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Physics 6303                                            Lecture 11                                            September 24, 2018 
 
LAST TIME: Cylindrical coordinates, spherical coordinates, and Legendre’s equation 
 

ܸሺݎ, ሻߠ ൌ෍൬ܣℓݎℓ ൅ ℓܤ
1

ሺℓାଵሻݎ
൰

ஶ

ℓୀ଴

ℓܲሺߤሻ. 

 
Consider problems that are no axisymmetric; i.e., the potential depends on ߶.	Solutions to 
equations of this type lead to spherical harmonics 
 
Variable Coefficient, Second Order ODEs 
 
Consider the ODE given by 
 

ܾଶሺݔሻݕᇱᇱ ൅ ܾଵሺݔሻݕᇱ ൅ ܾ௢ሺݔሻݕ ൌ 0. 
 
It is convenient to write the equation in a more standard form given by 
 

ᇱᇱݕ ൅ ܲሺݔሻݕᇱ ൅ ܳሺݔሻݕ ൌ 0,	 
 
where  

ܲሺݔሻ ൌ
ܾଵሺݔሻ
ܾଶሺݔሻ

	and	ܳሺݔሻ ൌ
ܾ௢ሺݔሻ
ܾଶሺݔሻ

. 

 
Because many of our equations in physics are represented by a power series, we need to know 
under what conditions our functions are analytic; i.e., they can be expanded in a Taylor series about 
xo.  xo is an ordinary if both ܲሺݔሻ	and	ܳሺݔሻ	are	analytic	at	ݔ௢.  ݔ௢	is a regular singular point if  
 

ሺݔ െ ݔሺ	and	ሻݔ௢ሻܲሺݔ െ  .௢ݔ	at	analytic	are	ሻݔܳሺ	௢ሻଶݔ
 
Points that are not regular singular points are irregular. A couple of examples will serve as 
examples.  Consider the differential equation given by ݕᇱᇱ െ ᇱݕݔ ൅ ݕ2 ൌ 0.	 Here, ܲ ሺݔሻ ൌ െݔ	and 
ܳሺݔሻ ൌ 2.  Both ܲሺݔሻ	and	ܳሺݔሻ	are	analytic so every value of x is analytic.  Look at 
ᇱᇱݕଶݔ2 ൅ ݔሺݔ7 ൅ 1ሻݕᇱ െ ݕ3 ൌ 0.  Consider 

ܲሺݔሻ ൌ
ݔሺݔ7 ൅ 1ሻ

ଶݔ2
	ܽ݊݀	ܳሺݔሻ ൌ

െ3
ଶݔ2

. 

Neither function is analytic at ݔ ൌ 0,	so ݔ ൌ 0	is a singular point.  ܲݔሺݔሻ ൌ ଻

ଶ
ሺݔ ൅

1ሻ	and	is	analytic at ݔ ൌ 0.		Similarly, ݔଶܳሺݔሻ ൌ െ ଷ

ଶ
	and ݔ ൌ 0	is a regular singular point.  What 

is the significance of being a regular point? 
 
When dealing with Legendre polynomials, there are instances when it is useful to have 
relationships between the various orders of the polynomials and/or between the polynomials and 
their derivatives. These relationships are called recursion relations and are determined usually by 
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differentiating the generating function with respect to x or . Here are a few of the ones that find 
some usefulness on occasion. 
 

ℓ ℓܲିଵሺߤሻ െ ሺ2ℓ ൅ 1ሻߤ ℓܲሺߤሻ ൅ ሺℓ ൅ 1ሻ ℓܲାଵሺߤሻ ൌ 0, 
 
which is said to be a pure recursion relation because it relates orders above and below ℓܲሺߤሻ	and 
has no derivatives. Here are some others 
 

ℓܲሺߤሻ ൌ ℓܲିଵ
ᇱ ሺߤሻ െ ߤ2 ℓܲିଵ

ᇱ ሺߤሻ ൅ ℓܲାଵ
ᇱ ሺߤሻ	 

 
ℓ ℓܲሺߤሻ ൌ ߤ ℓܲ

ᇱሺߤሻ െ ℓܲିଵ
ᇱ ሺߤሻ 

 
ሺ2ℓ ൅ 1ሻ ℓܲሺߤሻ ൌ ℓܲାଵ

ᇱ ሺߤሻ െ ℓܲିଵ
ᇱ ሺߤሻ ∗∗ 

 

ℓܲିଵሺߤሻ ൌ ߤ ℓܲሺߤሻ ൅ ቆ
1 െ ଶߤ

ℓ
ቇ ℓܲ

ᇱሺߤሻ 

 

ℓܲାଵሺߤሻ ൌ ߤ ℓܲሺߤሻ െ ቆ
1 െ ଶߤ

ℓ ൅ 1
ቇ ℓܲ

ᇱሺߤሻ 

 
Before we work some detailed examples, it is worthwhile to consider the general types of problems 
that we can solve and to see what some of the problems we encounter are. 
 
