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Physics 6303                                    Lecture 8 – Matrix Review 
 
LAST TIME: Tensor differentiation, parallel transport, Christoffel symbols, topics in special 
relativity 
 
Today, we consider matrices, determinants, and Jacobians. I expect that most of you have a solid 
background in these areas, so we will not spend too much time on these topics. I will consider it 
primarily a review. Some of the homework will consist of having you prove some of our statements 
below. 
 
A matrix is a rectangular array of variables, functions, or numbers that satisfies certain rules of 
operations. It is worthwhile noting that all rank 2 and below tensors may be represented as a matrix. 
However, it is equally important to mention that not all matrices are tensors. Their elements must 
satisfy the proper transformation law. Matrices are usually represented by either square brackets 
or parentheses. Therefore, 
 

A ൌ ൮

ܽଵଵ ܽଵଶ ⋯ ܽଵ௡
ܽଶଵ ܽଶଶ ⋯ ܽଶ௡
⋮

ܽ௠ଵ

⋮
ܽ௠ଶ

⋮
⋯

⋮
ܽ௠௡

൲ ൌ ൦

ܽଵଵ ܽଵଶ ⋯ ܽଵ௡
ܽଶଵ ܽଶଶ ⋯ ܽଶ௡
⋮

ܽ௠ଵ

⋮
ܽ௠ଶ

⋮
⋯

⋮
ܽ௠௡

൪ ൌ an	݉	 ൈ ݊	matrix. 

 
The matrix has m rows and n columns. Two matrices are equal if all elements are equal, so two 
matrices can be equal only if they have the same m and n values. Consider three matrices given by 
A, B, and C. 
 
A + B = C = B + A 
A + 0 = A = 0 + A, where the zero matrix has all elements = 0. 
(A + B) + C = A + (B + C) 
kA = (kA) = (Ak), i.e., each element is multiplied by the scalar and commutes. 
Matrix multiplication is a row by column process as follows: 
 
AB = C implies ܿ௜௝ ൌ ܽ௜௞ܾ௞௝.	The number of columns in the first matrix must equal the number of 
rows in the second matrix and AB ് BA,	so commutation fails. An example is the multiplication 
of two Pauli matrices. 
 

Let ߪଵ ൌ ቀ0 1
1 0

ቁ	and ߪଷ ൌ ቀ1 0
0 െ1

ቁ	so that ߪଵߪଷ ൌ ቀ0 1
1 0

ቁ ቀ1 0
0 െ1

ቁ ൌ ቀ0 െ1
1 0

ቁ.	But 

 

ଵߪଷߪ ൌ ቀ1 0
0 െ1

ቁ ቀ0 1
1 0

ቁ ൌ ቀ 0 1
െ1 0

ቁ ൌ െߪଵߪଷ.	 

 
The unit matrix is given by ߜ௜௝.	It has ones along the diagonal and zeroes everywhere else. The 
transpose of a matrix is given by interchanging rows and columns of the matrix. Therefore, if 
 

A ൌ ൬
ܽ ܾ ܿ
݀ ݁ ݂൰ , then	A

் ൌ ൭
ܽ ݀
ܾ ݁
ܿ ݂

൱.	 
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It is not difficult to show that ሺABሻ் ൌ B்A்.	Similarly, if A and B are square matrices and each 
has an inverse, then ሺABሻିଵ ൌ BିଵAିଵ.	Some square matrices are symmetric, and some are skew- 
or anti-symmetric. We have already seen examples of real, 3×3, symmetric matrices and real, 4×4, 
anti-symmetric matrices. What are they? 
 
In classical mechanics, matrices are usually real, but matrices need not be real. We may form the 
conjugate of a complex matrix by replacing every complex element by its complex conjugate. As 
an example, consider a matrix A given by 
 

A ൌ ൬
ܽ ൅ ܾ݅ ܿ െ ݅݀
݁ െ ݂݅ ݃ ൅ ݄݅൰.	 

 
The conjugate matrix is given by 
 

Aഥ ൌ ൬
ܽ െ ܾ݅ ܿ ൅ ݅݀
݁ ൅ ݂݅ ݃ െ ݄݅൰.	 

