? 
 
We may also define the absolute value, or modulus, of a complex number by the expression given 
by 

|ݖ| ൌ ሺݔଶ ൅ ଶሻݕ
ଵ
ଶ. 

Here is a reminder of some of the rules concerning absolute values. 
 

|ଶݖଵݖ| ൌ  |ଶݖ||ଵݖ|

ฬ
ଵݖ
ଶݖ
ฬ ൌ

|ଵݖ|
|ଶݖ|

 

ଵݖ| ൅ |ଶݖ ൑ |ଵݖ| ൅  numbers	complex	of	number	any	to	applies	and	ଶ|ݖ|
ଵݖ| െ |ଶݖ ൒ |ଵݖ| െ  |ଶݖ|

 
These last two inequalities are known as the triangle inequalities and state that no side of a triangle 
is greater in length than the sum of the other two sides nor less than the difference of the lengths 
of the other two sides. 
 
Complex numbers may be easily represented graphically with the real part of the number being 
the x-component and the imaginary part of the number being the y-component.  Here is the graph. 
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We may also represent the complex number in polar form by considering 
the following Cartesian components written as 
 

ݔ ൌ ݎ cos ߠ 	and	ݕ ൌ ݎ sin  .ߠ
 
Therefore, ݖ ൌ ݔ ൅ ݕ݅ ൌ ሺcosݎ ߠ ൅ ݅ sin ሻߠ ൌ ߠ	with	௜ఏ݁ݎ ൌ tanିଵ ௬

௫
. 

Any range of angles that spans 2ߨ	may be termed the principal range, and 
the value of	ߠ	is called the principal value.  Usually, 0 െ  .chosen	is	ߨ2	

The usual warnings for choosing the angle apply; i.e., you must consider the quadrant in which the 

point lies.  For the point ሺെ2 ൅ 2݅ሻ	shown	above, ߠ ൌ tanିଵ ቀ ଶ

ିଶ
ቁ 	and 

ߠ ൌ 135௢ ൌ ଷగ

ସ
.  To determine roots of complex numbers, we use the results from considering the 

product of complex numbers in polar form given by 
 

ଶݖଵݖ ൌ ଵሺcosݎ ଵߠ ൅ ݅ sin ଶሺcosݎଵሻߠ ଶߠ ൅ ݅ sin  ଶሻߠ
ൌ ଶݎଵݎ ሾሺcos ଵߠ cos ଶߠ െ sin ଵߠ sin ଶሻߠ ൅ ݅ሺsin ଵߠ cos ଶߠ ൅ cos ଵߠ sin  ଶሻሿߠ

ൌ ଶሾcosݎଵݎ 	ሺߠଵ ൅ ଶሻߠ ൅ ݅	sin	ሺߠଵ ൅  .ଶሻߠ
 
If ߠଵ ൌ ଶߠ ൌ ଵݎ	݀݊ܽ	ߠ ൌ ଶݎ ൌ ଶݖ we see that	,ݎ ൌ ଶሾcosݎ ߠ2 ൅ ݅ sin  By mathematical		ሿ.ߠ2
induction, we also see that 

௡ݖ ൌ ௡ሾcosݎ ߠ݊ ൅ ݅ sin ሿߠ݊ ൌ  		.௡݁௜௡ఏݎ
 
This result also means that ሺcos ߠ ൅ ݅ sin ሻ௡ߠ ൌ ሺcos ߠ݊ ൅ ݅ sin  a statement known as De	ሻ,ߠ݊
Moivre’s theorem.  If we want to extract the ݊௧௛ root of a number, we solve the equation given by 
 

௢௡ݖ ൌ  	,ݖ
which implies that we need to solve 
 

௢௡ሾcosݎ ௢ߠ݊ ൅ ݅ sin ௢ሿߠ݊ ൌ ሺcosݎ ߠ ൅ ݅ sin  .ሻߠ
This means that 

௢௡ݎ ൌ ௢ߠ݊	݀݊ܽ	ݎ ൌ ߠ ൅  ߨ2݇
and 

௢ߠ and	ݎ root of	is the ݊௧௛	௢ݎ ൌ
ఏ

௡
േ ଶ௞గ

௡
.	 Our expression for ݖ௢	becomes 

 

௢ݖ ൌ ೙ݎ√ ൬cos
ߠ ൅ ߨ2݇

݊
൅ ݅ sin

ߠ ൅ ߨ2݇
݊

൰.	 

