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ABSTRACT

In this dissertation, we discuss an improvement to Ru’s defect relation (as well as
the Second Main Theorem) for holomorphic curves in projective varieties intersecting
D = Dy +---+ D,, where D is equidegreelizable. This is based on paper [HR16].

The corresponding results in Diophantine Approximation are also included.
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Chapter 1

Introduction and Background

§1.1 Introduction

In this dissertation, we discuss an improvement on Ru’s defect relation [Rulbal and
height inequality [Rulbb] as described in [HR16]. A similar result was obtained in
[MR16] with the additional assumption that divisors are without irreducible common

components.

Let Dy, ..., D, be effective divisors on a projective variety X. We say Dy,..., D,
are in m-subgeneral position on X if for any subset I C {1,..., ¢} with [I| <m +1,
dimﬂSupp D; <m—|I],

iel
where dim () = —1. In particular, the supports of any m + 1 divisors in m-subgeneral
position have empty intersection. If m = dim X, then we say the divisors are in

general position on X.



1.1. INTRODUCTION

A divisor D on a projective variety X is said to be numerically effective, or nef,
if D.C' > 0 for any closed integral curve C' on X, and D is said to be big if there
are positive integers ci, ¢; such that ¢; N* < dim H°(X, Ox (N D)) < ¢, N™ for N big

enough.

We will use the notation D™ to denote the intersection number of the n-fold
intersection of D with itself and D.E for the intersection of two divisors. The

following definition and lemma are from Levin [Lev09].

Definition 1.1.1 ([Lev09], Definition 9.6). Let X be a complex projective variety
of dimension n and let D = D +---+ D, be a sum of effective divisors on X. Then
D is said to have equidegree with respect to Dy, ..., D, if

D;. D" = lD"
q

for 1 <1i < gq. We say that D is equidegreelizable (with respect to Dy, ..., D,) if there
exist real numbers r; > 0 such that if D’ = r; Dy +---+1r,D,, then D" has equidegree
with respect to r1 Dy, ..., r,D, (where we extend intersections to R-divisors in the

canonical way).

Lemma 1.1.2 ([Lev09], Lemma 9.7). Let X be a projective variety of dimension n.
If D;,1 < j < g, are big and nef, then 2521 D; is equidegreelizable with respect to
Dy, ...,D,.

We can now state Ru’s result.

Theorem A ([Rulba], Theorem 5.6). Let X be a complex normal projective variety
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of dimension n > 2, and let D = D; + --- + D, be a sum of effective big and nef
Cartier divisors, in m-subgeneral position on X. Let r; > 0 be real numbers such
that D' := 3:1 r;D; has equidegree (such numbers exist due to Lemma 1.1.2). We
further assume there exists a positive integer Ny such that the linear system |N D;|
(i =1,...,q) is base-point free for N > Ny. Let f : C — X be a Zariski dense
holomorphic map. Then, for ¢ > 0 small enough,

g 2mn g

> rmy(r, Dy) < (— - 6) (Z Tij,Dj(T)> Iz,

1 q —1

J J
where ||g means the inequality holds for all r € (0,00) except for a possible set E

with finite Lebesgue measure.

This dissertation describes an improvement of Theorem A via the following second

main theorem.

Main Theorem. (Complex Part) Let X be a smooth complex projective variety of
dimension n > 2 and let Dy, ..., D, be big and nef Cartier divisors in m-subgeneral
position on X. Let r; > 0 be real numbers such that D := riD; + --- 4+ r,D, has
equidegree (such real numbers exist due to Lemma 1.1.2). Assume there exists a
positive integer Ny such that the linear system |ND;| (i = 1,...,q) is base-point free

for N > Ny. Let f : C — X be a Zariski dense holomorphic map. Then

m(m—1) 2n 1
(m+n—-2) ¢ (1+C)

my(r, D) < Tr,p(r)

holds for all r outside a set of finite Lebesgue measure, where

C = - min {D"2.(r;D;)2}.

2q 1<j<q
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Define the defect

— Tim i TTLf(T,D)
d¢(D) = hrrr_1>(1>£1f Tro()

Then, under the assumptions of the Main Theorem, we have the following defect

relation
—-1) 2
5,(D) < mm=1) 2
(m+4+n-—2) q
In particular, if we assume Dy, ..., D, are in general position on X, then m = n,
and so
n2

Thus we have the following sharp result.

Corollary 1.1.3. Let X be a complex projective variety of dimension n > 2 and let
D =Dy + -+ D, be a sum of effective and big divisors in general position on X.

If ¢ > n?, then every holomorphic mapping f : C — X\ D must be constant.

On the arithmetic side, the Diophantine approximation version of Ru’s Theorem

A is as follows:

Theorem B ([Rul5b], Theorem 4.1). Let k be a number field and let S C M}, be a
finite set containing all archimedean places. Let X be a smooth projective variety of
dimension n > 2, and let D = Dy, ..., D, be a sum of big and nef Cartier divisors in
m-subgeneral position on X, both defined over k. Let r; > 0 be real numbers such
that D' := r1 Dy +- - - +1,D, is equidegree (such numbers exist due to Lemma 1.1.2).

We further assume there exists a positive integer Ny such that the linear system
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|ND| is base-point free for N > Ny. Then, for ¢ > 0 small enough,

i'f’jms(R D;j) < (Qan - E) (irthj(P)>

holds for all P € X (k) outside a Zariski closed subset Z of X.

This dissertation also discusses an improvement of Theorem B. The precise statement

follows.

Main Theorem. (Arithmetic Part) Let k be a number field and let S C My, be a
finite set containing all archimedean places. Let X be a smooth projective variety,
defined over k, of dimensionn > 2, and let D, ..., D, be effective, big and nef Cartier
divisors on X defined over k. Let r; > 0 be real numbers such that D := r1D; +

-+ +1r,D, has equidegree (such real numbers exist due to Lemma 1.1.2). Assume

there exists a positive integer Ny such that the linear system |[ND;| (i =1,...,q) is
base-point free for N > Ny and that D, ..., D, are in m-subgeneral position on X.
Then

m(m—1) 2n 1
ms(P D) < o Ty g axa )

holds for all P € X (k) outside a Zariski closed subset Z of X, where

— n=2 (. )2
¢=3 min {D"(r;D5)"}-

Corollary 1.1.4. Let k be a number field and S C M) a finite set containing
all archimedean places. Let X be a smooth projective variety, defined over k, of
dimension n > 2, and let D = Dy + --- + D, be a sum of effective, big and nef
Cartier divisors on X defined over k. Assume Dy, ..., D, are in general position on

X. If ¢ > n?, then any (D, S)-integral set of points of X (k)\Supp D must be finite.

5



1.2. BACKGROUND MATERIAL

§1.2 Background Material

As first noticed by Charles Freeman Osgood in 1981 and then further developed by
Paul Vojta in 1987, there is a formal analogy between Nevanlinna theory in complex
analysis and certain results in Diophantine Approximation in number theory. The
correspondence can be described in both a qualitative and quantitative way. A
simple example of a qualitative correspondence, Siegel’s Theorem and the Little

Picard theorem will first be described in their respective section.

§1.2.1 Diophantine Approximation

In number theory, the field of Diophantine approximation, named after Diophantus

of Alexandria, deals with the approximation of real numbers by rational numbers.

Let a be an algebraic number of degree d over Q and let ¢ > 0. In 1921, Carl
Ludwig Siegel proved there are only finitely many pairs of relatively prime integers
a and b (b > 0) satisfying the inequality

1
< p2Vd+1+e’

o

b

Using this result, Siegel in 1929 proved the following.

Theorem 1.2.1 (Siegel’s Theorem). Let C' be a smooth algebraic curve of genus one

defined over a number field k. Then all sets of integral points on C' are finite.

In 1955, Klaus Roth [Rot55] improved on Siegel’s inequality, resulting in the best

possible approximation by rationals of this form. That is, Roth’s theorem fails when

6
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e = 0 by Gustav Dirichlet’s approximation theorem (1840).

Theorem 1.2.2 (Roth’s Theorem). Let o be an algebraic number over Q and let
€ > 0. Then there are only finitely many pairs of relatively prime integers a and b
(b > 0) satisfying the inequality

1
b2+e :

By taking the log of both sides, the statement may be restated as

log < (24¢€)logb

o3
holds for all but finitely many pairs of relatively prime integers a and b (b > 0).

Roth’s theorem can be generalized to any number field k.

Let k£ be a number field and let O be the ring of integers of k. We have a set
M, of absolute values, or places, of k£ consisting of one place for each nonzero prime
ideal p of Oy, one place for each real embedding o : & — R, and one place for each
pair of conjugate embeddings 0,7 : k — C. The completion of k with respect to v is

denoted by k,. We normalize our absolute values so that

Ipll, = p 2

if v corresponds to p and p|p,

lll, = o)/

if v corresponds to the real embedding o, and

lzll, = lor ()1

7
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if v corresponds to the pair of conjugate embeddings o, 7.

