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Physics 3312                                               Lecture 16                                                March 18, 2019 
 
LAST TIME: More on Jones vectors and matrices, began interference 
 
We begin by adding two waves having the same frequency with a relative phase of ߳.		The two 
waves are given by 

۳ଵ ൌ ۳௢ଵ݁௜ሺ௞௥భିఠ௧ሻ 
and 

۳ଶ ൌ ۳௢ଶ݁௜ሺ௞௥మିఠ௧ାఢሻ. 
Therefore, the total field is given by 
 

۳ ൌ ۳ଵ ൅ ۳ଶ ൌ ۳௢ଵ݁௜ሺ௞௥భିఠ௧ሻ ൅ ۳௢ଶ݁௜ሺ௞௥మିఠ௧ାఢሻ. 
One very big advantage in working with the exponential form of the electric field is that it is not 
hard to prove that the irradiance I is given by 
 

ܫ ൌ
1
2
ܴ݁ሺ۳ ∙ ۳∗ሻ, which	comes	from	〈fg〉 ൌ

1
2
ܴ݁ሺ݂݃∗ሻ 

Therefore, 

ܫ ൌ
1
2
ܴ݁ሼ۳௢ଵ݁௜

ሺ௞௥భିఠ௧ሻ ∙ ۳௢ଵ݁ି௜
ሺ௞௥భିఠ௧ሻ ൅ ۳௢ଵ݁௜

ሺ௞௥భିఠ௧ሻ ∙ ۳௢ଶ݁ି௜
ሺ௞௥మିఠ௧ାఢሻ ൅ 

൅۳௢ଵ݁ି௜
ሺ௞௥భିఠ௧ሻ ∙ ۳௢ଶ݁௜

ሺ௞௥మିఠ௧ାఢሻ ൅ ۳௢ଶ݁௜
ሺ௞௥మିఠ௧ାఢሻ ∙ ۳௢ଶ݁௜

ሺ௞௥మିఠ௧ାఢሻሽ 
 
The first thing to notice is that the fields must have some parallel components or the cross terms 
will vanish leaving us with only 

ܫ ൌ
1
2
ܴ݁ሺܧ௢ଵ

ଶ ൅ ௢ଶܧ
ଶ ሻ, 

 
which is just I1 + I2.  It is customary to assume that the two fields are parallel so we obtain 
 

ܫ ൌ
1
2
ܴ݁൫ܧ௢ଵ

ଶ ൅ ௢ଶܧ
ଶ ൅ ௢ଶ݁௜௞ሺ௥భି௥మାఢሻܧ௢ଵܧ ൅  .௢ଶ݁ି௜௞ሺ௥భି௥మାఢሻ൯ܧ௢ଵܧ

Finally, 

ܫ ൌ
1
2
ܴ݁ሼܧ௢ଵ

ଶ ൅ ௢ଶܧ
ଶ ൅ ௢ଶܧ௢ଵܧ2 cosሾ݇ሺݎଵ െ ଶሻݎ ൅ ߳ሿሽ 

 
ܫ ൌ ଵܫ ൅ ଶܫ ൅ 2ඥܫଵܫଶ cosሾ݇ሺݎଵ െ ଶሻݎ ൅ ߳ሿ. 

 
The total phase difference breaks up neatly into two components, the phase difference due to the 
optical path difference ሾ݇ሺݎଵ െ  which comes from the inherent	ଶሻሿ and the remaining phase ߳,ݎ
phase difference + the phase differences due to reflections.  I believe this is the most effective way 
to consider phase in interference problems.  Usually, in optics, an inherent phase difference is 
difficult to build in, but in electronically controlled devices, it is relatively easy to do.  We call the 
total phase difference ߜ ൌ ை௉஽ߜ ൅ ௜௡ߜ ൅  :௥௘௙.  We note the followingߜ
 

௠௔௫ܫ ൌ ଵܫ ൅ ଶܫ ൅ 2ඥܫଵܫଶ; ߜ		 ൌ 0,േ2ߨ,⋯േ  ߨ2݊
and 
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௠௜௡ܫ ൌ ଵܫ ൅ ଶܫ െ 2ඥܫଵܫଶ; ߜ		 ൌ േߨ,⋯േ ሺ2݊ ൅ 1ሻߨ 
 