 
As an example, suppose we wish to find the fifth root of -32.  We write 
 
െ32 ൌ 32ሾcosሺߨ ൅ ሻߨ2݇ ൅ ݅ sinሺߨ ൅  ,to put the number in the correct complex form.  Then	ሻߨ2݇
according to De Moivre’s theorem, 
 

௡ݖ ൌ ௡ሾcosݎ ߠ݊ ൅ ݅ sin ሿߠ݊ ൌ 32ሾcos ߠ5 ൅ ݅ sin  ሿߠ5
from which 
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ݖ ൌ 2 ൤cos ൬
ߨ ൅ ߨ2݇

5
൰ ൅ ݅ sin ൬

ߨ ൅ ߨ2݇
5

൰൨. 

 
For ݇ ൌ 0,1,2,3,4,	we generate the 5 fifth roots of -32 to be 
 

ଵݖ ൌ 2 ቂcos ቀ
ߨ
5
ቁ ൅ ݅ sin ቀ

ߨ
5
ቁቃ,					ݖଶ ൌ 2 ൤cos ൬

ߨ3
5
൰ ൅ ݅ sin ൬

ߨ3
5
൰൨, 

 

ଷݖ ൌ 2 ൤cos ൬
ߨ5
5
൰ ൅ ݅ sin ൬

ߨ5
5
൰൨ ൌ െ2,					ݖସ ൌ 2 ൤cos ൬

ߨ7
5
൰ ൅ ݅ sin ൬

ߨ7
5
൰൨, 

and 

ହݖ ൌ 2 ൤cos ൬
ߨ9
5
൰ ൅ ݅ sin ൬

ߨ9
5
൰൨. 

 
On the complex plane, these five roots are represented by the points on 
an equilateral pentagon as shown to the right.  Notice that the graphical 
representation shows right away the real root at -2, and the other two 
sets of complex conjugate roots, ݖଵ	and	ݖହ, and	ݖଶ	and	ݖସ.		 Solutions 
to the quadratic equation using complex coefficients is no different than 
with real coefficients.  Here is a short example.  Determine the values 
of z for the equation ݖଶ ൅ ሺ2݅ െ 3ሻݖ ൅ 5 െ ݅ ൌ 0.		Here ܽ ൌ 1, ܾ ൌ
ሺ2݅ െ 3ሻ, ܽ݊݀	ܿ ൌ 5 െ ݅.		Using the quadratic formula gives 
 

ݖ ൌ
െܾ േ √ܾଶ െ 4ܽܿ

2ܽ
ൌ
െሺ2݅ െ 3ሻ േ ඥሺ2݅ െ 3ሻଶ െ 4ሺ1ሻሺ5 െ ݅ሻ

2
 

 

ൌ
െ2݅ ൅ 3 േ √െ4 െ 12݅ ൅ 9 െ 20 ൅ 4݅

2
ൌ
െ2݅ ൅ 3 േ √െ15 െ 8݅

2
. 

 
Now you see why we need to be sure we know how to take roots of complex numbers because of 
what occurs under the square root here.  Let’s look at a second method that is particularly useful 
for square roots.  Let ܽ ൅ ܾ݅	represent the resulting square root so that ܽ ൅ ܾ݅ ൌ √െ15 െ 8݅. 
We may square each side to obtain 
 

ܽଶ െ ܾଶ ൅ 2ܾ݅ܽ ൌ െ15 െ 8݅. 
 
Equating the real parts and imaginary parts gives ܽଶ െ ܾଶ ൌ െ15	and	2ܾܽ ൌ െ8	so		ܾܽ ൌ െ4. 
 

Setting ܾ ൌ െ ସ

௔
	and	substituting	it	into	the	second	equation	gives	the	quadratic	equation		 

in ܽଶ	to	be	 ܽସ ൅ 15ܽଶ െ 16 ൌ 0,		which implies that ሺܽଶ ൅ 16ሻሺܽଶ െ 1ሻ ൌ 0.		Because a is real,  
ܽ ൌ േ1.		 If ܽ ൌ ൅1, ܾ ൌ െ4	ܾݐݑ	݂݅	ܽ ൌ െ1, ܾ ൌ ൅4.		Therefore, the correct solutions are given 
by 