Theorem 1.2.3 ([Ru01] Theorem B1.2.7, Roth). Let k be a number field with
extension degree d = [k : Q] and let S C M, be a finite set containing all archimedean

places. Let ay,...,a, € k be distinct. Then, for any € > 0,

stxaj (24 €)h(z)

holds for all but finitely many x € k, where

1
0= 3 logtfall,

ve My,

and

= 1
(. 4;) Z 8" H:v—aJH

UES

In 1972, Wolfgang Schmidt gave a higher dimensional generalization of Roth’s

theorem. Let k be a number field with extension degree d = [k : Q]. The logarithmic

height of x = [xg : -+ - : x,] € P*(k) is defined by
1
=23 o il = 3t (s i} )
’UEMk ’UeMk
Let H={[xg: - :x,] € P"(k) | apzo+- - -+ anz, = 0} be the projective hyperplane

defined by the coefficient vector a = (ag, . ..,a,) € k"*1. On x € P"(k)\H, the Weil

function for H relative to v € S is defined by

1 (n+1) [lall, [|=]]
Agro(z) = —1 o 170,
o (r) = 5 log laoo + - - + antnl,

Using these definitions, the following is Schmidt’s subspace theorem, as generalized

by Paul Vojta in 1997.
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Theorem 1.2.4 ([Voj97] Schmidt’s Subspace Theorem). Let k be a number field
and let S C Mj, be a finite set containing all archimedean places. Let Hy,..., H,
be hyperplanes in P"(k) with corresponding Weil functions Ag, v, . .., Ag, v for each
v € S. Then there exists a finite union of hyperplanes Z C P"(k), depending only
on Hy,...,H, (and not k or S), such that for any € > 0,

Zm?xz A () < (n+1+€)h(z)

veS jeJ

holds for all z € P"(k)\Z, where the max is taken over all subsets J C {1,...,q}

such that the hyperplanes H;, j € J, are in general position on P"(k).

In 2002, Pietro Corvaja and Umberto Zannier gave a new proof [CZ02] of Siegel’s
theorem using Schmidt’s Subspace Theorem. Corvaja and Zannier further developed
their method to higher dimensions in 2004 ([CZ04al], [CZ04b]). To describe one
application of their method, it is convenient to borrow a definition from Aaron Levin
[Lev09]. Let X be a smooth projective variety over a number field k& and let D be a
divisor on X. Also, let k(X) denote the function field of X over k and let L(D) be

the k-vector space L(D) = {f € k(X) | (f) > —D}.

Definition 1.2.5 ([Lev09] Definition 8.1). Let D be an effective divisor on a smooth
projective variety X defined over a number field k. Then D is called a very large

divisor on X if for every P € D, there exists a basis B of L(D) such that

> ordg(f) >0

for every irreducible component E of D passing through P. An effective divisor D

is called large if it has the same support as some very large divisor on X.

9
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Definition 1.2.6. Let D be an effective Cartier divisor on a projective variety X,
both defined over a number field k. Let S C M, be a finite set containing the
archimedean places. Let R C X (k)\D. Then R is defined to be a (D, S)-integral set
of points if there exists a global Weil function Ap, such that for all v € M;\S and

all embeddings k& — k., the inequality
Apw(P) <0
holds for all P € R. In this case,
ms(P, D) = hp(P)+ O(1)
for all P € R.

Theorem 1.2.7 ([Lev09] Theorem 8.3A, Corvaja-Zannier). Let X be a smooth
projective variety over a number field k and let S C M}, be a finite set containing all
archimedean places. Let D be a large divisor on X. Then any set of (D, S)-integral

points on X is not Zariski-dense.

Corvaja and Zannier also proved in 2004 an extension of Schmidt’s Subspace
Theorem with polynomials of arbitrary degree instead of linear forms. Their result
states that the set of solutions in P"(K) (K a number field) of the inequality being

considered is not Zariski-dense ([CZ04a] Theorem 3).

Jan-Hendrik Evertse and Roberto Ferretti in 2008 [EF08] generalized the results
of Corvaja and Zannier in which the solutions are taken from an arbitrary projective

variety instead of P". By a projective variety of P", we mean a geometrically

10
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irreducible Zariski-closed subset of P"*. The following theorem is a slight reformulation

of their main result by Levin in 2014.

Theorem 1.2.8 ([Levl4] Theorem 3.1, Evertse-Ferretti). Let X be a projective
variety of dimension n and let D, ..., D, be Cartier divisors in general position on
X, all defined over a number field k. Let S C M, be a finite set containing all
archimedean places. Assume there exist an ample divisor A on X, defined over k,
and positive integers d; such that D; ~ d;A for all i. Then, for every € > 0,

i @ <(n+1+e€)ha(P)

=1 ’

holds for all k-rational points P € X outside a proper Zariski closed subset of X.

Levin in his 2014 paper also proves Theorem 1.2.8 remains true if we replace

linear equivalence by numerical equivalence ([Lev14] Theorem 3.2).

11
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§1.2.2 Nevanlinna Theory

In the field of complex analysis, Nevanlinna theory is part of the theory of meromorphic
functions. Developed by brothers Rolf and Frithiof Nevanlinna in the 1920s, it deals
with the distribution of values of holomorphic and meromorphic functions. We can
think of the original Nevanlinna theory as a generalization of Emile Picard’s classic

Little Picard Theorem.

Theorem 1.2.9 (Little Picard Theorem). Let f : C — P(C) = C U {oo} be a
meromorphic function. If the image of f omits three distinct points in P(C), then

f must be constant.

Remark 1.2.10. Siegel’s theorem 1.2.1 may be used to state a result similar to the

Little Picard’s theorem but in the context of a number field.

To state Nevanlinna’s results for a meromorphic function f : C — C, we first

need to define three functions.

Definition 1.2.11. Let f : C — C be a meromorphic function. The prozimity
function of f is defined by

oy, dO

2m
ms(r) = [ 108" eI 5

for all » > 0. Also, define

mys(r,00) =mys(r) and my(r,a) = mﬁ(’r’)

when a € C.

12
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For r > 0, let n¢(r) be the number of poles of f in the open disc |z| < r of radius

r, counted with multiplicity, and let n;(0) be the order of the pole at z = 0.

Definition 1.2.12. Let f : C — C be a meromorphic function. The counting

function of f is defined by

Nyr) = [ (g 0) = g0+ ns(0) o

Also, define
Ny(r,00) = Ng(r) and Ng(r,a) = Nﬁ(r)

when a € C.

Now, using the previous two definitions, we have the last of the definitions needed.
Definition 1.2.13. Let f : C — C be a meromorphic function. The characteristic
(height) function of f is the function T : (0,00) — R defined by

Ty(r) = my(r) + Ny (r).
Theorem 1.2.14 (Nevanlinna’s First Main Theorem). Let f : C — C be a non-constant
meromorphic function and let a € C. Then
T¢(r) =mg(r,a) + Ny(r,a) + O(1),
where the constant O(1) depends only on f and a.
Remark 1.2.15. The First Main Theorem gives an upper bound on the counting

function Ny and can be thought of as a generalization of the fundamental theorem

of algebra.

13
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Theorem 1.2.16 (Nevanlinna’s Second Main Theorem). Let f : C — P(C) be a
non-constant meromorphic function and let ay, . . ., a, € P*(C) be distinct. Then, for

every € > (),
q
> my(ra;) < (2+ )Ty (r)
j=1

holds for all r > 0 outside a set of finite Lebesgue measure.

Remark 1.2.17. Nevanlinna’s Second Main Theorem corresponds to Roth’s theorem

1.2.3 and may be used to prove the Little Picard theorem.

Nevanlinna’s First and Second Main theorems give us quantitative descriptions
of the theory while the Little Picard theorem is an example of a qualitative view of
the same basic theory. Since most of the time in applying the theory, qualitative

results suffice, the following definition is convenient.

Definition 1.2.18. Let f : C — P!(C) be a meromorphic function and let a €

CU{o0}. The defect of a is defined by

B N mf(rv CL)
d¢(a) = hrrr_1>10£1f 0y

By the First Main Theorem, 0 < d¢(a) < 1 for every a € C U {oo}, so by the

Second Main theorem,

> 6p(a) <2.

acC

In 1933, Henri Cartan [Car33] gave a higher dimensional generalization of Nevanlinna’s
Second Main theorem. To state this theorem, we need to define the Nevanlinna

functions with respect to a holomorphic curve f : C — P"(C) and a hyperplane

14



1.2. BACKGROUND MATERIAL

H CPC). Solet H ={[2: - : 2, € PC) | apzo + -+ + anz, = 0} be the
projective hyperplane defined by the coefficient vector a = (ay, ..., a,) € C" and
let f: C — P"(C) be a holomorphic curve with f(C) € H. For z € C, the Weil

function of f with respect to H is defined by

1/ C2)[[ flall
A (f(2)) = log :
(f(2),a)]
The prozimity function of f with respect to H is defined by

2m 0 de
myr ) = [ Au(f(re®) e,
B i
For r > 0, let ns(r, H) be the number of zeroes of (f(z),a) in the open disc |z| <
of radius r, counted with multiplicity, and let ns(0, H) = lim;_,o ns(t, H). Then the

counting function of f with respect to H is defined by

Ny(r,H) = /Or(nf(t, H) —ng(0, H))% +ns(0,H)logr.

