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Physics 6303                                              Lecture 14                                              October 8, 2018 
 
LAST TIME: Associated Legendre polynomials, spherical harmonics, and examples. 
 
One more example using spherical harmonics. 
 
Determine the potential inside a conducting spherical shell having ܸሺܴ, ,ߠ ߶ሻ ൌ 	 ௢ܸ		for 0 ൑ ߶ ൏
ߨ and 0 for ߨ ൑ ߶ ൏  We know immediately the correct form of the solution must be given by 	.ߨ2

ܸሺݎ, ,ߠ ߶ሻ ൌ෍ ෍ ൫ܽℓ௠ݎℓ൯

ℓ

௠ୀିℓ

ஶ

ℓୀ଴

ℓܻ௠ሺߠ, ߶ሻ 

 
because the ܾℓ௠	 must be zero to keep the potential finite inside the sphere.  Apply the boundary 
conditions to obtain 

ܸሺܴ, ,ߠ ߶ሻ ൌ෍ ෍ ൫ܽℓ௠ܴℓ൯

ℓ

௠ୀିℓ

ஶ

ℓୀ଴

ℓܻ௠ሺߠ, ߶ሻ ൌ ௢ܸ		0 ൑ ߶ ൏  ߨ

and 0 for ߨ ൑ ߶ ൏  You should notice once again that the boundary condition is not the same  .ߨ2
over the full range of the orthogonality condition.  Why is this not a problem for us this time? 

෍ ෍ ൫ܽℓ௠ܴℓ൯

ℓ

௠ୀିℓ

ஶ

ℓୀ଴

න ℓܻ௠ሺߠ, ߶ሻ ℓܻᇲ௠ᇲ
∗ ሺߠ, ߶ሻ݀ߗ ൌ ௢ܸ න න ℓܻᇲ௠ᇲ

∗ ሺߠ, ߶ሻ݀ߤ
గ

଴

ଵ

ିଵ
݀߶. 

 
The LHS will only have a nonzero value when ℓ ൌ ℓᇱ	and	݉ ൌ ݉ᇱ.	Its value is one so that 
 

ܽℓ௠ܴℓ ൌ ௢ܸඨ
2ℓ ൅ 1
ߨ4

ሺℓ െ ݉ሻ!
ሺℓ ൅ ݉ሻ!

න ℓܲ
௠ሺߤሻ݀ߤ ቆ

1 െ ሺെ1ሻ௠

݅݉
ቇ

ଵ

ିଵ
. 

 
I split apart the spherical harmonic term and did the integral over phi.  The last term in parenthesis 
is zero unless m is odd.  This essentially solves the problem except for a few points that need to be 
considered.  ݉ ൌ ℓ ൌ 0	is special because the spherical harmonic is constant.  The second point 
is that for ݉ ൌ 0, ℓ ് 0	the result is also zero.  Do you see why this is true?  Here are the 
comments. 

න න ଴ܻ଴

గ

଴

ାଵ

ିଵ
ൌ

1

ߨ4√
ሺ2ሻሺߨሻ ൌ ߨ√ ⇒ ܽ଴଴ ൌ

଴ܸ

2
. 

 

For the case m = 1, ℓ ് 0		 ׬ ଴ܲሺߤሻ
ାଵ
ିଵ ℓܲሺߤሻ݀ߤ ൌ 0. 

 
For any one of the problems we have encountered so far, we may have to consider the following 
situations. 
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1. Specified potential over only part of the surface so that the orthogonality condition must be 
handled carefully. 
 
2. Specified surface charge density over only part of the surface so that the orthogonality condition 
must be handled carefully.  Use electric field here – derivative of the potential.  You will have to 
solve the problem inside and outside the region because of the discontinuity in the electric field. 
 
3. Calculating the potential on the axis of a given charge density and then matching the “boundary 
conditions” on the axis. 
 
You are now equipped to handle a wide variety of BV problems, 
tedious though they may be.  The addition theorem for spherical 
harmonics allows us to express the Legendre polynomials in terms 
of the spherical harmonics.  Consider the figure to the right.  The 
addition theorem is given by the expression 

ℓܲሺcos ሻߛ ൌ ෍
ߨ4

2ℓ ൅ 1

௠ୀℓ

௠ୀିℓ

ℓܻ௠ሺߠ, ߶ሻ ℓܻ௠
∗ ሺߠᇱ, ߶ᇱሻ. 

