Physics 6303 Lecture 16 October 15, 2018
LAST TIME: Bessel functions and Green functions

Recall the basic idea of a Green function is the following. Our input is represented as

L
I(x) = j I(x")8(x — x")dx’,
0
L

y(x) =f I1(x")G(x,x")dx’,

where we solve the same differential equation with a unit impulse as the source.

As an example, let’s use the Green function for a Sturm-Liouville ODE that we found at the end
Lecture 14 to solve a problem. The one-dimensional Helmholtz equation is a Sturm-Liouville
ODE given by

d?y

W+k2y = f(x),

where f(x) is to be specified at a later time, but is known over a range 0 < x < L. The Green
function ODE is given by
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B —— 2 = — !
T2 +k“G =6(x—x").

Because this equation is a Sturm-Liouville ODE, we only need to calculate the eigenfunctions for

y(x). Consider

d2y,

W‘szyn =0

to find the eigenfunctions

yn(x) = Cy Sin\/;{—nx
\/A_nL = nm.

I have assume homogeneous BCs as required for Sturm-Liouville systems. The eigenvalues are

given by
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The normalization constant is obtained in the standard way and is given by

with



The normalized eigenfunctions are given by
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The Green function is constructed to be
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Notice that the expression cannot apply when the denominator goes to zero. What does this
correspond to physically? We may insert a value for f(x) to get the solution for y(x). Let
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This gives a value for y(x) of
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To understand the significance of this result, recall the origin of the Helmholtz. It comes from

assuming a harmonic time dependent solution to the wave equation. This result is the result of an
initial condition that sets up a standing wave of the form indicated.



Let’s consider how to solve problems involving Poisson’s equation given by

r
vey = _p( )'
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The usual way to develop the Green function in this case is to consider two scalar functions
V and W defined in a volume d3r. Consider the divergence of the function VVW¥ given by

V-VV¥ = VV - V¥ + V2,
We may interchange V and W to obtain
V-YVV =V¥:VV + V2V.

Subtract the two equations, integrate over the volume, and use the divergence theorem to obtain
f (V(r")V2W — W2V (r'))d3r’ = f V(@r")V¥Y — ¥vV(r')) -nds’.

This equation is known as Green’s theorem or Green’s second identity. It is valid for any scalar
functions with derivatives that exist in the volume and on the surfaces. We proceed to make the
appropriate substitutions to obtain

!

r

j <—47r6(r —-r)V(') +G(r,r") 9) d3r' = %(V(r’)VG(r,r’) —G(r,r)VV(r)) -nds’,
o

where | have used V2G (r,r’) = —4nd(r — r') with ¥(r,r’) = G(r,r"). Sometimes, you will see

VG(r,r') -n= ‘;—fl referred to as the normal derivative. If the boundary condition specifies V on

the surface, we choose G, (r,r’) = 0 on the surface to obtain

1 1
V(r) = y— f Gp(r, 1) p(rN)d3r’ — Ej‘g V(r')VGy(r,r') -ndS’.

o

This equation tells us how to calculate the potential arising from a charge distribution with certain
boundary conditions, but we need to know the Green function to make it useful. We find the Green
function for the region outside a sphere of radius R. This is done in the usual manner where we
solve the equation (point charge at r')

V2G(r,r") = —4ns(r — '),

where the BCs are G(r,r’) = 0 forr = R and r — co. We divide the outside region into two
sections, one where r > r'and one wherer < r’. As long as we are not at the charge, the
equation to solve is given by

V2G(r,r') =0,



and the solution is given by

G(rr') = Z (A{;mrf + fg’%) Y, (6, $).
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The two regions are defined by
Region:R<r <r'
and
RegionIl:r" < r < oo.

