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Abstract 
 

 
The “purchasing power parity puzzle” is the difficulty of reconciling very high short-term 
volatility of real exchange rates with very slow rates of mean reversion.  The strongest evidence 
of slow mean reversion comes from least squares estimates of first-order autoregressive models 
of the long-horizon dollar-sterling real exchange rate.  Using median-unbiased estimation 
methods, we show that these methods underestimate the half-lives of PPP deviations, and thus 
overestimate the speed of mean reversion. When the specification is amended to allow for serial 
correlation, the speed of mean reversion falls even further. This makes resolution of the 
purchasing power parity puzzle more problematic.   
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1. Introduction 
 
 Rogoff’s (1996) “purchasing power parity puzzle,” the difficulty of reconciling very high 

short-term volatility of real exchange rates with very slow rates of mean reversion, has provided 

the catalyst for much recent work on PPP.  The strongest evidence of slow rates of mean 

reversion comes from the long-horizon dollar-sterling real exchange rate.  Frankel (1986), using 

over a century of data, finds evidence of mean-reverting behavior with a rate of decay for PPP 

deviations of 14% per year.  This implies a half-life of PPP deviations, the number of years for a 

PPP deviation to decay by 50%, of 4.6 years.  Lothian and Taylor (1996), using two centuries of 

dollar-sterling and franc-sterling real exchange rate data, find evidence of mean-reverting 

behavior for both rates, with half-lives of PPP deviations of just under 6 years for dollar-sterling 

and 3 years for franc-sterling.  The Lothian and Taylor results for the dollar-sterling exchange 

rate, where PPP deviations damp out at a rate of only 10% per year, constitute the slowest speed 

of reversion cited by Rogoff.  In other words, the dollar-sterling rate provides the upper bound of 

Rogoff’s remarkable consensus of 3 – 5 year half-lives. 

In this paper, we argue that the interpretation of the dollar-sterling half-life as an upper 

bound for half-lives is unwarranted, and is indeed closer to a lower bound. We show that Lothian 

and Taylor (LT) underestimate the half-lives of PPP deviations, and thus overestimate the speed 

of mean reversion, for the dollar-sterling rate.  The first part of our analysis is purely statistical. 

LT conduct unit root tests and calculate half-lives using a first order autoregressive specification 

for the real exchange rate.  Estimates of persistent AR(1) processes are biased downward, with 

the bias becoming larger as the degree of persistence increases.  Using Andrews’ (1993) exactly 

median-unbiased estimation methods, we find that the half-life for the dollar-sterling real 

exchange increases from 5.78 to 6.58 years.   The point estimate of the half-life, however, is an 
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incomplete measure of the information from the autoregression.  We calculate 95% confidence 

intervals for the median-unbiased half-life, and find a lower bound of 3.72 years and an upper 

bound of 34.31 years.  

LT rely on visual examination of the correlogram and partial correlogram (Box and 

Jenkins, 1976) in their choice of an AR(1) process.  Using the most recent methods for lag 

selection in unit root tests, the general-to-specific (GS) criterion in Hall (1994) and Ng and 

Perron (1995) and the modified Akaike information criterion (MAIC) of Ng and Perron (2001), 

we find that the AR(1) specification for the dollar-sterling series needs to be augmented by either 

five (GS) or seven (MAIC) first differences to account for serial correlation.   

With these specifications, we need to use the approximately median-unbiased estimation 

methods of Andrews and Chen (1994).  With higher order AR models, half-lives can be 

calculated from either the sum of the AR parameters or the impulse response function.  The half-

life from the point estimate of the sum of the AR parameters for the dollar-sterling real exchange 

rate is 11.20 years (GS) and 16.98 years (MAIC).  The half-life calculated from the impulse 

response function is 4.58 years (GS) and 11.23 years (MAIC).  With one exception, which we 

will show below is a poor measure of persistence, all of these half-lives are much larger than 

those calculated from the AR(1) specification.  The lower bounds of the 95% confidence 

intervals range from 2.66 to 4.98 years, and the upper bounds are all infinite.1 

Rogoff (1996) describes a rate of 15% per year at which deviations from PPP die out as 

“glacial.”  Our results from the AR(1) specification of the dollar-sterling rate, which exactly 

replicates the regression reported in LT, are that we are 95% sure that PPP deviations die out at a 

                                                           
1 Murray and Papell (2002) use median-unbiased estimation techniques to investigate the behavior of annual century 
long and quarterly post-1973 real exchange rates. 
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rate between 2% and 18% per year.  With the higher-order AR models, we can only say that we 

are 95% sure that PPP deviations die out at a rate between 0% and 15% per year (GS) or 0% and 

13% per year (MAIC).  The conclusion is the same for both specifications.  An “extremely slow 

rate at which shocks appear to damp out” of 15% per year, which forms the basis of the PPP 

puzzle, is better interpreted as a maximum than as a median of the estimated speed of mean 

reversion for the long-horizon dollar-sterling real exchange rate. 

In addition, we demonstrate that for higher order AR models, the standard measure of 

persistence, the “half-life,” is incomplete and potentially misleading.  The choice of “one-half” is 

arbitrary, and has important implications for the measured persistence of the dollar-sterling rate.  