 
Notice that, since ଵܲሺcos ሻߛ ൌ cos  it is also possible to write ,ߛ
cos ߛ ൌ cos ߠ cos ᇱߠ ൅ sin ߠ sin ᇱߠ cosሺ߶ െ ߶ᇱሻ	by using ordinary 
vector analysis.  Recall that I showed you the multipole expansion 
using Cartesian coordinates.  You can now see that the multipole 
expansion may be carried out using spherical harmonics and is even more general.  From our 
earlier work, 
 

1
ܚ| െ |ᇱܚ

ൌ෍
ழℓݎ

வݎ
ℓାଵ

ஶ

ℓୀ଴

ℓܲሺcos  .ሻߛ

 
If we have a number of charges inside a region, we may use the addition theorem to write a very 
general multipole expansion as  
 

ܸሺܚሻ ൌ
1

௢߳ߨ4
෍ ௜ݍ

௜
෍

ߨ4
2ℓ ൅ 1

௜ݎ
ℓ

ℓାଵݎ

ஶ

ℓୀ଴

෍ ℓܻ௠ሺߠ௜, ߶௜ሻ ℓܻ௠
∗ ሺߠ, ߶ሻ

ℓ

௠ୀିℓ

 

 

ൌ
1

௢߳ߨ4
෍ ෍

ߨ4
2ℓ ൅ 1

ℓ

௠ୀିℓ

෍ ௜ݎ௜ݍ
ℓ

௜

ஶ

ℓୀ଴

ℓܻ௠ሺߠ௜, ߶௜ሻ
ℓܻ௠
∗ ሺߠ, ߶ሻ

ℓାଵݎ
. 

The complex conjugate part may be interchanged, depending on the text.  We have isolated the 
terms that involve the charge to obtain 
 

ℓ௠ܯ ൌ
ߨ4

2ℓ ൅ 1
෍ ௜ݎ௜ݍ

ℓ

௜
ℓܻ௠ሺߠ௜, ߶௜ሻ 

 
Finally, 
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ܸሺܚሻ ൌ
1

௢߳ߨ4
෍ ෍ ℓ௠ܯ

ℓ

௠ୀିℓ

ஶ

ℓୀ଴

ℓܻ௠
∗ ሺߠ, ߶ሻ

ℓାଵݎ
. 

 
These are the multipole moments written in terms of the spherical harmonics.  You will find 
spherical harmonics useful in angular momentum considerations in quantum mechanics. 
 
Let’s return to the cylindrical symmetry case where the z-direction is included.  Recall 
 

,ߩଶܸሺ׏ ߶, ሻݖ ൌ
1
ߩ
߲
ߩ߲

൬ߩ
߲ܸ
ߩ߲
൰ ൅

1
ଶߩ
߲ଶܸ
߲߶ଶ ൅

߲ଶܸ
ଶݖ߲

ൌ 0. 

 
We separate the variables by assuming ܸሺߩ, ߶, ሻݖ ൌ ܴሺߩሻΦሺ߶ሻܼሺݖሻ. 
Carrying out the same process we have done several times yields 
 

1
ߩܴ

߲
ߩ߲

൬ߩ
߲ܴ
ߩ߲
൰ ൅

1
Φߩଶ

߲ଶΦ
߲߶ଶ ൅

1
ܼ
߲ଶܼ
ଶݖ߲

ൌ 0. 

 
The z-term is nicely separated, and we have no reason to think that it should be oscillatory.  We 
pick the separation constant to be positive so that 
 

1
ܼ
݀ଶܼ
ଶݖ݀

ൌ ൅݇ଶ 

 
and the solutions are ܼ ൌ ݁േ௞௭.	 The remaining equation becomes 
 

1
ߩܴ

߲
ߩ߲

൬ߩ
߲ܴ
ߩ߲
൰ ൅

1
Φߩଶ

߲ଶΦ
߲߶ଶ ൅ ݇ଶ ൌ 0. 