1. There are the very traditional problems where a grounded, conducting sphere is placed in an 
otherwise uniform electric field, and we are asked to determine the potential everywhere outside 
the sphere. Here,  
 
Example 1: A hollow conducting sphere of radius R is divided into two halves at the equator by a 
thin insulating ring.  The top half of the sphere is held at a potential Vo, whereas the bottom half is 
grounded (zero potential). Determine the potential everywhere. 
 
Solution: We know that  

ܸሺݎ, ሻߠ ൌ෍൬ܣℓݎℓ ൅ ℓܤ
1

ሺℓାଵሻݎ
൰

ஶ

ℓୀ଴

ℓܲሺߤሻ.	 

 
Consider the solution inside the sphere first. We know that ܤℓ ൌ 0	to keep the potential finite at 
the center. We apply the boundary conditions at the surface to obtain 
 
 

ܸሺܴ, ሻߠ ൌ෍൫ܣℓܴℓ൯

ஶ

ℓୀ଴

ℓܲሺߤሻ ൌ ௢ܸ	݂ݎ݋	1 ൒ ߤ ൐ 0 

																																																					ൌ 0	ݎ݋݂	0 ൐ ߤ ൒ െ1. 
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Because	ߤ ൌ cos  this limit is really from 0 to	,ߠ
గ

ଶ
and	from	 గ

ଶ
	to	ߨ.  Now apply the orthogonality 

condition by multiplying each side by ܲℓᇲሺߤሻ	and	integrating	from െ 1	to	1	to	obtain.	 
 

න ෍൫ܣℓܴℓ൯

ஶ

ℓୀ଴

ℓܲሺߤሻܲℓᇲሺߤሻ݀
ଵ

ିଵ
ߤ ൌ න ௢ܸ

ଵ

଴
ܲℓᇲሺߤሻ݀ߤ 

 
The left hand side is no problem, but the right hand side does not involve two polynomials, nor 
does it extend over the entire range of the orthogonality condition. Therefore, we obtain 
 

൫ܣℓܴℓ൯
2

2ℓ ൅ 1
ൌ ௢ܸ න ℓܲሺߤሻ݀ߤ.

ଵ

଴
 

 
If we could write the right hand side as an exact differential we would have the problem solved. 
Fortunately, one of the recursion relations gives us a way to do just that. The double-starred one is 
used to write 

௢ܸ න ℓܲሺߤሻ݀ߤ ൌ
௢ܸ

2ℓ ൅ 1
න ሾ ℓܲାଵ

ᇱ ሺߤሻ െ ℓܲିଵ
ᇱ ሺߤሻሿ

ଵ

଴
.ߤ݀

ଵ

଴
 

Therefore, 

௢ܸ න ℓܲሺߤሻ݀ߤ ൌ
ଵ

଴

௢ܸ

2ℓ ൅ 1
ሾ ℓܲାଵሺߤሻ െ ℓܲିଵሺߤሻሿ|଴

ଵ 

 
Now, recall that ℓܲሺ1ሻ ൌ 1	for	all	ℓ	so	we obtain 
 

௢ܸ න ℓܲሺߤሻ݀ߤ ൌ
ଵ

଴

௢ܸ

2ℓ ൅ 1
ሾെ ℓܲାଵሺ0ሻ ൅ ℓܲିଵሺ0ሻሿ. 

 
We use the pure recursion relation to put ℓܲିଵሺ0ሻ	in terms of ℓܲାଵሺ0ሻ.	Note that the middle term 
vanishes because ߤ ൌ 0. 
Therefore, 

௢ܸ න ℓܲሺߤሻ݀ߤ ൌ
ଵ

଴
െ ௢ܸ

2ℓ ൅ 1 ℓܲାଵሺ0ሻ ൬1 ൅
ℓ ൅ 1
ℓ

൰ ൌ െ ℓܲାଵሺ0ሻ

ℓ
. 