So, the height of f with respect to H is defined as Tty (r) = mys(r, H) + Ns(r, H).
The First Main Theorem may be shown to hold for hyperplanes in projective space,
so the height of f, denoted by T (r), depends on a hyperplane only up to a constant
O(1). Finally, with these definitions, the following is Cartan’s Second Main Theorem,

as generalized by Paul Vojta in 1997.

Theorem 1.2.19 ([Voj97] Theorem 1, Cartan’s Second Main Theorem). Let f :
C — P™*(C) be a linearly non-degenerate holomorphic curve (i.e. the image of f is
not contained in any proper subspace of P*(C)) and let Hy, ..., H, be hyperplanes

in P*(C). Then, for every ¢ > 0,

15
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holds for all r > 0 outside a set of finite Lebesgue measure, where the max is taken
over all subsets J C {1,...,q} such that the hyperplanes H;, j € J, are in general

position on P*(C).

Remark 1.2.20. Cartan’s Second Main Theorem corresponds to Schmidt’s Subspace

Theorem 1.2.4.

In 2004, Min Ru generalized Cartan’s Second Main Theorem to non-linear hypersurfaces.
To state this result, we need the Nevanlinna functions with respect to a holomorphic
curve f : C — P*(C) and a hypersurface D C P"(C). So let f : C — P*(C) be a
holomorphic curve and without loss of generality, assume its set of entire component
functions fj,. .., f, have no common zeros. For z = re® € C, the height function of

f is defined by

Ty(r) = %/0 7rlog Hf(rew)HdQ,

where
If ()| = max {|fo(2)],- ... [fu(2)[}-
Let D C P*(C) be a hypersurface of degree d defined by a homogeneous polynomial

Q : P*(C) — C. The prozimity function of f with respect to D is defined by

|£ere®)||" a8

mitr.0) = [ 1o QU (e 2

Theorem 1.2.21 ([Ru04] Main Theorem). Let f : C — P"(C) be an algebraically

non-degenerate holomorphic curve and let Dy, ..., D, be hypersurfaces in P"(C) of

16
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degree dy, ... ,d, in general position. Then, for every € > 0,

: TTLf(T, Dj)

i < (n+14€)T(r)

j=1

holds for all r > 0 outside a set of finite Lebesgue measure.

Let f and D be as specified in the theorem. Define the defect

. omg(r,D)
5f(D)_h,1,I_1>£f—de(T) :

Then the theorem gives us the defect relation
q
> 6p(Dj) <n+1.
j=1

Remark 1.2.22. Ru’s new defect relation proves a conjecture made by Bernard Shiffman
in 1979 and corresponds to the work of Corvaja and Zannier ([CZ04a] Theorem 3).

Phillip Griffiths conjectures the following sharp defect relation holds in this setting,

where we assume all hypersurfaces have the same degree d.

In 2009, Ru further generalized Theorem 1.2.21, giving a defect relation for
algebraically non-degenerate holomorphic mappings into an arbitrary smooth complex
projective variety, rather than just the projective space, intersecting possible nonlinear

hypersurfaces.

Theorem 1.2.23 ([Ru09] Main Result Theorem). Let V' C PN(C) be a smooth

complex projective variety of dimension n and let Dy, ..., D, be hypersurfaces in

17
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PN(C) of degree dy, . . ., d, in general position in V. Let f : C — V be an algebraically

non-degenerate holomorphic map. Then, for every € > 0,

: mf(r7 Dj)

7 < (n+14+€)T¢(r)

j=1

holds for all r > 0 outside a set of finite Lebesgue measure.

Remark 1.2.24. Ru’s defect relation corresponds to Evertse-Ferretti Theorem 1.2.8.

18
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8§1.2.3 Complex Geometry

This section provides some definitions and examples in the area of complex analysis
and geometry useful for the remainder of the dissertation.

Let X be a complex manifold.

Definition 1.2.25. A holomorphic line bundle over X is a complex manifold L

together with a surjective holomorphic map n : L — X satisfying the following

conditions:
(i) For each z € X, the fiber L, = 7~ !(x) over z is endowed with the structure of
a one-dimensional complex vector space.
(ii) There exists an open covering {U;} of X and biholomorphic maps
¢ HU) = Uy x C
called local trivializations of L over U; satisfying the following conditions:

(a) 7y, o ¢; = m where 7y, : U; x C — U; is the projection map;

(b) for each ¢ € U, the restriction of ¢; to L, is a vector space isomorphism

from L, to {¢} x C=C.

Definition 1.2.26. Let 7 : L — X be a holomorphic line bundle over X and let

{U;} be an open covering of X. Suppose ¢, : 7 1(U,) = U, x C and ¢ : 71 (Us) —

Us x C are local trivializations of L with U, N Ug # (. Then the composition map
$a o0 ¢t (UaNUsg) x C— (UyNUg) x C

19
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given by ¢, o gbgl(x, 2) = (z, gap(x)z) induces a non-vanishing holomorphic function

9ap : Uy NUg — C* called a transition function of L.

The transition function system {g.5} clearly satisfies the following cocycle conditions:
(1) gaa(x) =1 for every z € U,
(11) 9ap9dsy = Jary ON Ua N Ug N U'y

Conversely, given a system of non-vanishing holomorphic functions {g.s} satisfying
the cocycle conditions, {U;, gas} represents a holomorphic line bundle over X, where
{U;} is an open covering of X. Explicitly, let L = (|J,U; x C)/ ~, where ~ is the
equivalence relation defined by (xq, 24) ~ (23, 23) <= %o = T3, Za = Jap(T)2s 0N
U, NUgs. Then the holomorphic map 7 : L — X defined by L([z,z2]) = x is clearly

surjective and so is a holomorphic line bundle over X.

Example 1.2.27. The projection map p; : X x C — X is clearly a holomorphic line

bundle. This is called the trivial line bundle, denoted by Ox.

The set of all holomorphic line bundles over X forms a group.

Definition 1.2.28. Let m; : L1 — X and 7y : Ly — X be holomorphic line bundles
over X. A biholomorphic map f : L1y — Lo is called a line bundle isomorphism and
Ly is said to be isomorphic to Ls if m; = w9 o f and the restriction of f to each fiber
is linear. The set of all such isomorphism classes of holomorphic line bundles over X
forms an abelian group with the group operation the tensor product ® and is called

the Picard group of X, denoted by Pic(X). Line bundles isomorphic to the trivial
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line bundle Oy is the zero element of this group.

Definition 1.2.29. Let 7 : L — X be a holomorphic line bundle over X. A
holomorphic section of L is a holomorphic map s : X — L such that m o s = Idx.
This means s(z) is an element of the fiber L, = 7—!(z) for each x € X. If a section
is defined only on an open subset U C X, then it is called a holomorphic local

section of L over U. The zero section of L is the holomorphic section of L defined

by s(z) =0 € L, for each z € X.

The set of all holomorphic sections of L forms a complex vector space denoted by
H°(X,L). Let s € H°(X, L) and let {U;, gus} represent the holomorphic line bundle
L. Then there exists a set of holomorphic functions {s;} such that s, = gassp on

U, NUs. To demonstrate this, the concept of local frames are needed.

Definition 1.2.30. Let 7 : L — X be a holomorphic line bundle over X and let
U C X be open. Then a local frame for L over U is a nowhere zero holomorphic
local section of L over U. The value of the local frame at each x € U serves as a basis
for each fiber L, and so must be nonzero. If there exists a nowhere zero holomorphic

section of L over all of X, then the section is called a global frame.

Example 1.2.31. Let p; : X xC — X be the trivial line bundle. Then the holomorphic
section e : X — X x C defined by e(z) = (x,1) is clearly a global frame for this line
bundle. Now let 7 : L — X be a holomorphic line bundle and let U C X be open. If
¢: 71 (U) — U x C is a local trivialization of L over U, then the holomorphic local

section ey : U — L defined by ey (z) = ¢ (x, 1) is a local frame for L over U.
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Let s € H°(X, L) and let {Uj;, gos} represent the holomorphic line bundle L. Also,
let ¢ : 71 (U,) — U, x C be a local trivialization of L over U, and let e, : U, — L
be the local frame for L over U, described in the last example. For each z € U,,
eo() is a basis for fiber L,, so we can locally write s = s,e, where s, : U, — C is

some holomorphic function. Since

ep(x) = 05 (.1) = ¢ 0 (¢a 0 05" (2,1)) = ¢ (2, gas(2))
= gap ()05 (2,1)

= gap(2)ea(r),

then for x € U, N Up,

5(x) = sa(w)ea(r) = s5(x)es(r) = s5(2)gas(r)ealz).

But the local frame e, is nowhere zero, so

Sa(T) = gap(x)ss(z).

So each s € H°(X, L) induces a set of holomorphic functions {s;} on {U;}.

Definition 1.2.32. Let 7 : L — X be a holomorphic line bundle over X represented
by {Ui, gap}. A holomorphic section s € H°(X, L) inducing a set of meromorphic
functions {s;} on {U;} such that s, = gagss on U, N Uz is called a meromorphic

section of L.