The fringe visibility is defined to be 
 

ܸ ൌ
௠௔௫ܫ െ ௠௜௡ܫ

௠௔௫ܫ ൅ ௠௜௡ܫ
ൌ
2ඥܫଵܫଶ
ଵܫ ൅ ଶܫ

	,	 

so 
ܸ ൌ 1 

if 
ଵܫ ൌ ଶܫ ൌ  .௢ܫ

 
Young’s double pinhole or double slit experiment is 
the most common interference for two-wave, 
wavefront division.  The figure shows the normal 
arrangement.  For optical interference, s >> a with 
s ≈ 50 cm and a ≈ 0.5 mm.  The source S is far enough 
away that plane waves are assumed to be incident on 
the slits.  The second figure shows a bit more detail, 
so we can see that ݎଵ െ ଶݎ ≅ ܽ sin  This is like  .ߠ
having an isosceles triange with two very long legs 
so that the ange between each leg and the base is very 
close to 90 degrees.  Here, ߳ ൌ 0,	so the only phase 
difference results from a difference in the OPLs of 
the two legs.  Usually, sin ߠ ≅ tan ߠ ൌ ௬

௦
,	and ܫଵ ൌ

ଶܫ ൌ ሻߠሺܫ so	௢ܫ ൌ ௢ܫ2 ൅ ௢ܫ2 cos ߜ ൌ ௢ܫ4 cosଶሺ2/ߜሻ. 
But 

ߜ ൌ ଵݎ݇ െ ଶݎ ൌ
ߨ2
ߣ
 ,ܦܱܲ

so ܫሺݕሻ ൌ ௢ܫ4 cos
ଶగ

ఒ

௔௬

ଶ௦
ൌ ௢ܫ4 cosଶ ቀ

௬௔గ

ఒ௦
ቁ. 

 
The maxima occur whenever the argument of the cosine function is given by m.  Therefore, 
 
௬೘௔గ

ఒ௦
ൌ ௠ݕ which implies that	ߨ݉ ൌ ௠ఒ௦

௔
.	 The constructive interference fringes occur at equally 

spaced intervals given by ݕ௠ାଵ െ ௠ݕ ൌ
ሺ௠ାଵሻఒ௦

௔
െ ௠ఒ௦

௔
ൌ ఒ௦

௔
.		 

 
The most common example of interference with amplitude 
division is reflection from a plate, usually a thin film.  The figure 
shows how this comes about.  The two waves that are interfering 
are the one reflected from the top surface and the one that is 
reflected from the bottom surface and transmits back out the top 
surface.  We may use the Fresnel equations to argue that these two 
waves are very close to the same amplitude.  I will go through the 
argument in class, but see if you can determine how it works before class. 
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The optical path difference between those two waves is given by 
 

ܦܱܲ ൌ ݊௙ܤܣതതതത ൅ ݊௙ܥܤതതതത െ ݊௜ܦܣതതതത. 
Note that 

തതതതܤܣ ൌ തതതതܥܤ ൌ
݀

cos ௧ߠ
തതതതܦܣ					; ൌ തതതതܥܣ sin ௜ߠ ; 					

