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Physics 6303                                              Lecture 15                                              October 10, 2018 
 
LAST TIME: Spherical harmonics and Bessel functions 
 
Reminder of general solution in 3-dimensional cylindrical coordinates 
 

௞ܸ௠ሺߩ, ߶, ሻݖ ൌ෍൜
ሻߩ௠ሺ݇ܬ
ܰ௠ሺ݇ߩሻ

ൠ ∙
௞,௠

൜
sin݉߶
cos݉߶ൠ ∙ ቄ

sinh ݖ݇
cosh ݖ݇

ቅ		 

 

൅෍൜
ሻߩ௠ሺ݇ܫ
ሻߩ௠ሺ݇ܭ

ൠ ∙
௞,௠

൜
sin݉߶
cos݉߶ൠ ∙ ቄ

sin ݖ݇
cos ݖ݇

ቅ 

To make our job easier, here are some of the relevant properties of the different Bessel functions.  
 
 functions are well behaved everywhere, as they are oscillatory and appear somewhat like	ሻߩ௠ሺ݇ܬ
damped sine curves.   
 
ܰ௠ሺ݇ߩሻ	functions are also oscillatory, but they diverge at ߩ ൌ 0,	so they are excluded from the 
solution whenever the interior of a cylinder is involved. 
 
ߩ functions are not oscillatory, but they diverge at	ሻߩ௠ሺ݇ܭ ൌ 0,	so they, too, are excluded from 
the solution whenever the interior of a cylinder is involved. 
 
ߩ functions are not oscillatory, but they diverge as	ሻߩ௠ሺ݇ܫ ⟶ ∞,	so they must be excluded from 
the solution whenever the exterior of the cylinder in involved. 
 
Here are the graphs of these functions to help you better keep track of their behavior. 

 

 
You have to be careful if you are considering the annular region of a cylindrical geometry because 
none of the functions may be excluded arbitrarily. 
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Let’s do a couple of examples using Bessel functions. 
 
Consider a right circular cylinder as shown with the potential on the 
bottom set to zero, the potential on the top surface set to 
்ܸ ሺߩ, ߶, ,and the potential on the side set to ௌܸሺܽ	ሻ,ܮ ߶,   We have	ሻ.ݖ
only one part set to zero, so we probably should solve this problem in 
a way similar to what we did when we had the Cartesian coordinates; 
i.e., we need to make at least one equation with homogeneous 
boundary conditions.  We hold the top surface at zero potential first, 
then we hold the curved surface at zero and superpose the two 
solutions. 
 
Top and bottom grounded – curved side not. 
 
Therefore, the BCs become ܸሺߩ, ߶, ሻܮ ൌ ܸሺߩ, ߶, 0ሻ ൌ 0.	We need to recall the properties of our 
functions to eliminate some of the constants.  ܭ௠	and	ܰ௠	cannot be in the solution because they 
are infinite at ߩ ൌ 0. Because we are solving the problem with the potential zero at the ends, the 
hyperbolic functions must also vanish.  Furthermore, the cosine term must vanish and the 
eigenvalue is 

௡గ

௅
.		Finally, we are left with the solution for ଵܸሺߩ, ߶,  to be	ሻݖ

 

ଵܸሺߩ, ߶, ሻݖ ൌ෍ሺܣ௠௡ sin݉߶ ൅ ௠௡ܤ cos݉߶ሻ
௠,௡

௠ܫ ቀ
ߩߨ݊
ܮ
ቁ sin ቀ

ݖߨ݊
ܮ
ቁ. 

 
We evaluate this expression at the ߩ ൌ ܽ boundary to obtain 
 

ଵܸሺܽ, ߶, ሻݖ ൌ෍ሺܣ௠௡ sin݉߶ ൅ ௠௡ܤ cos݉߶ሻ
௠,௡

௠ܫ ቀ
ܽߨ݊
ܮ
ቁ sin ቀ

ݖߨ݊
ܮ
ቁ. 

 
We use the orthogonality of the sines and cosines to get the values for ܣ௠௡	and	ܤ௠௡. 
 