Definition 1.2.33. A base-point of a holomorphic line bundle 7 : L — X over X is
a point x € X where for every s € H(X, L), s(x) = 0. A holomorphic line bundle

without any such points is called base-point-free.
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Let 7 : L — X be a holomorphic line bundle over X represented by {U;, gas}
and let {sg,...,sn} be a basis for the vector space of sections H°(X, L). If L is

base-point-free and ¢, : 7T_1(Ua) — U, x C is a local trivialization of L over U,, then
®o i Uy = P"(C)  defined by @o(z) = [Pa(s0(x)) : -+ 2 da(sn(z))]
is a holomorphic map since for any section s € H(X, L),
¢a0s:U, = U, xC isgiven by ¢, o0 s(z)=(z,z),

so each x € U, passes through the map ®, unchanged. The line bundle L is
base-point-free, so the set of local trivializations of L gives a well-defined holomorphic

map from all of X to P*(C).

Definition 1.2.34. The vector space H°(X, L) associated to a base-point-free holomorphic
line bundle 7 : L — X is called a complete linear system. The line bundle is called
very ample if the map @, : U, — P"(C) described above is a holomorphic embedding

and ample if the n'” tensor product of L, denoted L®", is very ample for some n € N.

Definition 1.2.35. Let {U;} be an open covering of X and let ¢, : U, — C be a

non-vanishing meromorphic function on each U,. If the ratio
wa/wﬁ U NUg — C*

is a holomorphic function for every o and (3, then {(U;, 1)} is called a Cartier divisor

D on X. If each function 1, is holomorphic, then D is called effective.

Assume all the conditions in the above definition and let g,s = ¥a/1s. Since
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each function g,p satisfies the cocycle conditions, {U;, gas} defines a holomorphic

line bundle over X, denoted by Ox (D).

A different notion of a divisor is defined (locally) by the set of zeros of a holomorphic
function f : U — C, ie. Dy ={z € U | f(z) = 0}, where U C X is open. To fully

define this divisor, we first need a couple of definitions.

Definition 1.2.36. A hypersurface of X is a subset of X, locally given as the zero
set of a holomorphic function (called a local defining function), and is of codimension
one. A hypersurface that can not be written as the union of two proper hypersurfaces
is called an irreducible hypersurface. So every hypersurface is a union of its irreducible

hypersurfaces.

Definition 1.2.37. A Weil divisor on X is a formal linear combination

D:an

of irreducible hypersurfaces Y; (called prime divisors) of X. We assume the sum is
locally finite, i.e. for any x € X, there exists an open neighborhood U of = such that
only finitely many n; # 0 with Y; N U # 0. A prime divisor Y; with n; # 0 is called
a (irreducible) component of D and the support of D, denoted by Supp D, is the
union of these components. The set of all Weil divisors on X, denoted by Div(X),
is a group under addition. If every integer n; > 0, then D is called effective and is

written D > 0.

Let D = Y n;Y; be a Weil divisor on smooth X. Then there exists an open

covering {U;} of X such that each irreducible hypersurface Y; is locally defined by
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some holomorphic function f;, : U, — C, ie. Y;NU, = {x € U, | fia(x) = 0}.
Set f, = H fii U, — C*. Then f, is a non-vanishing meromorphic function with
fa/fs : Uy N Ug — C* a holomorphic function for every o and g. Thus {(U;, f;)}

defines a Cartier divisor on X.

Definition 1.2.38. Let f : X — C be a meromorphic function. The Weil divisor

associated to f is

(f) =) ordy(f)Y

YCX

where the sum is over all irreducible hypersurfaces Y C X. The order of f along
Y, denoted by ordy (f), is the largest integer n such that f = g"h where g is a local
defining function for Y and h is a holomorphic function not zero on Y. A divisor
of this form is called principal. Two divisors D; and D, are said to be linearly

equivalent, denoted by Dy ~ Dy, if D1 — Dy is a principal divisor.

If Dy and D, are linearly equivalent divisors on X, then Ox(D;) = Ox (D). Also,

a divisor D on X is principal if and only if Ox (D) = Ox. Thus Pic(X) = Div(X)/ ~.

Let {(U;,;)} be a Cartier divisor on X. Then v, : U, — C is a non-vanishing
meromorphic function and ¢, /15 : U, N C* is a holomorphic function for every «
and . So for any irreducible hypersurface Y C X with Y NU,NUz # 0, ordy (¢a) =
ordy (¢g). Thus the order is well-defined for each Y C X, s0 D =}y ¢ ordy (¢y)Y

is a Weil divisor on X.

Let m : L — X be a holomorphic line bundle over X represented by {U;, gos} and

let s € HY(X, L) be a non-zero section. The induced set of holomorphic functions
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{s:} satisty s, = gapsp on U, N Us for every o and . So (s) = {(U;, s;)} defines a
Cartier divisor on X with L = Ox((s)). Conversely, let D = {(Uj, fi)} be an effective
Cartier divisor on X. Since D is effective, each f; is a holomorphic function and
Ox (D) is represented by {U;, fo/fs}. The holomorphic functions {f;} are induced

by a non-zero section s € H*(X, Ox(D)) with D = (s).

Definition 1.2.39. The section s € H(X, Ox (D)) with D = (s) described above

is called the canonical section and is denoted by sp.

Definition 1.2.40. Let D be a divisor on X. The complete linear system of D,
denoted | D], is the set of effective divisors linearly equivalent to D. A base-point of

|D| is a point z € X such that z € Supp D’ for every D' € |D|.

Example 1.2.41. Let s € H°(X,Ox), i.e. a section of the trivial line bundle p; :
X x C — X. Then there exists some holomorphic function f : X — C such that

s: X — X x Cis given by s(z) = (z, f(x)).
Ezample 1.2.42. Let X = P"(C) and let

H=A{[z0: 2, €P"(C) | apzo+ -+ anz, =0}

be the projective hyperplane defined by the coefficient vector a = (ay, . .., a,) € C**L.

The standard open covering of P*(C) is {U;}_, with
U={lz0::2,)] €PYC) | 2, #0}, i=0,...,n.

For each i = 1,...,n, define the holomorphic function f; : U; — C by

A2y * - ApZp

Jillzo o+ z]) =

Zi
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The hyperplane divisor H is locally defined by the zero set of each f;. The holomorphic

line bundle over P*(C), Ox(H), has transition functions g;; = ]{— =ZonU;NU;.
7 %

Definition 1.2.43. The holomorphic line bundle over P"(C) described in the last
example for any hyperplane H represents the isomorphism class of line bundles called

the hyperplane line bundle, denoted by Opn(1).

Example 1.2.44. Let
L={(xo: :x,],(20,...,2n)) € P"(C) x crtt | (205--y2n) € [xo: -1y}

and let 7 : L — P"(C) be defined by n(x,z) = x. Also, let {U;} be the standard

open covering of P*(C). For each i = 0, ...,n, define the map ¢; : 7~ 1(U;) — U; x C

by ¢i([xo: - xp], (20,5 20)) = ([xo s -+ @], 2;). Notice
(bj_l([xo s xn), ) = ([wo oot ], (20,045 20) /%),
Giod; ([xo: ), 1) = @illwo = -+ s @al, (20, -1 20) /25)) = ([0 = -+ @), 20/ 7))

So the functions g;; = % on U; N U; define a holomorphic line bundle over P"(C),

denoted Opn(—1), and is called the tautological line bundle. 1t is the dual of Opn(1).
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Chapter 2

An Improved Defect Relation in

Nevanlinna Theory

§2.1 Preliminary Lemmas

For any divisor D, we denote h%(D) := dim H°(X, Ox(D)).

Lemma 2.1.1 ([Laz04], Corollary 1.4.41). Suppose D is a nef Cartier divisor on a

projective variety X with dim X = n. Then for any positive integer N,
0 D" n n—1
h'(ND) = —'N + O(N" ).
n!

If particular, D" > 0 if and only if D is big.

Lemma 2.1.2 ([Aut09], Lemma 4.2). Suppose E is a big and base-point free Cartier
divisor on a projective variety X of dimension n, and let F' be a nef Cartier divisor

on X such that F' — FE is also nef. Let 5 > 0 be a positive real number. Then for
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any positive integers N,m with 1 < m < SN, we have

n n—1
R (NF —mE) > By Z B oy,
n! (n—1)!
— 1)F" 2 E?
+ (n=1) N"2min {m? N?} + O(N" 1)

n!

where O depends on f3.

Let D; and Dy be two effective divisors on X. We define
lem (Dy, Dy) = Z max {ordg Dy, ordg Do} E,
E

where the sum runs over all prime divisors £ on X.

Lemma 2.1.3. Let D,..., D, be effective divisors in m-subgeneral position on a
smooth projective variety X of dimension n > 2. Then for any subset of m divisors

{Di17"'7Dim} g {Dl,...,Dq},

zm: lem (D;,, D;,) > (m+n —2) f:Dia.
=1 a=1

n#V

Proof. Fix p € {1,...,m}. We will first show that every irreducible component E
of D;, can belong to at most m — n divisors D;,,v # p. For sake of contradiction,

assume there exists an irreducible element E of D;, belonging to at least m —n + 2

divisors D; . Then

E C(\Supp D,

with « indexing the divisors E belongs to, so
dimﬂSupp D,,>dmE=n—1>m—(m—n+2)=n-—2.
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This contradicts Dy, ..., D, are in m-subgeneral position. So any irreducible component

E of D;, can belong to at most m — n divisors D;,,v # u, and so

> lem (D, Di,) > (m—1—(m—n))D;, + Y D,
S S
=(n—-1)D;, +> D,
S
Summing over all i proves the claim. O

Lemma 2.1.4 ([CZ04b], Lemma 3.2). Let V' be a vector space of finite dimension
d. Let V=W, DWy D ---DWyandV =W} D W5 D --- D W}, be two filtrations
of V. Then there exists a basis vy, ...,vq of V which contains a basis of each W; and

Wr.

j
82.2 Main Theorem

We will use the following generalized version of Cartan’s Second Main Theorem for

holomorphic curves.