 
If we multiply by ߩଶ,	the ߶ െ term	is also separated, and we obtain 
 

ߩ
ܴ
߲
ߩ߲

൬ߩ
߲ܴ
ߩ߲
൰ ൅

1
Φ
߲ଶΦ
߲߶ଶ ൅ ଶ݇ଶߩ ൌ 0. 

Therefore, 
1
Φ
݀ଶΦ
݀߶ଶ ൌ െ݉ଶ, 

 
Where we choose െ݉ଶ because we need a periodic function in ߶. Now we are left with the 
equation in ߩ	as 

߲
ߩ߲

൬ߩ
߲ܴ
ߩ߲
൰ ൅ ଶܴ݇ߩ െ

݉ଶ

ߩ
ܴ ൌ 0. 

 

This is written in the form to indicate a Sturm-Liouville ODE with ݂ ሺߩሻ ൌ ,ߩ ݃ሺߩሻ ൌ ௠మ

ఘ
, ߣ ൌ ݇ଶ,	 
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and ݓሺߩሻ ൌ  We are assured that our solutions will give us an complete set of orthogonal .ߩ
functions.  It is common to make a substitution to write the equation in terms of the dimensionless 
variable ݔ ൌ  so that the equation becomes	ߩ݇
 

݀
ݔ݀

൬ݔ
ܴ݀
ݔ݀
൰ ൅ ܴݔ െ

݉ଶ

ݔ
ܴ ൌ 0. 

 
There is a regular singular point at ݔ ൌ 0,	so we use care in solving the equation.  The method of 
Frobenius is designed just for this case because it builds in a second term that allows for fractional 
and/or inverse powers in the series.  We assume a solution of the form 
 

ܴ ൌ ෍ܽ௡

ஶ

௡ୀ଴

 ሻ݌	of	power	additional	the	ሺnote	௡ା௣ݔ

and substitute this expression back into the ODE to obtain the result 
 

෍ሺ݊ ൅ ሻሺ݊݌ ൅ ݌ െ 1ሻ

ஶ

௡ୀ଴

ܽ௡ݔ௡ା௣ିଵ ൅෍ሺ݊ ൅ ሻ݌

ஶ

௡ୀ଴

ܽ௡ݔ௡ା௣ିଵ ൅෍ܽ௡ݔ௡ା௣ାଵ
ஶ

௡ୀ଴

 

 

െ݉ଶ෍ሺ݊ ൅ ሻ݌
ஶ

௡ୀ଴

ܽ௡ݔ௡ା௣ିଵ ൌ 0. 

 
We set n = 0 and look at the coefficients of ݔ௣ିଵ	to obtain the indicial equation for p.  This yields 
 

݌ሺ݌ െ 1ሻ ൅ ݌ െ݉ଶ ൌ 0	and	݌ ൌ േ݉. 
 
The positive value of ݌ ൌ ݉	gives an analytic solution, whereas the negative value does not.  The 
negative value still leaves a value of ିݔଵ.		We will return to this point in a while.  Changing 
݊	to	݇,	we look at the ݇ ൅ ݌ െ 1	power of x to obtain 
 

ሺ݇ ൅ ሻሺ݇݌ ൅ ݌ െ 1ሻܽ௞ ൅ ሺ݇ ൅ ሻܽ௞݌ ൅ ܽ௞ିଶ െ ݉ଶܽ௞ ൌ 0. 
 
We solve for ܽ௞	in terms of ܽ௞ିଶ	to obtain 
 

ܽ௞ ൌ െ
ܽ௞ିଶ

ሺ݇ ൅ ሻଶ݌ െ ݉ଶ ൌ െ
ܽ௞ିଶ

ሺ݇ଶ ൅ ݇݌2 ൅ ଶሻ݌ െ ݉ଶ ൌ െ
ܽ௞ିଶ

݇ሺ݇ േ 2݉ሻ
 

 
Now let’s consider the positive case.  Therefore, 
 

ܽ௞ ൌ െ
ܽ௞ିଶ

݇ሺ݇ ൅ 2݉ሻ
⇒ ܽଶ௡ ൌ െ

ܽଶ௡ିଶ
2݊ሺ2݊ ൅ 2݉ሻ

ൌ െ
ܽଶ௡ିଶ

2ଶ݊ሺ݊ ൅ ݉ሻ
. 