ݖ ൌ
െ2݅ ൅ 3 േ ሺ1 െ 4݅ሻ

2
ൌ 2 െ 3݅, 1 ൅ ݅. 
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You probably remember using this technique when you dealt with wave propagation in a medium 
where the magnitude of the propagation number k has both real and imaginary parts.  The real part 
represents the absorption of the wave, and the imaginary part represents the relative phase shift of 
the wave.  Here is how it works briefly.  Assume you are considering an electromagnetic wave 
whose amplitude is given by 

௫ܧ ൌ  .௢௫݁௜ሺ௞௭ିఠ௧ሻܧ
 
How would you characterize this wave?  Suppose we found by solving the wave equation with 
absorption incorporated into the equation that ݇ ൌ ݇ோ ൅ ݅݇ூ		,		where ݇ோ	and	݇ூ		are the real and 
imaginary parts of the complex ݇.		Inserting the complex value back into the expression for 
  yields	௫ܧ

௫ܧ ൌ ௢௫݁௜ሾሺ௞ೃା௜௞಺ሻ௭ିఠ௧ሻܧ ൌ  .௢௫݁ି௞಺௭݁௜ሺ௞ೃ௭ିఠ௧ሻܧ
 
From the form of this equation, you see that the imaginary part of k indicates that the wave energy 
is being absorbed, whereas the real part gives the propagation number.  The exact form of 
݇ோ	and	݇ூ		must, of course, be determined by the dispersion relation being considered. 
 
Another nice application of the complex representation of waves occurs in the study of states of 
polarization of EM waves.  If you have studied polarization effects in some detail, you are aware 
that materials may cause different effects on different components of a wave.  Usually, such effect 
are described mathematically by considering two components of a wave, the x- and y- components 
if the wave travels in the z-direction.  The total propagating electric field may be written as 
 

۳ ൌ ොܠ௢௫݁௜ሺ௞௭ିఠ௧ሻܧ ൅  .ොܡ௢௬݁௜ሺ௞௭ିఠ௧ାఏሻܧ
 
Notice that these fields have the common feature for the propagating part, but the y-component is 
shifted in phase relative to the x-component.  This shift in phase typically occurs because the wave 
is propagating in an anisotropic medium where the y-component travels faster or slower than the 
x-component.  The exact state of polarization is determined by the relative phase and by the relative 
magnitudes of ܧ௢௫	and	ܧ௢௬.		Certain features might be completely clear to you, but others not so 
clear without further investigation.  For example, if ߠ ൌ 0	or	a	multiple	of	2ߨ,	the wave is linearly 
polarized, and the angle of the field is given by the usual vector considerations.  If ܧ௢௫ ൌ ,௢௬ܧ and 

the phase is േగ

ଶ
, we have circular polarization.  If ܧ௢௫, ,௢௬ܧ and	ߠ	are all arbitrary, but not zero, 

we have elliptically polarized light with the major axis of the ellipse not generally aligned with 
either the x - or y - axis.  If the waves under consideration are all monochromatic, and therefore, 
coherent, it is possible to give a very succinct representation of these effects using a matrix 
formulation.  The two components of the waves are represented as column vectors given by 
 

൤
௢௫ܧ

௢௬݁௜ఏܧ
൨. 

 
The effects of some of the normally used optical elements, polarizers and retarders, are given by 
the appropriate 2 × 2 matrices, Jones matrices, that operate on the column vectors to predict the 
new state of polarization after the wave transmits through the element. 
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One more important use of complex variables occurs in the solution of differential equations when 
you make the assumption that a solution may be written as ݔሺݐሻ ൌ ݁௤௧.	Substituting this result back 
into the ODE such as the one for a damped harmonic oscillator again yields a solution that contains 
both an amplitude and a phase factor.  When the oscillator is driven by a harmonic source, the 
phase lets one see how the driving force and the response to it behave 
 
 
Midterm examination 2 comments 
 
A total of 6 problems will be on the examination.  Expect 4 or 5 boundary value problems covering 
Cartesian coordinates, cylindrical coordinates with no ends, cylindrical coordinates with ends, 
spherical coordinates with azimuthal symmetry, spherical coordinates without azimuthal 
symmetry, and 1 or 2 Green function problems.  There may not be a problem on each of these 
coordinates, but every problem will be chosen from these systems.  I will put on the exam all 
orthogonality conditions and give you the behavior of any special functions you might need to 
know.  You may also bring one 8.5” x 11” sheet of paper with writing on both sides. 