Theorem 2.2.1 ([Ru97] Theorem 2.1, [Voj97] Theorem 1). Let f : C — P™ be a
linearly non-degenerate holomorphic curve and let H,, ..., H, be hyperplanes in P"

with corresponding Weil functions Ay, ..., Ag,. Then for any ¢ > 0,

/ ﬂm?XZAH]’(f(Tew))ﬁ < (n+1+eTy(r)

0 = 27
holds for all r > 0 outside a set of finite Lebesgue measure, where the max is taken

over all subsets J C {1,...,q} such that the hyperplanes H;, j € J, are in general

position on P".
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We need a couple more lemmas.

Lemma 2.2.2 ([Lan83], Ch.10, Proposition 3.2). Let Ay,..., A, be Weil functions
for effective divisors Dy, ..., D, respectively, on a smooth complex projective variety
X. Assume that the divisors D; are of the form D; = Doy + FE;, where Dy is a fixed

Cartier divisor and E; are effective for all . Assume also that
Supp E1N---NSupp E, = 0.
Then the function
Az) = min{\;(x) : x ¢ Supp E;}

is defined everywhere on X\Supp Dy, and is a Weil function for Dj.

Let D be a divisor on a smooth projective variety X. Let oy be the set of all
prime divisors occurring in D. Write

D= (ordgD)E.

E€og

We call ordg D the coefficient of E in D.

Lemma 2.2.3 ([Voj07], Lemma 20.7). Let X be a smooth complex projective variety
and let D be an effective divisor on X. Write
D= (ordg D)E
E€og

and let

Z::{0§00| ﬂE;&@}.

Eco
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For each o € X2, let

D, = (ordg D)E.
E¢o
Choose a Weil function for each such D,. Then there exists a constant C', depending

only on X and D, such that

min Ap, (z) < C
oeY

for allx € X.

Proof. The definition of the set Y implies

ﬂSUPp DU:®

oEY

since for all z € X, 0 := {E € 0y | x € E'} is an element of ¥, so x ¢ Supp D,. The

claim then follows from Lemma 2.2.2 since X is a finite set. O

Lemma 2.2.4. Let D,...,D, be effective divisors in m-subgeneral position on a

smooth projective variety X of dimension n > 2 and let og be the set of all prime

divisors occurring in Dy, ..., D,. Then for each
JEZ:{UQU()] ﬂE#@},
Eeo

there are m divisors

Di,,...,D;, €{Dy,...,Dg}

such that the prime divisors E € o only occur in {D;,,...,D; }.

Proof. Let o be a subset of all prime divisors occurring in Dy, ..., D, with ﬂ E # 0.

Eeco
To the contrary, assume there are not m divisors

D;,.....D;, €{Di, ..., D}
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such that the prime divisors E € o only occur in {D;,,..., D, }. Since ﬂ E#10

Eco

with the prime divisors £ € ¢ occurring in at least m + 1 of the divisors Dy, ..., Dy,

this contradicts Dy, ..., D, being in m-subgeneral position on X. O

We are now ready for the proof. For the convenience of the reader, we restate

the Main Theorem.

Main Theorem. Let X be a smooth complex projective variety of dimension n > 2
and let Dy, ..., D, be big and nef Cartier divisors in m-subgeneral position on X.
Let r; > 0 be real numbers such that D := r\D; + - - - + r,D, has equidegree (such
real numbers exist due to Lemma 1.1.2). Assume there exists a positive integer Ny
such that the linear system |ND;| (i = 1,...,q) is base-point free for N > Ny. Let

f:C — X be a Zariski dense holomorphic map. Then

m(m—1) 2n 1 T
(m+n—2) ¢ 1+C) "

mys(r,D) <

()

holds for all r > 0 outside a set of finite Lebesgue measure, where

C =" min {D"2.(r;D;)?}.

2q 1<j<q
Proof. Since D has equidegree with respect to r1 Dy, ..., r,D,,

TiDi.Dnil = an

, 1<i<q.
q
So by the density of Q in R, choose (positive) rational numbers ay, ..., a, such that
both
<0 (i in{ 1 ! 1<j< 2.2.1
‘aj - Tj‘ = 5 1%1’1&” min " m(m—1) 201 ) >] >4 ( L )

(m+n=2) ¢ (14n2)
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and
D/TL
/
@, D; D1 q' <d, 1<i1<q, D =a1Dy+---+a,D,, (2.2.2)
where
5 m(m—1) 2n 1 1 )
YT mtn-2) ¢ \1+% 1422 )=
no
09 = 3
and
_ : n—2 M2
a = lrgilgq {D"=.(riD;)"} > 0. (2.2.3)

We will see soon how these particular choices (|a; — ;| inequality, 01, 02, «) fit in

the proof and why we made them. Note that

<0 in < 1 ! <1 1<j<
la; — ;] < 7 (@inr jmin L, —rmy o < 57 <j<q,
(mtn=2) ¢ (14+22)
SO
m 1 n m n n
D™ > 2—nD and D™ <2"D". (2.2.4)

To clear out the denominators, define the divisor D =dD' , where d is the product

of the denominators of ay,...,a,. Notice that
ﬁn B (dD/)n B an/n B D/n
da,iDi_ﬁn—l N daiDi.(dD’)"—l B dn(aiDi).D’”—l N aiDi.D’”—l’
so by (2.2.2),
D
——— —q| < 1<i<qg. 2.2.5
o A (225)
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Let x = f(2z) € X\Supp D. By Lemma 2.2.3, there exists a divisor D, on X and

a Weil function A\ B such that
)\ﬁa(a:) <, (2.2.6)

where o is some subset of prime divisors occurring in D with non-empty intersection
and C' is a positive constant depending only on X and D. Write
5 = 150 + 50 = Z(OI’dE ﬁ)E + ﬁg
Eco

and select Weil functions for D and Dy. Then by (2.2.6) and the additivity of Weil

functions,

)\5(1’) = /\50(1’) + )\50 (l’) = )\50(13) + 0(1) (2.2.7)
Select Weil functions for each D;, i = 1,...,q, and for each prime divisor £ € 0.
Since Dy, ..., D, are in m-subgeneral position, then by Lemma 2.2.4, there are

Di.,...,Dp.€{D,...,D,}

such that the prime divisors £ € ¢ only occur in Dy ., ..., Dy, .. So by (2.2.7) and

the additivity of Weil functions,

Z da;\p,(z) = A\g(x) = Ap, () + O(1) (2.2.8)
= “(ordg D)Ag(z) + O(1)

<Y “daaAp, . (f(2)) +O(1).
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Also, by Lemma 2.1.3, for each z € C, {D1,,..., Dy},

Z lem (day, . D, ., da, . D, ) > (m+n — 2) Z dag D, .. (2.2.9)
p,v=1 a=1
n#V

Select Weil functions for each divisor lem (day, .D,, ., da, . D, ), p,v =1,...,m, p #

v. Then by (2.2.8), (2.2.9), and the additivity of Weil functions,

Z dajAp,(x) < daa:Ap,.(f(2)) + O(1)

1

< " Nemlt D0 (FR). (22.10)

g
Fix D, € {D1.,...,Dy,.}. Then for N > Ny, consider the following filtration for

the vector space H(X, Ox(ND)),
HY(X,Ox(ND) =WoDW; D - DW;D--- D> Wy D Wy D--- D {0},

where Wy, = H(X,Ox(ND — kda,.D,..)). Let B be a basis of H'(X,Ox(ND))
obtained by taking a basis of Wy and successively completing this basis to a basis
of Wy_1,Wn_a,...,Wy. Let py5: X — PM be the canonical morphism associated
to ND and let M = h°(ND) — 1. Note that since ¢ 50 (1) = Ox(ND), every
rational function f € H(X,Ox(ND)) corresponds to a hyperplane H C PM such
that ¢% ~H = div(f) + ND. So if f € Wj, = H*(X, Ox(ND — kday,.D,,.)) and if

H is the corresponding hyperplane, then g 2 kda, .D,, ..