തതതതܥܣ

2
ൌ tan  .௧ߠ

 
Therefore, 

തതതതܦܣ ൌ 2݀ tan ௧ߠ
݊௙
݊௜
sin  ,௧ߠ

so 

ܦܱܲ ൌ
2݊௙݀
cos ௧ߠ

െ
݊௙
݊௜

2݀ sinଶ ௧ߠ
cos ௧ߠ

݊௜ 

and 

ܦܱܲ ൌ
2݊௙݀
cos ௧ߠ

cosଶ ௧ߠ ൌ 2݊௙݀ cos  .௧ߠ

 
The total phase difference is given by 
 

ߜ ൌ
ߨ2
ߣ
൫2݊௙݀ cos ௧൯ߠ ൅ ߳ ൌ

௙݀݊ߨ4 cos ௧ߠ
ߣ

൅ ߳ 

 
Here, the phase differences by inherent differences and reflections must be considered carefully.  
Both waves undergo one reflection, but a phase different might occur.  To determine the phase 
changes due to reflections, we must consider the values for ni, nf, and nt.  Consider first the case 
when the film (plate) is in air.  The reflection off the front surface is an external reflection (small 
to larger refractive index) and does involve a phase change of .  The reflection from the back 
surface, however, is an internal reflection (high to low refractive index) and does not involve a 
phase change.  Therefore, for this case, 
 

ߜ ൌ
௙݀݊ߨ4 cos ௧ߠ

ߣ
േ  .ߨ

 
If, however, ݊௧ ൐ ݊௙ ൐ ݊௜,	then both reflections would be external and would either cancel or give 
 which does not really matter.  Any time both reflections are either internal or external, we	,ߨ	2
would not need to consider the phase change from reflection.  However, if one is external and one 
is internal, there will be a ߨ phase change that must be used the in total phase change equation.  
Our condition for maxima is 

ߜ ൌ
௙݀݊ߨ4 cos ௧ߠ

ߣ
േ ߨ ൌ  ߨ2݉

and 

݀ cos ௧ߠ ൌ ሺ2݉ ൅ 1ሻ
ߣ
4݊௙

ൌ
ሺ2݉ ൅ 1ሻ

4
 .௙ߣ
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Minima will occur at 

ߜ ൌ
௙݀݊ߨ4 cos ௧ߠ

ߣ
േ ߨ ൌ ሺ2݉ ൅ 1ሻߨ 

and 
 

݀ cos ௧ߠ ൌ 2݉
௙ߣ
4
.			 

 
For both internal or both external reflections, the situations are reversed. 
 
Now, let’s consider interference between two plane waves whose 
propagation vectors make an angle of 2 with respect to one 
another.  We must first write the form of the waves that are given 
by 

۳ଵ ൌ ୭ଵ݁௜ࡱ
ሺܓభ∙ିܚఠ௧ሻ	and	۳ଶ ൌ ۳୭ଶ݁௜

ሺܓమ∙ିܚఠ௧ሻ. 
 
Now, write the expressions for the k’s as 
 

ଵܓ ൌ ݇ଵ sin ොܠ	ߙ ൅ ݇ଵ cos ොܢ	ߙ 	and	ܓଶ ൌ െ݇ଶ sin ොܠ	ߙ ൅ ݇ଶ cos  ෝ.ܢ	ߙ
Now, calculate I to obtain 

ܫ ൌ
1
2
ܴ݁	ሺ۳ଵ ൅ ۳ଶሻ ∙ ሺ۳ଵ

∗ ൅ ۳ଶ
∗ሻ 

ൌ
1
2
ܴ݁ ቊ

୭ଵ݁௜ࡱൣ
ሺ௞భ ୶	ୱ୧୬ఈ	ା௞భ௭ ୡ୭ୱఈ	ሻ ൅ ۳୭ଶ݁௜

ሺି௞మ ୶	ୱ୧୬ఈ	ା௞మ௭ ୡ୭ୱఈ	ሻ൧ ∙

ൣ ୭ଵ݁ି௜ࡱ
ሺ௞భ ୶	ୱ୧୬ఈ	ା௞భ௭ ୡ୭ୱఈ	ሻ ൅ ۳୭ଶ݁ି௜

ሺି௞మ ୶	ୱ୧୬ఈ	ା௞మ௭ ୡ୭ୱఈ	ሻ൧
ቋ. 