Finally, 

ℓܣ ൌ െ ௢ܸ

2
2ℓ ൅ 1
ℓܴℓ ℓܲାଵሺ0ሻ; 			ℓ ൒ 1. 

 

To complete the problem, we need to obtain the results for ℓ ൌ 0. Use	 ௢ܲሺߤሻ ൌ 1.	Then ܣ௢ ൌ
௏೚
ଶ
. 

 
We may then write the complete solution as 

ܸሺݎ, ሻߠ ൌ ௢ܸ

2
൥1 െ෍

2ℓ ൅ 1
ℓ

ஶ

ℓୀଵ

ℓܲାଵሺ0ሻ ቀ
ݎ
ܴ
ቁ
ℓ

ℓܲሺߤሻ൩. 
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To make a slightly different problem, assume that the boundary condition is specified as ௢ܸሺߠሻ	on 
the surface at ݎ ൌ ܴ. I will show the solution for inside only, but you can see how to extend the 
results to outside. The BC gives 
 

௢ܸሺߠሻ ൌ෍൫ܣℓܴℓ൯

ஶ

ℓୀ଴

ℓܲሺcos  .ሻߠ

 
We can use the orthogonality condition again, but we cannot evaluate any integrals until we specify 

௢ܸሺߠሻ.	Let’s specify ௢ܸሺߠሻ ൌ ௢ܸ sinଶ ߠ ൌ ௢ܸሺ1 െ cosଶ  Why do you think we write it in terms of	ሻ.ߠ
cos  When we apply the orthogonality condition, the entire equation simplifies to ?ߠ
 

ℓܣ ൌ
2ℓ ൅ 1
2ܴℓ

න ௢ܸሺߠሻ ℓܲሺcos ሻߠ sin ߠ
గ

଴
 .ߠ݀

 
We write 

ሺ1 െ cosଶ ሻߠ ൌ ଵܥ ௢ܲሺcos ሻߠ ൅ ଶܥ ଶܲሺcos ሻߠ ൌ ଵܥ ൅ ଶܥ ൬
3
2
cosଶ ߠ െ

1
2
൰. 

Then 

ሺ1 െ cosଶ ሻߠ ൌ ଵܥ െ
1
2
ଶܥ ൅

3
2
cosଶ	ଶܥ  ߠ

and 

ଵܥ െ
1
2
ଶܥ ൌ 1	with െ 1 ൌ

3
2
	  .ଶܥ

 

Finally, 	 ଶܥ ൌ െ ଶ

ଷ
and	ܥଵ ൌ

ଶ

ଷ
. 

Formally, this calculation may also be done as an expansion of a function as a Legendre series 
given by 

݂ሺߠሻ ൌ෍ܥℓ

ஶ

ℓୀ଴

ℓܲሺcos  .ሻߠ

 
It is an analog of the more familiar Fourier sine or cosine series. Why can we do this? 
 
So far, we have dealt only with potentials that have some functional dependence on angle. How 
do we approach the problem if we have a surface charge distribution that is a function of angle? In 
equation form, suppose we are given ߪ௢ሺߠሻ	on	a	spherical	surface.	This charge distribution is 
related directly to the electric field, not the potential. It gives rise to a discontinuity in the electric 
field, which, in turn, is related to the minus the gradient of the potential. Recall that the gradient 
in spherical coordinates is given by 

,ݎሺܸ׏ ,ߠ ߶ሻ ൌ
߲ܸ
ݎ߲

ොܚ ൅
1
ݎ
߲ܸ
ߠ߲

ી෡ ൅
1

ߠ	sin	ݎ
߲ܸ
߲߶

૖෡ ൌ െ۳ሺݎ, ,ߠ ߶ሻ. 

Remember that the electric field produced by a surface charge density is given by ܧ ൌ
ఙ

ఢ೚
.		Maxwell’s equations (ME) impose certain boundary conditions on the electric field according 

to 
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඾۳ ∙ ܣ݀	ܖ ൌ
ݍ
߳௢
⟹ ଶ௡ܧ െ ଵ௡ܧ ൌ

ߪ
߳௢
	ܽ݊݀	ර۳ ∙ ݀र ൌ െ

݀Φ
ݐ݀

⟹ ଵ௧ܧ ൌ  .ଶ௧ܧ

 
The potential must be continuous at the boundary, and the electric field discontinuity must give 
the surface charge density. Inside the sphere, ܤℓ ൌ 0	and	outside	the	sphere, ℓܣ ൌ 0.	Therefore, 
we may write the two BCs as 