Let H,, be the set of hyperplanes (also depending on z) corresponding to the
basis B. Since B is a basis of H*(X, Ox(ND)), the hyperplanes in H,, are in general
position. Recall dim W, := h%(ND — kda, .D,,.). Then

> oipH > (Z k dim (W), /Wk+1)> da,.D,. . = (Z dim Wk) da,.D,..
HeH, k=0 k=1
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— (Z W (ND — kdawDu’z)> da,..D,... (2.2.11)
k=1
Now applying Lemma 2.1.2, with F' = l~?, FE =da,.D, ., and 8 = nﬁnﬂg: Doy
gives us
> h*(ND - kday,.D,,.) (2.2.12)
k=1
[BN] An—1
D" D" t.(da,.D,.) .. _ A o .
> Z _N"_— | N" lk, ZNT 2 ]{32 NQ O(N™
_;<n! (n—1)! +n! min {7, N7} |+ O(N)
D"  D"'.(da,.D,.)3* A
—p — AR L N™ L O(N™
(n!ﬁ (n—1)! 2 +n!g<ﬁ) +O)
/3 A ~ Nntl
(5+2:09) B+ o)
,3 ~ Nn+1 .
- (5 ""O‘u,z D n' -+ O(N ),

‘”—;, 0<z <1
g(x) =
2
r—3, x=>1
Returning to (2.2.5),
D" D"
= = = > q— 0o
Dr-t.(da,.D,.) da,.D,..D"1
implies
D" )
- ~1=%2 (2.2.13)

nﬁ”—l.(da“’Zsz) n

To avoid trivialities, without loss of generality, assume ¢ > n + d,. Then § > 1, so

9(8) > 3. Also, since D = dD/,

A= (n—-1)D""2(da,.D,.)* > d"D" % (a,.D,.)*

Hsz
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SO
_ ig(ﬁ) - an/n—Z.(a‘u’szzy _ Dm_Q‘(a,u,zD,u,,z)z
Zjn 3dr D 3D ’

Note that (2.2.3) and (2.2.4) imply

A,z

D/n72.(a“ zDM,Z)Q Dn72-(7ﬁu,zDu 2)2 1 . n—2 2
3D Z—3pr = 3pg ioin, AP 0Ds)
B (8%
~ 3Dn4n’

Q>

so we can set o, , = «, independent of z € C. This explains the choice of o at the

start of the proof.

Using (2.2.13), we can write (2.2.12) as

o 0 . 5 . Nn+1
> WAND - kday,.D,..) > (5 + aw) D" ==+ O(N")
k=1
-9 ~ Nntl
> (L2 4 o) Dr + O(N™),
2n n!

and using this inequality in (2.2.11),

Z SO)]ka)H 2 (Z hO(ND - kda,u,z-Dp,z)> damZD#’z
HeHy k=1

-4 ~ N+l
> <(q 2+ a) D+ O(N”)) da,..D,...

n n!

Fix another D, , € {D;,..., Dy, .}. Then similar steps give us

* q_(S NnNn+1 n
> ol > (( 5 : +a> D +O(N") ) day,:D,...

n n!
HeH,

Consider the two filtrations of H°(X, Ox(ND)) coming from looking at the order
of vanishing along D, . and D, ., as described previously. Let B be the basis of

H°(X,0x(ND)) that Lemma 2.1.4 gives with respect to these two filtrations. Let
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H, be the corresponding set of hyperplanes in PM. Then by the definition of B

and similar steps as before,

-9 " Nn+1
Z QONDH > <(q - a) D ] +O(Nn)) da#,zDu,z

2n n.
HGHH v

and

* q_(SQ ~nNn+1 n
> i pH > (( o —|—a> D"——+O(N") | day,. D

HeHpw

It follows that

* q— 52 ~n Nn—l—l n
Y. el > (( 5 +a) D" + O(N") ) lem (day,.. D,,... day,. D,..).

n n:
HeHtp,y

By the additivity of Weil functions,

q— 52 ~ n+1 "
S N n(f(2) > (( = a) o >) N (dap.2 Dyt Do ((2)),
HeH,
and summing over all m(m — 1) distinct p, v € {1,...,m},
q-— (52 - Nn—l—l
Dn O Nn ACIrl a Qa,
(( - +a) i 2 oo DD ()
u#v
<ZZ)‘<P~H )) < m(m maXZ)\@~H z)
nv=1 HEH,, , HeHpv
wFv
or
m m(m — 1)
Nem (dag.» Dz dav.. D) (f(2)) < —— =~ max Agr o (f(2))
= (5 o) D ol (B, 5 e

Using this result, (2.2.10) becomes

m-+n—

4 m
1
;daj)\Dj (37) S —2 Z )\lcm(da,thu’Z,daV’ZDu’z)(f(z))

pv=1
puF v
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mim — 1) max Mov _m(f(z
b —2) (55 +a) Doz > Al

n:

Let H, = U H,,, for each z € C and denote Hy = UHZ Then by the functoriality

w,v=1 zeC
n#V

of Weil functions, for any z € C,

max /\cijﬁH(f(Z)) < max Z /\@j‘vﬁH(f(Z)) = max Z Mar((pyp 0 £)(2)),
© HeHu, HeJ HeJ

where the max is taken over all subsets J C H consisting of hyperplanes in general

position on P™. Hence (2.2.14) can be written as

m(m — 1)

max Z Aa((oyp o f)(z))) :

daj)\Djx ~
) (5 ) D+ ) (3

n!
We can finally integrate both sides and apply Cartan’s Theorem 2.2.1 (with e = 1)

to the curve py 50 f: C — PM and to the set of hyperplanes Hr, so

m(m — 1)

q
Zdajmf(r, D;) <

M +2)T, o
=1 (m+n—2)<(q§32 +a) Dn¥E +O(N"))< + D oper(1)

n!

(2.2.15)

holds for all » > 0 outside a set of finite Lebesgue measure.

Using Lemma 2.1.1,

~ D
M+1=h"(ND)=—N"+O(N"),
n!
so by the functoriality of height functions,

(M +2)Ty, sop(r) = (M +2)T yp(r)
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2.2. MAIN THEOREM

= N(M +2)T, 5(r)
= ( N™ 4+ O( N")+N> T, 5(r).

Thus, by (2.2.15),

q
—1
Zdajmf(r, D;) < m(m 3 — (M +2)T, _of(r)
p (m+n—2) (552 + a) D5+ O(N™)
B ( m(m —1) ) DN L O(N™) + N T
(0 =2) ) (1532 + ) D2t + O(Nm) P

holds for all » > 0 outside a set of finite Lebesgue measure.

Now, choose N > N, such that

q
Z da;mg(r, D;) <

J=1

T, 5(r)

m+n —2) ﬂ—i—a) ﬁnN"+1+O(Nn) f;

((m(m—l) > ( DY Nt L O(N™) + N

o mm—1) \ 1+ 0(%) +O0(3=) <
—((m+n—2)> (2 52—1—04 —i—O(l ZdaijD

= ((Z(J:nn_—l)z)) (= 62 g ZdaijD

So plugging in our fixed J, = 2&

Zdajmf r, D;) ((min—_lé)) = 52 = Zda]TfD

m(m —1) 2n

T (mtn-2)q ( >Zda3TfD

and after canceling d on both sides,

m(m — 1) n ! q aj r
Za]mf r, D;) Rl — (H%) ; Ty, (r). (2.2.16)
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To use this result to transition to the real case, notice (2.2.1) gives us

ermf(r, D;) < Zajmf(r, D)+ = (lrggﬂ) me r, Dj)

and

q q q
o , 1
Zaij,Dj(T) < ZTij,Dj (r) + 5 (1%12, Ti) P e — ZTf,Dj (r).
<i< : 2n

j=1 j=1 m+n—2) q (H%) Jj=1

Using these two inequalities, along with (2.2.16) and the First Main Theorem,

Zr]mf r,D;) < Za]mf r,D; )+— (112121217’1) me r, Dj)

Jj=1 j=1
m(m —1) 2n

5 q
S m+n—2) i (1+ na> Z“JTfD i) <f£3§q”) 21, (r)

m(m —1) 2n 1 Xq: T ()+6lzq: T p ()
-~ - a] f:Dj r o TJ f7Dj r
(m+n-—2)q (1_’_%) = =

< m(m—1) 2n 1 d T o _ 1 d T
q

j=1 (mFn=2) q (1422) j=1
J
+ 21 T’ij,Dj(T‘)
7=1
m(im—1) 2n 1 1 1 o 1 o
< — riTip,(r)+—=> riTsp.(r)+ =) rTip.(r)
(m+n—2)q<1+%>;ij Q;ij Q;ij
m(m —1) 2n 1 d
= — + 01 7Tt p, ().
(m+n—2)Q<1+n_qa> ]Z:;ij()

To write this inequality in a form useful for the defect relation, let

q
m(m —1) 2n

rimy(r, D;) < — ri1t.p,

;J f J (m+n—2)q(1+na> Zﬂf
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m(m — 1) m 1 q
~ (m+n—2) ¢ (1+C) ;Tﬂ'TﬁDj(?")

for some constant C' > 0. That is,

m(m—1) 2n 1 LG < m(m—1) 2n 1
(m+n—2)q<1+%> 'S m+n-2) q (1+0)
or
0<g < pm=) 2l 11 )
(m+n—-2) ¢ \1+C 1+72
Clearly

ne o m(m—1) 2n 1 1
= Y 1 = o\ no - no
2q (m+n—=2) ¢ \1+5 1+
satisfy the inequality with ¢; matching the value specified at the start of the proof.