൬
௠௡ܣ
௠௡ܤ

൰ ൌ
2

௠ܫߨܮ ቀ
ܽߨ݊
ܮ ቁ

න න ௌܸሺܽ, ߶, ሻݖ ൬
sin݉߶
cos݉߶൰

௅

଴

ଶగ

଴
sin

ݖߨ݊
ܮ

 .ݖ݀߶݀

 
The column vectors are intended to be read in the same way as a േ	sign.		We cannot go further 
without specifying ௌܸሺܽ, ߶, ,  Do notice, however, that ௌܸሺܽ	ሻ.ݖ ߶,  has a wide range of possible	ሻݖ
values because its dependence on both ߶	and	ݖ	could be specified. 
 
Now we ground the curved surface and leave the ends at the proper settings.  This is designated as 
ଶܸሺߩ, ߶,  After that, we superpose the solutions to obtain the complete solution.  In		ሻ.ݖ

mathematical terms, ௌܸሺܽ, ߶, ሻݖ ൌ 0.		Once again, the interior cannot have ܭ௠	and	ܰ௠,	and 
 only be zero at the center, thereby preventing the BC from being satisfied.  As a result of	can	௠ܫ
these restrictions, we are left with only 
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ଶܸሺߩ, ߶, ሻݖ ൌ෍ܬ௠ሺ݇ߩሻ
௠

൬
sin݉߶
cos݉߶൰ ቀ

sinh ݖ݇
cosh ݖ݇

ቁ.	 

 
We need the solution to vanish at ݖ ൌ 0,	so the cosh terms must go to zero.  Finally, because the 
solution must vanish at ߩ ൌ ܽ, ݇ܽ	must be a root of ܬ௠.	Designate the ݅௧௛	root ܬ௠	by ߩ௠௜	so ݇ ൌ
 The general solution that satisfies the part of the boundary condition is given by	௠௜ܽ.ߩ
 

ଶܸሺߩ, ߶, ሻݖ ൌ෍sinh
ݖ௠௜ߩ
ܽ

௠,௜

௠ܬ ቀ
ߩ௠௜ߩ
ܽ

ቁ ሺܣ௠௜ sin݉߶ ൅ ௠௜ܤ cos݉߶ሻ.	 

 
At ݖ ൌ  we obtain	,ܮ
 

்ܸ ሺߩ, ߶, ሻܮ ൌ෍sinh
ܮ௠௜ߩ
ܽ

௠,௜

௠ܬ ቀ
ߩ௠௜ߩ
ܽ

ቁ ሺܣ௠௜ sin݉߶ ൅ ௠௜ܤ cos݉߶ሻ.	 

 

To shorten the writing, call ܥ௠௜ ൌ ௠௜ܣ sinh
ఘ೘೔௅

௔
௠௜ܦ	݀݊ܽ	 ൌ ௠௜ܤ sinh

ఘ೘೔௅

௔
	to obtain 

 

்ܸ ሺߩ, ߶, ሻܮ ൌ෍ܬ௠ ቀ
ߩ௠௜ߩ
ܽ

ቁ
௠,௜

ሺܥ௠௜ sin݉߶ ൅ ௠௜ܦ cos݉߶ሻ.	 

 
To find the values for ܥ௠௜	and	ܦ௠௜,we	use	the		orthogonality condition for both sines, cosines, 
and the Bessel function by multiplying the equation above by 
 

ℓܬ ቀ
ߩℓ௝ߩ
ܽ
ቁ ൬
cos ℓ߶
sin ℓ߶൰ 

and integrate over the top of the cylinder to obtain 
 

෍න න ሺܥ௠௜ sin݉߶ ൅ ௠௜ܦ cos݉߶ሻܬ௠
ଶగ

଴

௔

଴௠,௜

ቀ
ߩ௠௜ߩ
ܽ

ቁ ℓܬ ቀ
ߩℓ௝ߩ
ܽ
ቁ ൬
cos ℓ߶
sin ℓ߶൰݀ߩ݀ߩ߶ 

 

ൌ න න ்ܸ ሺߩ, ߶, ሻܮ
ଶగ

଴

௔

଴
ℓܬ ቀ

ߩℓ௝ߩ
ܽ
ቁ ൬
cos ℓ߶
sin ℓ߶൰݀ߩ݀ߩ߶.		 