෍ܣℓ

ஶ

ℓୀ଴

ܴℓ ℓܲሺcos ሻߠ ൌ෍ܤℓ

ஶ

ℓୀ଴

ܴିሺℓାଵሻ ℓܲሺcos  ሻߠ

and 

൬
߲ ௢ܸ௨௧

ݎ߲
െ
߲ ௜ܸ௡

ݎ߲
൰
௥ୀோ

⟹ െ෍ሺℓ ൅ 1ሻܤℓ

ஶ

ℓୀ଴

ܴିሺℓାଶሻ ℓܲሺcos ሻߠ െ෍ℓܣℓ

ஶ

ℓୀ଴

ܴℓିଵ ℓܲሺcos ሻߠ

ൌ െ
1
߳௢
 .ሻߠ௢ሺߪ

 
We already know how ܣℓ	and	ܤℓ	are related from the equation above so we obtain 
 

෍ሺ2ℓ ൅ 1ሻ
ஶ

ℓୀ଴

ℓܴℓିଵܣ ℓܲሺcos ሻߠ ൌ
1
߳௢
 ሻߠ௢ሺߪ

 
We determine ܣℓ	using the orthogonality of the Legendre polynomials as usual.  
 

ℓܣ ൌ
1

2߳௢ܴℓିଵ
න ሻߠ௢ሺߪ ℓܲሺcos ሻߠ sin ߠ
గ

଴
 ߠ݀

 
We need to know ߪ௢ሺߠሻ	to proceed. When ߪ௢ሺߠሻ	is a known function, we may expand it in a 
Legendre series to see which order ℓܲሺcos  contribute to the series. Then we see which terms	ሻߠ
survive to get the value for ܣℓ. 
 
There is one more type of boundary value problem that does not get the attention that others get, 
but here is an example of this type. 
 
Suppose you calculate the potential on the axis of a charged disk having radius R and constant 
surface charge density o. The result is given by 
 

ܸሺݎ, 0ሻ ൌ
଴ߪ
2߳௢

ቀඥݎଶ ൅ ܴଶ െ  .ቁݎ

 
We would like to calculate the potential everywhere, even off the axis of symmetry. How to do 
that? We have already seen that the generating function for Legendre polynomials can be obtained 
from considering the expansion of a point charge located on the z-axis. This means that we can 
expand the potential for ݎ ൐ ܴ	and match the Legendre polynomials on the z-axis to get the values 
for the coefficients. Here is how the process works for this case. Write 
 



6 
 

ඥݎଶ ൅ ܴଶ ൌ ݎ ቆ1 ൅ ൬
ܴ
ݎ
൰
ଶ

ቇ ൌ ݎ ቈ1 ൅ ൬
1
2
൰ ൬
ܴ
ݎ
൰
ଶ

െ ൬
1
8
൰ ൬
ܴ
ݎ
൰
ସ

൅ ⋯െ 1቉ 

 

We know that ܸሺݎ, ሻߠ ൌ ∑ ቀܣℓݎℓ ൅ ℓܤ
ଵ

௥ሺℓశభሻ
ቁஶ

ℓୀ଴ ℓܲሺcos ℓܣ	that	know	also	we	and	ሻߠ ൌ

0.Why? This means that  

෍ܤℓ
1

ሺℓାଵሻݎ

ஶ

ℓୀ଴

ൌ
଴ߪ
2߳௢

ݎ ቈ1 ൅ ൬
1
2
൰ ൬
ܴ
ݎ
൰
ଶ

െ ൬
1
8
൰ ൬
ܴ
ݎ
൰
ସ

൅ ⋯െ 1቉ ൌ
଴ߪ
2߳௢

ቆ
ܴଶ

ݎ2
െ
ܴସ

ଷݎ8
൅ ⋯ቇ. 

 
Use ℓܲሺ0ሻ ൌ 1	to	obtain	 

௢ܤ ൌ
଴ܴଶߪ

4߳௢
, ଵܤ ൌ 0, ଶܤ	݀݊ܽ ൌ െ

଴ܴଶߪ

16߳௢
,⋯ 

 
Finally, 

ܸሺݎ, ሻߠ ൌ
଴ܴଶߪ

4߳௢
ቈ
1
ݎ
െ
ܴଶ

ଷݎ4 ଶܲሺcos ሻߠ ൅ ⋯቉. 

 
NEXT TIME: Spherical harmonics, Bessel functions, and their use in BV problems. 