Therefore, using ݇ଵ ൌ ݇ଶ ൌ ݇,	we obtain 
 

ܫ ൌ
1
2
௢ଵܧൣ

ଶ ൅ ௢ଶܧ
ଶ ൅ ୭ଵࡱ ∙ ۳୭ଶ݁ଶ௜௞ ୶	ୱ୧୬ఈ ൅ ୭ଶࡱ ∙ ۳୭ଵ݁ିଶ௜௞ ୶	ୱ୧୬ఈ൧ 

ൌ ଵܫ ൅ ଶܫ ൅ ୭ଵࡱ2 ∙ ۳୭ଶ cosሺ2݇ x	sin  .ሻߙ
 
The total phase difference is given by ߜ ൌ 2݇ x	sin ߜ so maxima occur at	,ߙ ൌ  and minima	ߨ2݉
occur at ߜ ൌ ሺ2݉ ൅ 1ሻߨ.  We convert to wavelength and write 
 

2ሺ2ߨሻ

ߣ
sin ߙ ௠ݔ	 ൌ ߨ2݉ ௠ݔ	⟹ ൌ

ߣ݉
2	 sin ߙ

. 

 

The spacing between fringes is then given by ∆ݔ ൌ ௠ାଵݔ െ ௠ݔ ൌ ఒ

ଶ	 ୱ୧୬ఈ
.		Comment on this result. 

 
One of the most instructive figures to visualize two-wave interference is shown on the next page.  
Depending on where you observe the superposition, it contains much of the relevant information 
concerning two-wave interference. 
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Two point sources lie along an arbitrary axis as shown.  
When the difference between r1 and r2 is equal to an 
interger number of wavelengths, we get constructive 
interference.  Therefore, ݎଵ െ ଶݎ ൌ  In case you have		.ߣ݉
forgotten, this is the definition of a hyperbola, and in three 
dimensions, we get hyperloids of revolutions.  If you look 
along the axis formed by S1 and S2, you will see a set of 
concentric circles representing constructive interference.  
If, on the other hand, you look along a line perpendicular 

to the line 
joining the 
two sources, 
you will see a 
set of almost 
straight lines 
that look like 
the fringes 
from Young’s 
interference.  

Exactly how an interference pattern appears depends on 
the source and how the interference is observed.  Here 
are some figures from your text showing some of these 
features. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

One very important application of interference is an anti-reflection coating.  Most decent quality 
optical systems today will include this feature. 
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Here is how it works.  A thin film is placed on top of a glass 
substrate.  We want to adjust the film’s thickness and refractive so 
that reflections from the air-film interface and the film-substrate 
come as close as possible to canceling one another in the reflected 
light.  Usually, ݊௚ ൐ ݊௙ ൐ ݊௔.		This means that each reflection is an 
external reflection with a phase change of Therefore, their effects 
cancel and we need only consider the phase difference from the 
OPD.  We will adjust the wavelength for the middle of the visible spectrum – about 550 nm.  To 
get destructive interference for the reflected waves, we want ߜ ൌ ሺ2݉ ൅ 1ሻߨ.		The optical path 

difference is 2kd, where d is the thickness of the film, so this means that ሺ2݉ ൅ 1ሻߨ ൌ 2 ଶగ

ఒ
݊௙݀. 

Therefore, ݀ ൌ
ሺଶ௠ାଵሻఒ

ସ௡೑
.		For the smallest thickness, m = 0, so	݀ ൌ ఒ

ସ௡೑
ൌ

ఒ೑
ସ
.		This takes care of the 

phase considerations, but how about the amplitudes of the waves?  We want the amplitudes of the 
waves to be as close as possible, so we recall the Fresnel coefficients and equate the amplitude of 
the first reflection to that of the second reflection, thereby giving 
 

݊௙ െ ݊௔
݊௙ ൅ ݊௔

ൌ
݊௚ െ ݊௙
݊௚ ൅ ݊௙

⟹ ൫݊௙ െ ݊௔൯൫݊௚ ൅ ݊௙൯ ൌ ൫݊௙ ൅ ݊௔൯൫݊௚ െ ݊௙൯. 

 
Cancellation of several of the terms yields the expression ݊௙ ൌ ඥ݊௔݊௚,	which is 1.22.  It is hard 
to find a material exactly like that, so usually MgF2, which has a refractive index of 1.38, is used. 
 
How to tell if something is antireflection coated. 
 
NEXT TIME: Interferometers and their uses and start multiple-wave interference. 