 
I use the bar above to indicate the complex conjugate to avoid multiple superscripts. Because the 
time-dependent Schroሷ dinger equation is inherently complex, dealing with complex matrices is 
unavoidable. Adjoint matrices are formed by transposing the complex conjugate of a matrix so 
that Aற ൌ ሺA∗ሻ்.	Hermitian matrices (or self-adjoint matrices) are those for which 
ܣ ൌ Aற. Matrices are labeled as unitary if Uற ൌ Uିଵ	.	 Unitary matrices have the property that they 
preserve length for complex vectors which means that they preserve probability amplitudes. 
 
One of the most important problems in mechanics or quantum mechanics is the diagonalization of 
matrices. As we have already seen in mechanics, the angular momentum is generally not related 
to the angular velocity by a scalar, but rather by a tensor, the moment of inertia tensor. Recall that 
this tensor (or matrix) is real and symmetric matrix. These off-diagonal elements occur because 
we are not using the “right” coordinate system in which to write the angular momentum. 
Mathematically, we wish to find the values of I such that ܫ௜௝ ௝߱ ൌ ܫ ௝߱.	This is, of course, an 
eigenvalue problem. Once we find the eigenvalues, we find the eigenvectors. To illustrate the 
procedure, let’s consider a relatively easy system to work on. 
 
The figure shows two point masses, m and 2m, located at (-a,-2a) and 
(-2a,a), respectively.  They are joined to the origin by two massless 
rods to create a rigid object.  (a) Determine the moment of inertia tensor 
with respect to the origin (0,0).  (b) Determine the principal moments 
of inertia.  (c) Determine the principal axis coordinate system.  (d) 
Suppose you attached a mass of 5m at the origin to these two masses.  
Explain why it would or would not affect the moment of inertia tensor. 
(e) Determine the angular momentum when ૑ ൌ  .ොܡ߱
 
(a) ܫ௫௫ ൌ ∑ ݉ఈఈ ሺݕఈଶ ൅ ఈଶሻݖ ൌ 2݉ܽଶ ൅ 4݉ܽଶ ൌ 6݉ܽଶ 
௫௬ܫ ൌ െ∑ ఈఈݔ݉ ఈݕ ൌ െሺ2݉ሻሺെ2ܽሻሺܽሻ െ ሺ݉ሻሺെܽሻሺെ2ܽሻ ൌ 2݉ܽଶ.  
௬௬ܫ ൌ ∑ ݉ఈఈ ሺݔఈଶ ൅ ఈଶሻݖ ൌ 2݉ሺ4ܽଶሻ ൅ ݉ܽଶ ൌ 9݉ܽଶ.  
௭௭ܫ ൌ ∑ ݉ఈఈ ሺݔఈଶ ൅ ఈଶሻݕ ൌ 2݉ሾሺ4ܽଶ ൅ ܽଶሿ ൅ ݉ሺܽଶ ൅ 4ܽଶሻ ൌ 15݉ܽଶ  
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௫௭ܫ ൌ ௭௫ܫ ൌ ௬௭ܫ ൌ ௭௬ܫ ൌ 0	 because this is a planar object with z = 0. 
Therefore, the matrix representing the moment of inertia tensor is 
 

௜௝ܫ ൌ ݉ܽଶ ൥
6 2 0
2 9 0
0 0 15

൩.	 

 
The eigen value equation is 

݉ܽଶ ൥
6 െ ܫ 2 0
2 9 െ ܫ 0
0 0 15 െ ܫ

൩ ൥
߱ଵ
߱ଶ
߱ଷ

൩ ൌ 0 

 
These types of equations have solutions only if the determinant of the matrix is zero, so 
 

อ
6 െ ܫ 2 0
2 9 െ ܫ 0
0 0 15 െ ܫ

อ ൌ 0 

 
and expanding ሺ15 െ ሻሾሺ6ܫ െ ሻሺ9ܫ െ ሻܫ െ 4ሿ ൌ 0.	Solving gives ܫଷ ൌ 15݉ܽଶ	and 
 

54 െ ܫ15 ൅ ଶܫ െ 4 ൌ 0. 
 
Therefore, 

ܫ ൌ
15 േ ඥሺ225 െ 200ሻ

2
ൌ
15 േ 5
2

ൌ 5, 10. 

 
ଵܫ ൌ 5݉ܽଶ,					ܫଶ ൌ 10݉ܽଶ,					ܫଷ ൌ 15݉ܽଶ. 