 
Notice that I have used the fact that ܽଵ ൌ 0	 because in the term for ݊ ൌ 1,	no other power exists. 
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In order to recognize these terms in a more conventional way, we need to digress a bit to mention 
the gamma function.  The gamma function was originally defined for real x as 
 

Γሺݔሻ ൌ න ݁ି௧
ஶ

଴
	ݐ௫ିଵ݀ݐ ⇒ Γሺ1ሻ ൌ න ݁ି௧

ஶ

଴
ݐ݀ ൌ 1. 

 
If we integrate the definition by parts as follows, it is possible to obtain a recursion relation for the 
gamma function. 

Γሺݔሻ ൌ න ݁ି௧
ஶ

଴
ݐ௫ିଵ݀ݐ ൌ ௫ିଵሺ݁ି௧ሻ|଴ݐ

ஶ െ න ሺݔ െ 1ሻሺെ݁ି௧ሻ
ஶ

଴
 ݐ௫ିଶ݀ݐ

yielding 
Γሺݔሻ ൌ ሺݔ െ 1ሻΓሺݔ െ 1ሻ.	 

Therefore, if ݔ	is an integer 
Γሺ݊ ൅ 1ሻ ൌ ݊	Γሺ݊ሻ ൌ ݊ሺ݊ െ 1ሻΓሺ݊ െ 1ሻ ൌ ⋯ ൌ ݊ሺ݊ െ 1ሻሺ݊ െ 2ሻ⋯1Γሺ1ሻ ൌ ݊!	 

We may convert the recursion relation to a form that involves the gamma function, thereby giving 
 

ܽଶ ൌ െ
ܽ௢

2ଶሺ݌ ൅ 1ሻ
ൌ
ܽ௢Γሺ݌ ൅ 1ሻ
2ଶΓሺ݌ ൅ 2ሻ

. 

 

If we take ܽ௢ ൌ
ଵ

ଶ೘୻ሺ௠ାଵሻ
,	we may finally write 

 

ሻݔ௠ሺܬ ൌ ෍
ሺെ1ሻ௡

݊! Γሺ݊ ൅ ݉ ൅ 1ሻ

ஶ

௡ୀ଴

ቀ
ݔ
2
ቁ
௠ାଶ௡

. 

 
Rather than write the entire solution for the –m case, I will simply state the results in the interest 
of getting into the solutions to a few potential problems.  The –m case does not produce a linearly 
independent solution, but rather is related to ܬ௠ሺݔሻ	by the relationship 
 

ܬି ௠ሺݔሻ ൌ ሺെ1ሻ௠ܬ௠ሺݔሻ. 
 
So, what is the second linearly independent solution to Bessel’s equation?  Without proof, I will 
state that the second solution is known as the Neumann function (or Bessel functions of the second 
kind) given by 
 

ఔܰሺݔሻ ൌ
ሻݔఔሺܬ cos ߨߥ െ ܬି ఔሺݔሻ

sin ߨߥ
. 

 
There are two additional functions that come from the Bessel functions.  They are the Hankel 
functions of the first and second kind given by 
 

௠ܪ
ሺଵሻሺݔሻ ൌ ሻݔ௠ሺܬ ൅ ݅ܰ௠ሺݔሻ	and	ܪ௠

ሺଶሻሺݔሻ ൌ ሻݔ௠ሺܬ െ ݅ܰ௠ሺݔሻ. 
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For the record, you will sometimes see these 
types of functions referred to as cylindrical Bessel 
functions to distinguish them from spherical 
Bessel functions.  Occasionally, ܰ௠ሺݔሻ	is 
designated as ௠ܻሺݔሻ.	Here are some graphs of the 
first few orders of Bessel functions.  Some of you 
might remember that the ܬ௢ሺݔሻ	is the one that 
occurs in circular diffraction problems.  It is the 
one from which the Rayleigh criterion for 
resolution is derived.  There are numerous 
properties of Bessel functions that are useful to 
know about before we start to apply them to 
potential problems.  For small arguments of x 
 

ሻݔ௠ሺܬ ≅
1

Γሺ݉ ൅ 1ሻ
ቀ
ݔ
2
ቁ
௠
. 