 
We may use the orthogonality of the trignometric functions to obtain for the left hand side 
 

ܵܪܮ ൌ෍൬
ℓ௜ܥ
ℓ௜ܦ

൰ නߨ ௠ܬ
௔

଴௜

ቀ
ߩ௠௜ߩ
ܽ

ቁ ℓܬ ቀ
ߩℓ௝ߩ
ܽ
ቁ  ߶݀ߩ݀ߩ

 
Finally, we may use the orthogonality condition for the Bessel functions given by 
 

න ௠ܬ
௔

଴
ቀ
ߩ௠௜ߩ
ܽ

ቁ ℓܬ ቀ
ߩℓ௝ߩ
ܽ
ቁ ߩ݀ߩ ൌ

1
2
ܽଶܬℓାଵ൫ߩℓ௝൯ߜ௜௝ 
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to obtain 

൬
ℓ௝ܥ
ℓ௝ܦ

൰
1
2
ℓ௝൯ߩℓାଵ൫ܬଶܽߨ ൌ න න ்ܸ ሺߩ, ߶, ሻܮ

ଶగ

଴

௔

଴
ℓܬ ቀ

ߩℓ௝ߩ
ܽ
ቁ ൬
cos ℓ߶
sin ℓ߶൰݀ߩ݀ߩ߶.		 

 
The original expansion coefficients are found to be 
 

൬
ℓ௝ܣ
ℓ௝ܤ

൰ ൌ
2

ℓ௝൯ߩℓାଵ൫ܬଶܽߨ sinh
ܮℓ௝ߩ
ܽ

න න ்ܸ ሺߩ, ߶, ሻܮ
ଶగ

଴

௔

଴
ℓܬ ቀ

ߩℓ௝ߩ
ܽ
ቁ ൬
cos ℓ߶
sin ℓ߶൰݀ߩ݀ߩ߶. 

 
The complete solution is given by the sum of ଵܸሺߩ, ߶, 	and	ሻݖ ଶܸሺߩ, ߶,  ሻ.  If we were to putݖ
different potentials on all three separate parts, we would have to superpose three solutions.  You 
can certainly see that specification of the details of the BCs determines exactly how difficult the 
problems ae to finish. 
 
One of the added difficulties using Bessel functions comes from the fact that if you are given a 
charge distribution to deal with, you will have to calculate the derivative of the radial part of the 
general solution, and that will involve taking the derivative of a Bessel function with respect to ߩ. 
 
Before we leave these BV problems, let me review the complete solutions for 2-D cylindrical 
coordinates and 3-D spherical coordinates.  Here are the most general solutions for these 
geometries. 

ܸሺݎ, ሻߠ ൌ෍൬ܣℓݎℓ ൅ ℓܤ
1

ሺℓାଵሻݎ
൰

ஶ

ℓୀ଴

ℓܲሺߤሻ 

 

ܸሺݎ, ,ߠ ߶ሻ ൌ෍ ෍ ൬ܽℓ௠ݎℓ ൅
ܾℓ௠
ℓାଵݎ

൰

ℓ

௠ୀିℓ

ஶ

ℓୀ଴
ℓܲ
௠ሺߤሻ݁௜௠థ ൌ෍ ෍ ൬ܽℓ௠ݎℓ ൅

ܾℓ௠
ℓାଵݎ

൰

ℓ

௠ୀିℓ

ஶ

ℓୀ଴

ℓܻ௠ሺߠ, ߶ሻ 

 
INSERT LECTURE 15 A HERE PRELIMINARY TO GREEN FUNCTIONS. 
 
One-dimensional Green functions. 
 
Suppose we are given some physical system in a region bounded from 0 to L that is described by 
a differential equation.  We have some input to that system that is described by ܫሺݔሻ	that may be 
represented by 

ሻݔሺܫ ൌ න ݔሺߜᇱሻݔሺܫ െ 			,ᇱݔᇱሻ݀ݔ
௅

଴
 

 
where ߜሺݔ െ  the Dirac delta function whose main purpose is to serve as a sifting function	is	ᇱሻݔ
so that 

න ݂ሺݔሻߜሺݔ െ ܽሻ
ஶ

ିஶ
ݔ݀ ൌ ݂ሺܽሻ. 