Thus

Zq: (D)) < m(m—1) 2n 1 zq: Tr p ()
j:17“3mf T, LJj (m+n_2) q (1+C) j:17’J £D;\T);

or in other words,

m(m—1) 2n 1 T
(m+n—2) ¢ 1+C) "7

my(r, D) < (r)

holds for all » > 0 outside a set of finite Lebesgue measure, where

= n=2 (. )2
¢=3 Join {D"{r;D;)"}- O
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Chapter 3

An Improved Height Inequality in

Diophantine Approximation

The same preliminary lemmas from the previous chapter will be used here.

§3.1 Diophantine Approximation Main Theorem

We will use the following generalized version of Schmidt’s Subspace Theorem (see

[Vojo7]).

Theorem 3.1.1. Let k be a number field and let S C M, be a finite set containing all
archimedean places. Let Hy, ..., H, be hyperplanes in P" (k) with corresponding Weil

functions Mgy, ..., Ag,. Then there exists a finite union of hyperplanes Z C P"(k),
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3.1. DIOPHANTINE APPROXIMATION MAIN THEOREM

depending only on Hy, ..., H, (and not k or S), such that for any ¢ > 0,

ijixz A o(P) < (n+1+€)h(P)

vES jeJ

holds for all P € P"(k)\Z, where the max is taken over all subsets J C {1,...,q}

such that the hyperplanes H;, j € J, are in general position on P"(k).

We also need two more lemmas.

Lemma 3.1.2 ([Lan83], Ch.10, Proposition 3.2). For each placev € My, let A\ 4, ..., Ano
be Weil functions for Cartier divisors D1, . .., D, respectively, on a projective variety
X over a number field k. Assume that the divisors D; are of the form D; = Dy + E;,

where Dy is a fixed Cartier divisor and E; are effective for all i. Assume also that
Supp E1 N ---N Supp E, = 0.

Then the function

Mo(P) = miin {Nin(P): P ¢ Supp E;}

is defined everywhere on (X \Supp Dy)(My), and is a Weil function for Dy for each

’UEMk.

Lemma 3.1.3 ([Voj07], Lemma 20.7). Let X be a projective variety over a number

field k and let D be an effective divisor on X. Write

D= (ordgD)E

E€og

and let

E::{0§00| ﬂE;«é@}.

Eeco
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3.1. DIOPHANTINE APPROXIMATION MAIN THEOREM

For each o € X2, let

D, = (ordg D)E.
E¢o
For each place v € My, choose a Weil function for each such D,. Then there exists

a My-constant (Cy)yen, , depending only on X and D, such that

min Ap, ,(P) < C,

oeY

for all P € X (C,) and all v € M.

Proof. The definition of the set ¥ implies

ﬂ Supp D, =0

ceY

since for all P € X, 0 := {F € 0y | P € E} is an element of X, so P ¢ Supp D,.

The claim then follows from Lemma 3.1.2 since X is a finite set. O

We are now ready for the proof. For the convenience of the reader, we restate

the Main Theorem.

Main Theorem. Let k be a number field and let S C M, be a finite set containing
all archimedean places. Let X be a smooth projective variety, defined over k, of
dimension n > 2, and let Dy, ..., D, be effective, big and nef Cartier divisors on X
defined over k. Let r; > 0 be real numbers such that D := r{Dy + --- 4+ r,D, has
equidegree (such real numbers exist due to Lemma 1.1.2). Assume there exists a
positive integer Ny such that the linear system |[ND;| (i = 1,...,q) is base-point free
for N > Ny and that D.,..., D, are in m-subgeneral position on X. Then

m(m—1) 2n 1

ms(P, D) < (m+n—-2) ¢ (1+C)

hp(P)
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3.1. DIOPHANTINE APPROXIMATION MAIN THEOREM

holds for all P € X (k) outside a Zariski closed subset Z of X, where

C = - min {D"2.(r;D;)%}.

2q 1<j<q

Proof. Since D has equidegree with respect to r1 Dy, ..., r,D,,

1
rD; D"t ==-D" 1<i<gq.

q
So by the density of Q in R, choose (positive) rational numbers ay, ..., a, such that
both
01 . . 1 .
laj —rjl < 5 min 7 Jmin g 1, s ——0, 1< <q, (3.1.1)
T (min=2) ¢ (14n2)
and
D/TL
az,Di'D/n—l - Q' < 627 1 S l S q, D/ - alDl + -+ a/qu, (312)
where
5 — m(m —1) 2n 11 <
(m+n—=2) ¢ \14+5 1+72 )7 ’
no
52 - ?7
and
_ : n—2 1N.)\2
o= min {D"2.(r;D;)*} > 0. (3.1.3)

We will see soon how these particular choices (Ja; — r;| inequality, d1, 02, ) fit in

the proof and why we made them. Note that

01 . : 1 1 ,
la; — ;] < Bl <m1n 7"@-) min § 1, s 1 < YL 1<j<gq
(m+n=2) q (14+22)
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3.1. DIOPHANTINE APPROXIMATION MAIN THEOREM

SO
m 1 n m n n
D" > D" and D" <2'D" (3.1.4)

To clear out the denominators, define the divisor D =dD' , where d is the product

of the denominators of a4, ..., a,. Notice that

ﬁn (dD/)n B an/n D/n

da,D,. D" da;Di.(dD)" '~ d(a;D;).D" 1 q;D;. D
so by (3.1.2),

<8, 1<i<q (3.1.5)

Let P e (X\Supp D)(M). By Lemma 3.1.3, for each v € S, there exists a

divisor lN)o on X and a Weil function A By such that
)\Emv(P) < C,, (3.1.6)

where ¢ is some subset of prime divisors occurring in D with non-empty intersection

and C), is a M-constant depending only on X and D. Write

5 = ﬁo + Zja = Z(ordE E)E + ﬁo-

Eeco

and select Weil functions for D and Dy. Then by (3.1.6) and the additivity of Weil

functions,
5.0(F) = Ap,o(P) + A, ,(P) = Ap, ,(P) + Os(1). (3.1.7)

Select Weil functions for each D;, ¢ = 1,...,q, and for each prime divisor E/ € o.
Since D4y, ..., D, are in m-subgeneral position, then by Lemma 2.2.4, P is v-adically

close to at most m of the divisors D;, i = 1,...,q, so there are
Diy,....Dpy € {D1,....,D,}
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such that the prime divisors £ € o only occur in Dy, ..., Dp,. So by (3.1.7) and

the additivity of Weil functions,
q
> “dajp, o(P) = Ap,(P) = Ap, ,(P) + Os(1) (3.1.8)

= Z OI‘dE >\E'v )+05<1>

Eeco

< daauAp,,.(P)+ Os(1).

a=1

Also, by Lemma 2.1.3, for each v € S, {D14,..., Do},

> " lem (day Dy, dayw Do) > (m+n—2) Y dagyDa. (3.1.9)
wv=1 a=1
n#v

Select Weil functions for each divisor lem (day, D, ., day Do), v =1,...,m, p #
v. Then by (3.1.8), (3.1.9), and the additivity of Weil functions,

q m
> dajp,(P) < Zdaa,UADM,U(P) + 0s(1)
j=1 =

1

- m+n_2 Z )\Icm(dauv uvdayu uv) (P) (3110)

w,v=1
uFV

Fix D, € {D1y,...,Dpyp}. Then for N > Ny, consider the following filtration for

the vector space H(X, Ox(ND)),
HY(X,Ox(ND)) =W D Wy D---DW;D--- D Wy D Wyyy D--- D {0},

where W), = H(X,Ox(ND — kda,,D,.,)). Let B be a basis of H'(X, Ox(ND))
obtained by taking a basis of Wy and successively completing this basis to a basis of
Wy, Wn_a,...,Wp. Let pyp5: X — PM (k) be the canonical morphism associated

to ND and let M = h9(ND) — 1. Note that since @50 (1) = Ox(ND), every
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rational function f € H°(X, Ox(ND)) corresponds to a hyperplane H C P (k) such
that ¢% ~H = div(f) + ND. So if f € Wy = H(X,Ox(ND — kda,,,D,.,)) and if

H is the corresponding hyperplane, then go}‘v f)H > kday, D,

Let H, be the set of hyperplanes (also depending on v) corresponding to the
basis B. Since B is a basis of H°(X, OX(Nﬁ)), the hyperplanes in H,, are in general
position. Recall dim W, := h%(ND — kda, ,D,.,,). Then

> it > (Z ke dim (W /W,m)) da,, Dy = (Z dim Wk> da,uD,.

HeH, k=0 k=1
- (Z hW(ND — kda%vDu,U)) da,v D, . (3.1.11)
k=1
ﬁn

Now applying Lemma 2.1.2, with F' = IN), E =da,.,D,.,, and = ST (dan D)’
n Aaap vl v

gives us
> h(ND — kda,,,D,.,) (3.1.12)
k=1
N Dr D" '.(da,.,D,.) A
> —N" — POV N e+ = N™?min {k* N?} | + O(N")
e\ n! (n—1)! n!

n! (n—1)! 2
n+1

+O(N)

n!