 
The Neumann functions are not well behaved at ݔ ൌ 0	because they have a logarithmic singularity 
given by 

௢ܰሺݔሻ ൎ
2
ߨ
ln  	ݔ

And because for ݉ ൐ 0,ܰ௠ሺݔሻ diverges as an inverse power of x. 
 

ܰ௠ሺݔሻ ൎ െ
ሺ݉ െ 1ሻ!

ߨ
൬
2
ݔ
൰
௠

 

 
For large values of ݔ,	both ܬ௠ሺݔሻ	ܽ݊݀	ܰ௠ሺݔሻ	both oscillate like damped sine functions given by 
 

ሻݔ௠ሺܬ ൎ ඨ
2
ݔߨ

cos 	ሺݔ െ
ߨ݉
2
െ
ߨ
4
ሻ	 

and 

ܰ௠ሺݔሻ ൎ ඨ
2
ݔߨ

sin 	ሺݔ െ
ߨ݉
2
െ
ߨ
4
ሻ	 

 
For large ݔ, the Hankel functions are like complex exponentials 
 

௠ܪ
ሺଵ,ଶሻ ൌ ඨ

2
ݔߨ

exp ቂേ݅ ቀݔ െ
ߨ݉
2
െ
ߨ
4
ቁቃ.		 

 
Some of the recurrence relationships are given on pages 654 and 646 of your textbook.  I will not 
repeat them here.  Bessel functions find uses in many areas of physics including diffraction theory, 
vibrating drum heads, cylindrical potential well (cylindrical bessel functions), and spherical 
potential well (spherical Bessel functions).  Because they are solutions to a Sturm-Liouville ODE, 
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they are also a complete set of orthogonal functions.  In order to get on with some examples of 
potential problems, I state without proof the following additional relationships. 
 

݁௜௞ఘ ୱ୧୬థ ൌ ෍ ௠ܬ

ஶ

௠ୀିஶ

ሺ݇ߩሻ݁௜௠థ		 

 
as the generating function and an integral representation given by 
 

ሻݎ௠ሺ݇ܬ ൌ
1
ߨ2

න ݁௜௞௥ ୱ୧୬థି௜௠థ
ଶగ

଴
݀߶. 

 
The orthogonality conditions are a little more complicated and are given by 
 

න ௠ܬ	ߩ
௔

଴
ሺ݇௠௡ᇲߩሻܬ௠ሺ݇௠௡ߩሻ݀ߩ ൌ ݊	ݎ݋݂		0 ് ݊ᇱ	 

 
and 

න ௠ܬ	ߩ
௔

଴
ሺ݇௠௡ᇲߩሻܬ௠ሺ݇௠௡ߩሻ݀ߩ ൌ 0		 

 

න 	ߩ
௔

଴
ሾܬ௠ሺ݇௠௡ߩሻሿଶ݀ߩ ൌ

ܽଶ

2
ሾܬ௠ᇱ ሺ݇௠௡ܽሻሿଶ.	 

 
There is one last issue about Bessel functions, and that concerns our choice for the sign of the 
separation constant ݇ଶ.  Had we chosen the negative sign, our equation for ܼ	would have the 
following solutions given by 

ܼ ൌ ܽ	sin ݖ݇ ൅ ܾ cos  ,ݖ݇
 
and the ordinary Bessel equation becomes 
 

݀
ݔ݀

൬ݔ
ܴ݀
ݔ݀
൰ െ ܴݔ െ

݉ଶ

ݔ
ܴ ൌ 0, 

 
which is called the modified Bessel equation.  Not surprising, it has the solutions that are modified 
Bessel functions given by 

ሻݔ௠ሺܫ ൌ ݅ି௠ܬ௠ሺ݅ݔሻ 
 
The second solution is usually designated by 
 

ሻݔ௠ሺܭ ൌ
ߨ
2
݅௠ାଵܪ௠

ሺଵሻሺ݅ݔሻ. 

 
This means that the complete solution for the cylindrical geometry is given by 
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To use this form of the solution, we must know which functions are well behaved at the origin and 
which are well behaved at infinity. 
 
NEXT TIME: Bessel function examples and Green functions. 