 
 



5 
 

It is important to understand that the delta function is not a function but the limit of a sequence of 
functions.  Another useful property is given by 
 

ሻݔሺܽߜ ൌ
1
|ܽ|

 .ሻݔሺߜ

 
The fundamental idea of a Green function is that we solve our problem for a unit impulse function 
ݔሺߜ െ  and then superpose the solutions to get the solution to the actual input function.  We call	ᇱሻݔ
the response to the delta function a Green function, so this means that our solution ݕሺݔሻ	is given 
by 

ሻݔሺݕ ൌ න ,ݔሺܩᇱሻݔሺܫ 			,ᇱݔᇱሻ݀ݔ
௅

଴
 

 
where the Green function is symmetric in ݔ	and	ݔᇱ. 
Let’s look at a relatively simply example to cement the ideas. 
 
Consider a particle moving under the influence of a driving force ܨሺݐሻ	with damping proportional 
to the velocity ݒ.	 Our equation of motion is then given by 
 

݉
ݒ݀
ݐ݀

൅ ݒ݇ ൌ  .ሻݐሺܨ

 
To solve this problem using a Green function, we create the same differential equation using the 
Green function G and the Dirac delta function as the source to obtain 
 

݉
ܩ݀
ݐ݀

൅ ܩ݇ ൌ ݐሺߜ െ  .ᇱሻݐ

 

If ݐ ് the differential equation is homogeneous, ݉ௗீ	ᇱ,ݐ

ௗ௧
൅ ܩ݇ ൌ 0, and is not hard to solve.  We 

obtain 

ܩ ൌ 	ܣ exp ൬െ
݇
݉
 .൰ݐ

 
We must realize that the system was set into motion at some time ݐ ൌ  and that before it was set	ᇱ,ݐ
into motion, causality requires its response to be zero.  This leads to the following solution for 
,ݐሺܩ  given by	ᇱሻݐ

,ݐሺܩ ᇱሻݐ ൌ ൝
ݐ																																			0 ൏ ′ݐ

	ܣ exp ൬െ
݇
݉
൰ݐ ݐ											 ൐ ′ݐ

 

 
Essentially, the delta function at ݐ ൌ  serves to divide the region into two parts.  This method is	ᇱݐ
sometimes referred to as the division-of-region method.  We need to determine ܣ,	and this is done 
by integrating the differential equation through the point ݐ ൌ  This process is usually carried out	ᇱ.ݐ
by taking the limits from ݐᇱ െ ᇱݐ	݋ݐ	߳ ൅ ߳	and then letting ߳	go to zero. 
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Therefore, 
 

න ൬݉
ܩ݀
ݐ݀

൅ ൰ܩ݇
௧ᇲାఢ

௧ᇲିఢ
ݐ݀ ൌ න ݐሺߜ െ ݐᇱሻ݀ݐ ൌ 1

௧ᇲାఢ

௧ᇲିఢ
. 

 
Integrating the left hand side gives 

௧ᇲିఢ|ܩ݉
௧ᇲାఢ ൅ ݇න ሺܩሻ݀ݐ

௧ᇲାఢ

௧ᇲିఢ
ൌ 1 

 
The integral is bounded and will become zero in the limit of ߳ 	going to zero.  We evaluate the other 
term for ߳	going to zero to obtain 

݉	 ൤ܣ	 exp ൬െ
݇
݉
൰ݐ െ 0൨ ൌ 1 

so 

ܣ ൌ
1
݉
exp ൬

݇
݉
 .൰′ݐ

Therefore, the Green function is given by 
 

,ݐሺܩ ᇱሻݐ ൌ ൝
ݐ																																							0 ൏ ′ݐ
1
݉
exp ൬െ

݇
݉
ሾݐ െ ሿ൰′ݐ ݐ				 ൐ ′ݐ

 

 
Our solution for any ܨሺݐሻ	we wish to use is just given by 
 

ሻݐሺݒ ൌ න ,ݐሺܩᇱሻݐሺܨ .ᇱݐᇱሻ݀ݐ
௧

଴
 

 
We may input a piecewise force function and carry out the integration.  This is one of the nice 
features of a Green function – once you know it, you actually have the solution for may different 
input functions, no matter what they are. 
 