 
Identifying 1, 2, and 3 with x, y, and z, respectively, we now find the eigenvectors. 
For I3: 

݉ܽଶ ൥
6 െ 15 2 0
2 9 െ 15 0
0 0 15 െ 15

൩ ൥
߱௫
߱௬
߱௭
൩ ൌ ൥

െ9߱௫ ൅ 2߱௬
2߱௫ െ 6߱௬

0
൩ ൌ 0 

 
so ߱௫ ൌ ߱௬ ൌ 0.  ߱௭ ൌ arbitrary ൌ 1	to	normalize.	Therefore, ܍ොଷ ൌ ሺ0, 0, 1ሻ 
 
For I2: 

݉ܽଶ ൥
6 െ 10 2 0
2 9 െ 10 0
0 0 15 െ 10

൩ ൥
߱௫
߱௬
߱௭
൩ ൌ ቎

െ4߱௫ ൅ 2߱௬
2߱௫ െ ߱௬
5߱௭

቏ ൌ 0 

 

So ߱௬ ൌ 2߱௫.  ߱௭ ൌ 0.	Therefore, ܍ොଶ ൌ
ଵ

√ହ
ሺ1, 2, 0ሻ.	Note that the two equations are consistent. 
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For I1: 
 

݉ܽଶ ൥
6 െ 5 2 0
2 9 െ 5 0
0 0 15 െ 5

൩ ൥
߱௫
߱௬
߱௭
൩ ൌ ቎

߱௫ ൅ 2߱௬
2߱௫ ൅ 4߱௬
10߱௭

቏ ൌ 0 

 

so ߱௫ ൌ െ2߱௬.  ߱௭ ൌ 0.	Therefore, ܍ොଵ ൌ
ଵ

√ହ
ሺെ2, 1, 0ሻ.	Note again that the two equations are 

consistent. 
 
Adding any mass at the origin has no effect because I is calculated about the origin. 
 

቎
௫ܮ
௬ܮ
௭ܮ
቏ ൌ ݉ܽଶ ൥

6 2 0
2 9 0
0 0 15

൩ ൥
0
߱
0
൩ ൌ ݉ܽଶ ൥

2߱
9߱
0
൩ 

 
Some discussion of our results: 
 
What is the meaning of these three values of I and three values for unit 
vectors? 
 
If you had these masses attached to a light bar along the y axis and it 
was spun as above, what would you feel? Can you see how to calculate 
the forces if you were in the rotating coordinate system of the rotating 
masses? 
 
Some useful properties of Hermitian matrices 
 
Have we seen any examples of Hermitian matrices yet in our work? What about 
 

൦

ߛ െ݅ߛߚ 0 0
ߛߚ݅
0
0

ߛ
0
0

0
1
0

0
0
1

൪ ? 

 
Recall that this is the Lorentz transformation matrix when using the ሺ݅ܿݐ, ,ݔ ,ݕ  notation and it	ሻݖ
is a Hermitian matrix. 
 
The eigenvalues of a Hermitian matrix are real. To see this consider the eigenvalue problem 
 
Ax ൌ  is an eigenvalue. Here is the proof. Multiply by the	ߣ x, where A is a Hermitian matrix andߣ
conjugate transpose of x to get 

xത்Ax ൌ  	xത்xߣ
 
and then take the conjugate of each side to get 
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x்Aഥxത ൌ  	.	x்xതߣ̅
 
Taking the transpose of each side and remembering to reverse the order gives 
 

xത்Aഥ்x ൌ  	.	xത்xߣ̅
 
But A is a Hermitian matrix so A ൌ Aഥ் and xത்Ax ൌ  xത்x. Subtracting the first equation and theߣ̅
last equation gives 

൫ߣ െ ൯xത்xߣ̅ ൌ 0,	 
 
But xത்x ് 0, so	ߣ െ ߣ̅ ൌ 0	and	ߣ	is real. It is also not hard to prove that eigenvectors belonging to 
different eigenvalues are orthogonal – the same result for real, symmetric matrices. 
 
Here is an example of diagonalizing a Hermitian matrix. Suppose 
 

H ൌ ቂ 2 3 െ ݅
3 ൅ ݅ െ1

ቃ.	 

 
First, is H Hermitian? Does the complex conjugate of the transpose of H equal to H? Can you have 
complex diagonal elements? 
 

Write ቚ2 െ ߣ 3 െ ݅
3 ൅ ݅ െ1 െ ߣ

ቚ ൌ 0	to	get	ሺ2 െ ሻሺെ1ߣ െ ሻߣ െ ሺ3 െ ݅ሻሺ3 ൅ ݅ሻ ൌ 0.	 