<_5 - anl_(achW,D,J,U)ﬁ_2 n %g(m) N+ O(N™)

+ = g(ﬁ)) D"

n+1

ﬁ —n n
— (5—1—0[“’1,) D o + O(N™),

where A := (n — 1)D"2.(da,,D,.)?, puy = %g(ﬁ), and g : RT — R* is the

function defined by



3.1. DIOPHANTINE APPROXIMATION MAIN THEOREM

Returning to (3.1.5),

Dr Dr
= = = >q— 09
Dr=t.(da,wD,)  dauyD, D"t

implies

D" )
8= — > 1= (3.1.13)
nD"=1.(davD,,.) n
To avoid trivialities, without loss of generality, assume ¢ > n + d,. Then § > 1, so

9(B) > % Also, since D = dD’,
A= (=)D D) 2 4D 0Dy’

SO
_ ig(ﬁ) - anlan'(auwDu’U)Q _ D/n72.(a“7vD“7v)2
ﬁn 3dr D' 3D

Note that (3.1.3) and (3.1.4) imply

Qp,v

D/n_Z'(a’H,UD/L;U)Q > Dn_Q'(/rH'7vDN7’U)2 > 1

: n—2 M \2
Qv > 3Dm = 3Dnn Z 3peg 2in AP0 D)7)
. (e}
~ 3Dn4n’

so we can set o, , = «, independent of v € S. This explains the choice of o at the

start of the proof.

Using (3.1.13), we can write (3.1.12) as

f:hO(ND’ — kda,,D,.,) > (ﬁ + o ) N + O(N™)
wouw) — 2 v

n!
k=1

-9 " Nn+1
> (q 2 +a> D" +O(N™),

2n n!

ol
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and using this inequality in (3.1.11),

> Phpt 2 (Z B(ND — kdau,vDM) d Dy

HEM, k=1

5 . Nn+1
> ((q 5 2 4+ a) D" + O(Nn)> o Dy

n n!

Fix another D, , € {D14,..., Dmy}. Then similar steps give us

. q— ) ~nNn+1 .
> “rptl > (( on : +a) D +O(N") ) day, Dy,

n!
HeH,

Consider the two filtrations of H°(X, Ox(ND)) coming from looking at the order
of vanishing along D,, and D,,, as described previously. Let B be the basis of
H°(X,0x(ND)) that Lemma 2.1.4 gives with respect to these two filtrations. Let
H,.., be the corresponding set of hyperplanes in PM (k). Then by the definition of B
and similar steps as before,

n+1

* q— 52 ~nN n
Z gDNEFI > (( 2TL + Oé) D n| + O(N )) daM7UDM7v

HEH,,

and

* q_(s ~nNn+1 n
Z (‘DNEH> (( 2 2+Oé)D +O(N) dau,vDu,v

n n!
HeHy,y

It follows that

- . NnJrl
Z oy > ((q 2 4+ a) D" + O(N")> lem (day, , D,y v, day,, D,y)-

2n n!
HeHy,y

By the additivity of Weil functions,

— 9 ~ Nnt+l
Z Apr _mw(P) > ((q 5 2+ Oé) D" Tt O(N")) Alem (dag, v Dy dav,o Duo) v (F)

n
HeHp,y
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and summing over all m(m — 1) distinct p, v € {1,...,m},
q— 52 - Nn+1
Dn O Nn )\ cm a a P
(( ™ —i—a) o + Wzl lem (day,o Dy wydaw,s Du,w) v (P)
uFV
DI S R ] (o o
u;;;l HeHu, Y HEHu,
or
m(m — 1)
Z >\lcm (da‘L,vDM,v,day,vDu,v),U(P) < _ 7~y N+l ax )\cp* NH’U(P)
7 (5 o) D oy \HE2, 2 e
Using this result, (3.1.10) becomes
Zda)\pv ;Z)\lcmda Dy v,day,»D )(P)
] m + n _ 2 o f v U v, v v,v
nFV
—1
< m(m 2 = max A+ ~HU(P)
(m+n—2) <(%+O‘) Dri +O<Nn>> =
(3.1.14)
Let Hp = U H,.,, for each P € (X\Supp 5)(Mk) and denote Hp = U Hp.
”;l:é:vl Pe(X\Supp D)(My,)

Then by the functoriality of Weil functions, for any P € (X\Supp 5)(M k),

max Apr _mo(P) < mjiXZ Aot _mo(P) = H{%Z A o(Pnp(F)),
HEH,. HeJ Hel

where the max is taken over all subsets J C Hp consisting of hyperplanes in general

position on P (k). Hence (3.1.14) can be written as

y m(m — 1)
da;\p. (P - max Ao (onp (P .
; AP (m+n—2) ((q;;? + ) Dr A2 +O(Nn)> ( J Hz;] w(Pnp( »)
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3.1. DIOPHANTINE APPROXIMATION MAIN THEOREM

We can finally sum over the places v € S on both sides and apply Schmidt’s Theorem
3.1.1 (with e = 1) to PM(k) and to the set of hyperplanes Hr, so
m(m — 1)

q
da;ms(P, D;) < —
; g 1S J <m+n_2) ((%_'_C()Dn]vnﬂ_'_o(]\[n)

n!

j (M + 2)h(gy5(P))

(3.1.15)
holds for all py5(P) € PM(k)\Z, where Z is a finite union of hyperplanes in PM (k)

depending only on Hr, not k or S.

Using Lemma 2.1.1,

~ D"
M+1=h"(ND) = —N"+O(N"),
n!
so by the functoriality of height functions,

(M +2)h(pyp(P)) = (M + 2)hy5(P)

— N(M +2)hj(P)

= (%N”H + O(N™) + N) hi(P).

Thus, by (3.1.15),

m(m — 1)

q
da;mg(P, D;) < — -
; ’ U mrn—2) (52 +a) D 4 O(N)

B ( m(m —1) ) DY N+ L O(N™) + N b (P)
=2 (5 4 0) D o)

holds for all p55(P) € PM(k)\Z, where Z is a finite union of hyperplanes in P (k)

j (M + 2)h(gy5(P))

depending on N.

Now, choose N > N, such that

m(m —1) ) DENntl L O(N™) 4+ N
m+n—2)) (102 4 ) DnNTL 4 O(N)

n!

5(P)

Zdaij(P, D;) < (<

j=1
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<(Z(fn__1;)) 1+ 0(%) + O(5) ¢

IN

((m(m_l) ) (q;,f?1 ; s, ().

m+n—2)

So plugging in our fixed 0o = %

Zdajmg(P, Dj) < <(2Tn__1;)) (ml—{_ 2@) Zdathj(P)

m(m —1) 2n

T (mtn-2)gq (1+”°‘) ZdaJhD

and after canceling d on both sides,

q

Z aij(P, Dj) <

j=1

m(m —1) 2n 1 ? N
(m+n-2)q <1+%> > _a;hp,(P). (3.1.16)

=1

To use this result to transition to the real case, notice (3.1.1) gives us

q
) :
Z rimg(P, D;) < Z a;mg(P,D;) + 51 <1111i1£1q 7’@-) Z mg(P, D;)

and

q q
) . 1
Zathj (P) S erhDj (P) + 51 (f?ilgq ri) m(m—1) 2n 1 Z hD

(m+n-2) q (1+"a Jj=1

Using these two inequalities, along with (3.1.16) and the First Main Theorem,

q
>t ) < Sams(r. )+ (i) oms(2. )
i<q
j=1

7=1

m(m—1) 2n 1 1 oy ' 1
(m+n_2)7<1+w> jzlathj(P)"‘E <T£1£ 7’7;) thj(P)

m(m—1) 2n ) Za]hD 51 zq:rthj(P)

“(m+n—-2)q <1+na

%)
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<o L (S )+ 2 (i) e D o ()
“(m4+n-2)q <1+M> : 17’3 D; 2 1%1%72 m(m—1) 2n 1 D;
q =

(nn=2) ¢ (1782) i=1

01
+5 ]:Zl rihp, (P)

m(m—1) 2n 1 1 61 01 o
_(m+n—2)7<1+%>erhDj(P)+§Z' '

=1 j=1 =1

[ mim-=1) 2n 1 '
B (m—i-n—Q)q(l_i_%)—i_él ZrJhD

To write this inequality in a form useful for the defect relation, let

z m(m —1) 2n 1 d
Z?"ij(Pa Dj) < (m+n — 2)? (1 N w) +51 ZT‘thj(P)
q

j=1 j=1

m(m—1) 2n 1 d
“(m+n—-2)q (1+0C) ;rthj(P)

for some constant C' > 0. That is,

m(m—1) 2n 1 L < m(m—1) 2n 1
(m+n—2)q<1+%> 'S m+n-2) ¢ (1+0)
or
o< mm= i 1 1)
(m+n—=2) ¢ \1+C 1+7
Clearly

T2 (m+n-—2) q 1—1—%_1+%

L 5 — m(m—1)2_n< 1 1 >

satisfy the inequality with d; matching the value specified at the start of the proof.

Thus

Q

m(m—1) 2n 1 q
(m+n—2)7(1+0) erhDj<P)7

j=1

rij(P, Dj) <

J=1

o6



3.1. DIOPHANTINE APPROXIMATION MAIN THEOREM

or in other words,

m(m—1) 2n 1
(m+n—-2) ¢ (1+C)

mg(P, D) < h,D(P)

holds for all P € X (k) outside a Zariski closed subset of X, where

C = - min {D"2.(r;D;)2}.

2q 1<j<q
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Chapter 4

Further Improvement

84.1 Pointwise Filtration
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