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Physics 6303                                             Lecture 17                                             October 17, 2018 
 
LAST TIME: Green functions 
 
A few other examples of the use of special functions. 
 
Quantum mechanical simple harmonic oscillator 
 
The time-independent Schrodinger equation for the simple harmonic oscillator potential energy 
function is given by 
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You are probably aware that the wave function solution for the QSHO is the Hermite polynomial, 
but this equation is not quite in the correct form for that ODE.  Therefore, we make the substitution 
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.		Making these substitutions into the Schrodinger 

equation and doing a bit of algebra gives 
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Finally, the ODE is given by 
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When ߦ ≫  we get an asymptotic solution to the equation which suggests that the general form	,ݔ
of the solution could be written as 
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Finally, this equation converts to 
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This equation is similar to the standard for of Hermite’s ODE given by 
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where ܪሺߦሻ are the Hermite polynomials.  One important question is whether or not the value  
2݊ ൌ ሺ	߳ െ 1ሻ is an integer.  We may solve this equation using the method of Frobenius as we 
have done before.  Doing so, and requiring a normalizable solution requires that n be an integer so 
the series terminates as a polynomial.  Therefore, we get ܧ ൌ ሺ݊ ൅ 1 2⁄ ሻ԰߱.	 
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We may also set up the Schrodinger equation for a central force (or central potential) in spherical 
coordinates to get 

As usual, we seek a solution in the form of separation of variables to obtain 
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We may choose the separation constant to be K, but the work of mathematicians and physicists 
has shown that it is better to choose ℓሺℓ ൅ 1ሻ.		Then, 
 
 
 
and  
 
 
 
where the radial component and angular components have been separated.  These are the same 
spherical harmonics we have dealt with before, and we could have gone about this by using 
separate functions for ߠ	and	߶	as we did before.  The solution to the radial equation yields a set of 
Laguerre polynomials (not an orthonormal set) as well as a set of Laguerre functions that are. 
 
An interesting observation is that mathematicians knew about the ODEs that we use long before 
we put the physics into these equations.  You will see much more about these operations in 
quantum mechanics. 
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Let’s consider the wave equation without sources in spherical coordinates given by 
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As I pointed out earlier, we may assume a time dependence of ݁௜ఠ௧	to obtain the Helmholtz 
equation and separate variables again.  The separation gives the ߶ െ term	as expሺ݅݉߶ሻ,	the ߠ െ
term	 as associate Legendre functions of the first and second kind, and the radial equation is given 
by 

1
ܴ
߲
ݎ߲
൬ݎଶ

߲ܴ
ݎ߲
൰ ൅ ݇ଶݎଶܴ െ 	ℓሺℓ ൅ 1ሻܴ ൌ 0.		 

 

The solution to this equation is given by ܴሺݎሻ ൌ
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,	which is a spherical Bessel function, as 

opposed to the cylindrical Bessel functions we studied in connection with Laplace’s equation for 
cylindrical geometries.  The complete solution for the wave equation without sources in spherical 
coordinates is given by 
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Spherical Hankel functions of the first and second kind are defined in the same way as they were 
for cylindrical functions.  Because the equation for spherical Bessel functions are Sturm-Liouville 
equations, they also form a complete set of orthogonal functions.  You will see these spherical 
Hankel functions and spherical Bessel functions when you study the wave equation with sources 
to learn about radiation.  I will return to the wave equation with sources after we study applications 
of the residue theorem. 
 
NEXT TIME: Complex analysis 