 
Therefore, ߣଶ െ ߣ െ 2 െ 9 െ 1 ൌ 0	 ⟹ ଶߣ െ ߣ െ 12 ൌ 0	and	ߣ ൌ െ3, 4. 
 

To get the eigenvectors, consider ቂ2 െ ߣ 3 െ ݅
3 ൅ ݅ െ1 െ ߣ

ቃ ቂ
ݔ
ቃݕ ൌ 0	and	use	ߣ ൌ െ3. 

 

Then ቂ2 െ െ3 3 െ ݅
3 ൅ ݅ െ1 െ െ3

ቃ ቂ
ݔ
ቃݕ ൌ 0	so	5ݔ ൅ ሺ3 െ ݅ሻݕ ൌ 0	and	ሺ3 ൅ ݅ሻݔ ൅ ݕ2 ൌ 0.	 

 
These equations may be solved in an ordinary way to get ݔ ൌ 2	and	ݕ ൌ െ3 െ ݅. 
 

Using 	ߣ ൌ 	4	gives	 ቂ2 െ 4 3 െ ݅
3 ൅ ݅ െ1 െ 4

ቃ ቂ
ݔ
ቃݕ ൌ 0 ⟹ െ2ݔ ൅ ሺ3 െ ݅ሻݕ ൌ 0	ܽ݊݀	ሺ3 ൅ ݅ሻݔ െ ݕ5 ൌ 0. 

 

So ݕ ൌ 2	and	ݔ ൌ 3 െ ݅.	The two eigenvectors are ܍ොଵ ൌ
ሺଶ,ିଷି௜		ሻ

√ଵସ
		and	܍ොଶ ൌ

ሺଷି௜,ଶሻ

√ଵସ
.	Calculating  

ොଵ܍
∗ ∙ ොଶ܍ ൌ 0	as	it	must.		 

 
In summary of real matrices and complex matrices, Hermitian matrices in the complex plane play 
the role of real, symmetric matrices in the real world and unitary matrices in the complex plane 
play the role of orthogonal matrices in the real world. They preserve norms. 
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Jacobians 
 
For relatively straightforward curvilinear coordinate systems, it is usually not hard to calculate the 
differential line, surface, and volume elements. In more complicated systems, however, it is useful 
to have a way to do a formal calculation of the elements. To do this calculation, recall that the 
volume of a parallelepiped in Cartesian coordinates is just ۯ ∙ ሺ۰ ൈ ۱ሻ,	where A, B, and C are 
vectors along the edges of the parallelepiped. Suppose we have the transformation from x, y, and 
z to u, v, and was before. Let vector A be along the direction and where v and w are constant. Then 
 

ۯ ൌ
ܚ߲
ݑ߲

ݑ݀ ൌ ൬ܠො
ݔ߲
ݑ߲

൅ ොܡ
ݕ߲
ݑ߲

൅ ොܢ
ݖ߲
ݑ߲
൰  	,ݑ݀

 

۰ ൌ
ܚ߲
ݒ߲

ݒ݀ ൌ ൬ܠො
ݔ߲
ݒ߲

൅ ොܡ
ݕ߲
ݒ߲

൅ ොܢ
ݖ߲
ݒ߲
൰  	,ݒ݀

and 

۱ ൌ
ܚ߲
ݓ߲

ݓ݀ ൌ ൬ܠො
ݔ߲
ݓ߲

൅ ොܡ
ݕ߲
ݓ߲

൅ ොܢ
ݖ߲
ݓ߲

൰݀ݓ.	 

 
Therefore, the new volume element is given by 
 

ۯ ∙ ሺ۰ ൈ ۱ሻ ൌ
ተ

ተ

ݔ߲
ݑ߲

ݕ߲
ݑ߲

ݖ߲
ݑ߲

ݔ߲
ݒ߲

ݔ߲
ݒ߲

ݔ߲
ݒ߲

ݔ߲
ݓ߲

ݔ߲
ݓ߲

ݔ߲
ݓ߲

ተ

ተ
 .ݓ݀	ݒ݀	ݑ݀

 
Because we are dealing with a volume, we take the positive sign if the determinant is negative. 
For a surface element, we just have a 2 × 2 determinant. 
 
NEXT TIME: Sturm-Liouville systems, start partial differential equations solved by separation of 
variables, and special functions 
 