For region 11, G must go to zero so its solution is given by
, B,
Gu () = ) () Von(6,9).
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Atr = R, we must have

B
¢ tm
Ang + W = O,
SO
Bom = _R2£+1A{’m-
Therefore,
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Atr = r’, we match the two Green functions to obtain
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D (Afm(r')" - W) Fom0,8) = (227 Vom0,
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We exploit the orthogonality condition for the spherical harmonics by multiplying each side of the
equation by Y, /(8, ¢). This will show that each coefficient must be separately equal, and, as a
result

B{’m — A{)m[(rl){’+1 _ R2€+1]'

We may write the Green function in terms of a single constant which will have to be determined

by integrating the differential equation, just as we did in the earlier problem. We use this result to
write an expression for G, (r,r") given by
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Gy(r,xr') = Z ( fm[(r )r€+1 ]> Yo (6, §).
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SetA,,, = (:f;% and substitute into G,(r,r") and G;;(r, r’) to obtain
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Gy(rxr') = Z afm[((rrl){’+1rf+1 Yo (6, @).
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We have to obtain the value for the unknown constant still lingering. To do this, we have to return
to the original differential equation and integrate across the boundary at r = r’. This will involve
matching the two values for G(r,r’) atr = r'. | will only outline the process without dragging
you through the gory details. (I am using partly what is in Susan Lea’s book for this development.)
We make the substitution G (r,r") = Y. gom Yrm and express the Dirac delta function in spherical

coordinates as follows: 6(r —r') = @5@ —u)6(¢p — ¢'), where the r~2 is necessary to
keep the integral over the volume correct. This process yields
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We eliminate the Y,,, ‘s by multiplying by Y., and using the orthogonality condition to obtain
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Now we multiply by r and integrate across the boundary at » = r'. We need to remember that on
one side of the boundary, we will use G;;(r,r") and G, (r, r") on the other side. Here is the integral.
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| have substituted g,m = fom Yy, and apm = BomYsy, to make things come out with only
Bem as unknown. The second term on the LHS is zero in the limit of € going to zero. The RHS

becomes —47/r’. We are then left with
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We now evaluate these derivatives and equate the two values for G (r, r") at the boundary. Wading
through the derivatives (see Lea’s book ir you wish to see more details) gives a value for 3, of
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Bem =

The wusual way or writing everything in one formula is to use the terminology
r. and s, to stand for the lesser and greater values of r and r'. Doing so finally gives a value
for the Green function of



At r<2¢”+1 _ R2€+1
G(r,r) = Y, (68,0)Y, (8’ d").
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Having waded through this algebra, what can we do with this expression now? What we have now
is an expression that will allow us to calculate the potential due to a grounded sphere with an
arbitrary charge distribution located outside the sphere. We can calculate the potential both inside
and outside where the charge is located by assigning the correct terms to the values in the equation
above. Here is an example of how to use this expression.

Suppose a ring of charge having radius b > R and constant linear charge density A lies in the
equatorial plane of a grounded sphere having radius R. We wish to know the potential everywhere
outside the sphere. This entire Green function goes into the expression for V(r) that we derived
earlier given by

1
V(r) = f Gp(r,r') p(r)d3r’ — Ef V({r')VGp(r,r') -ndS'.

4me,,

Because we have declared the sphere to be grounded, the second integral is zero, leaving only the
integral over G(r,r") and p(r'). We must express p(r") in the correct way so that its integral over
its volumes leaves us with the total charge. The total charge Q must come out to be 2bA. The
Dirac delta function representation of the charge density is given by

6(r' —b)
b
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S(uHr? dr'du'dg’ with p(r') = AM(S(M’).

NdPr' =2
p(r')d’r b

You can see that the integral gives the correct total charge of 2mbA. Therefore,
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41T 7,.<21{’+1 _ R2€+1

204+ 1 r£’+1r{’+1
tm < >

ng(e, (ﬁ)Y;m(@',¢’)T‘2’d7"du'd¢’

y) 1 rZH R 20 + 1 (£ —m)!
=—- Yfm(g' ¢)b 7+1
€, Zg 2¢ +1 ritipt+l 4 (£ + m)!
m

2 ] ,
P;"(O)j e~ M dgp’,
0

The integral over ¢’ is zero unless m = 0. This gives an enormous simplification so that

b r<2{’+1 _ R2f+1
£

NEXT TIME: More examples