If you are dealing with a problem that is a Sturm-Liouville equation, we can usually determine the 
Green function as an expansion of the eigenfunctions of the ODE.  If the eigenfunctions have been 
normalized, we may write the orthogonality condition as 
 

න ݔሻ݀ݔ௡ሺݕሻݔ௠ሺݕሻݔሺݓ ൌ ௠௡ߜ

௕

௔
. 

 
To follow the same procedure as before, we insert the Green function into the Sturm-Liouville 
equation with the Dirac delta function as the unit source function.  Once we get the Green function, 
we know that our solution is given by 

ሻݔሺݕ ൌ න ,ݔሺܩ .ᇱݔᇱሻ݀ݔᇱሻ݂ሺݔ
௅

଴
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Consider the general case first to obtain 
 

݀
ݔ݀

൬݂ሺݔሻ
ܩ݀
ݔ݀
൰ െ ݃ሺݔሻܩ ൅ ܩሻݔሺݓߣ ൌ െ4ߜߨሺݔ െ  .ᇱሻݔ

 
We know we may expand G in terms of the eigenfunctions for this system to obtain 
 

,ݔሺܩ ᇱሻݔ ൌ ෍ߚ௡

ஶ

௡ୀ଴

ሺݔᇱሻݕ௡ሺݔሻ 

 
We insert this expansion of ܩሺݔ,  into the Sturm-Liouville equation to obtain	ᇱሻݔ
 

෍ߚ௡

ஶ

௡ୀ଴

ሺݔᇱሻ ൤
݀
ݔ݀

൬݂ሺݔሻ
݀
ݔ݀

ሻ൰ݔ௡ሺݕ െ ݃ሺݔሻݕ௡ሺݔሻ ൅ ሻ൨ݔ௡ሺݕሻݔሺݓ௡ߣ ൌ െ4ߜߨሺݔ െ  	.ᇱሻݔ

 
Every eigenfunction satisfies the Sturm-Liouville equation so we may replace the parts with the 
differentials with ݓߣሺݔሻݕ௡ሺݔሻ to get 

෍ߚ௡

ஶ

௡ୀ଴

ሺݔᇱሻሾെߣ௡ݓሺݔሻݕ௡ሺݔሻ ൅ ሻሿݔ௡ሺݕሻݔሺݓߣ ൌ െ4ߜߨሺݔ െ  .ᇱሻݔ

 
We multiply the equation by ݕ௠ሺݔሻ	and integrate over the range and find 
 

න ෍ሺߣെߣ௡ሻߚ௡

ஶ

௡ୀ଴

ሺݔᇱሻݓሺݔሻሾݕ௡ሺݔሻݕ௠ሺݔሻሿ
௕

௔
ݔ݀ ൌ െ4ߨන ݔሺߜ െ ݔሻ݀ݔ௠ሺݕᇱሻݔ

௕

௔
 

 
The integral is only over ݔ	so 

෍ሺߣെߣ௡ሻߚ௡

ஶ

௡ୀ଴

ሺݔᇱሻන ݔሻሿ݀ݔ௠ሺݕሻݔ௡ሺݕሻሾݔሺݓ
௕

௔
ൌ െ4ݕߨ௠ሺݔ′ሻ 

 
The integral on the LHS is just the orthogonality condition stated earlier which leads to 
 

		ሺߣെߣ௠ሻߚ௠ሺݔᇱሻ ൌ െ4ݕߨ௠ሺݔ′ሻ 
Finally, 

ᇱሻݔ௠ሺߚ ൌ ߨ4
ሻ′ݔ௠ሺݕ
ሺߣ௠ െ ሻߣ

 

And our Green function becomes 
 

,ݔሺܩ ᇱሻݔ ൌ ෍ߨ4
ሻݔ௡ሺݕሻ′ݔ௡ሺݕ
ሺߣ௡ െ ሻߣ

ஶ

௡ୀ଴

.		 

 
NEXT TIME: Examples and Green functions for multidimensional cases. 