For one specification chosen by a commonly used model selection criterion, the half-life 

seriously understates the speed of mean reversion for the dollar-sterling rate.  We therefore argue 

against blindly calculating half-lives, and advocate inspecting the entire impulse response 

function. 

II. Median-Unbiased Estimates and Confidence Intervals 

 The data used by LT are the dollar-sterling real exchange rate (1791-1990) and the franc-

sterling real exchange rate (1803-1990).  To test the null hypothesis of PPP, LT estimate the 

following Dickey-Fuller regression: 

  ttt uqcq ++= −1α , (1) 

where qt is the sterling denominated real exchange rate.2  The half-life in equation (1), defined as 

the number of periods required for a unit shock to dissipate by one half, is calculated as 

ln(0.5)/ln(α).  Based on the least squares estimates of α, in equation (1), LT find half-lives of 

                                                           
2 The implications for unit roots and mean reversion of including a time trend in (1) are discussed by Cuddington and 
Liang (2000) and Lothian and Taylor (2000). 
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deviations from PPP to be 5.78 years and 2.73 years for the dollar-sterling and franc-sterling 

exchange rates respectively.3 

 A problem with the least squares estimator of α in equation (1) is that it is both 

downward mean-biased and downward median-biased.  As such, the least squares estimates of 

the half-life, )ln(/)5.0ln( LSα , understate the persistence of deviations from PPP.  We correct for 

the bias in the least squares estimates by calculating Andrews’ (1993) exactly median-unbiased 

estimator of α.  We prefer median-unbiased estimators to mean-unbiased estimators in this 

context.  Since median-unbiasedness is preserved under monotonic transformations, this 

procedure gives us a median-unbiased estimator of the half-life as well.  In addition, the coverage 

probability of confidence intervals is preserved under monotonic transformations.  Neither of 

these properties hold for mean-unbiased estimators.4 

 For the AR(1) specification of the dollar-sterling rate, we report the median-unbiased 

estimate of the half-life, and the 95% confidence interval, in the first row of Table 1.  The 

median-unbiased half-lives are higher than their least squares counterparts.  Correcting the bias 

raises the estimate of the half-life from 5.78 to 6.58 years for the dollar-sterling rate.  This alone 

puts the half-life well above Rogoff’s 3-5 year “remarkable consensus”.  In addition, the point 

estimates provide an incomplete picture of the persistence of deviations from PPP.  The 95% 

confidence interval for the dollar-sterling half-life is [3.72, 34.31].  This is equivalent to the 

statement that we are 95% certain that shocks to the dollar-sterling rate decay at a rate between 

2% and 18% per year.  Recall that Rogoff (1996) describes a 15% rate of decay as “glacial.”  Our 

results for the dollar-sterling rate are consistent with a much slower rate of convergence to PPP. 

                                                           
3 Rogoff (1996) ascribes half-lives in LT of 4.7 and 2.5 years.  These, however, are from the autoregressive term in 
an ARMA (1,1) model, not from the DF regression. 
4 See Andrews (1993) and Murray and Papell (2002) for further discussion. 
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 The results for the franc-sterling rate are not as dramatic. Correcting the bias raises the 

estimate of the half-life from 2.73 to 2.94 years, just below Rogoff’s consensus.  The 95% 

confidence interval for the franc-sterling half-life is [1.94, 5.95] years.  In other words, we are 

95% certain that shocks to the franc-sterling rate decay at a rate between 11% and 30% per year, 

not nearly as sluggish as the dollar-sterling rate.  This is in accord with Andrews’ result that the 

bias in the least squares estimates is less severe the further the estimates are from unity. 

 The AR(1) specification in the Dickey-Fuller regression in equation (1) is only justified if 

the error terms are serially uncorrelated.  Based on data dependent model selection criteria, we 

find this assumption appropriate for the franc-sterling rate, but untenable for the dollar-sterling 

rate.  To allow for serial correlation, we estimate the following Augmented Dickey-Fuller 

regression: 

  t

k

i
ititt uqqcq +++= ∑

=
−−

1
1 ∆ψα . (2) 

We choose the lag length, k, via the general-to-specific (GS) criterion of Hall (1994) and Ng and 

Perron (1995) and the modified Akaike information criterion (MAIC) of Ng and Perron (2001).  

The lag length chosen is 5 (GS) and 7 (MAIC) for the dollar-sterling rate and 0 (both) for the 

franc-sterling rate.  We note that, in contrast to LT, when we allow for serial correlation in the 

errors we are unable to reject the null hypothesis that PPP does not hold for the dollar-sterling 

real exchange rate using either GS or MAIC.5 

 When estimating an Augmented Dickey-Fuller regression, the median-unbiased estimates 

of α are no longer exact, but have to be approximated.  We use the techniques of Andrews and 

                                                           
5 This result (with a lag length of 5) is reported in Hegwood and Papell (1998).  James Lothian has pointed out to us 
that, for the dollar-sterling real exchange rate, the unit root null is rejected (at the 5% level) with 0 to 4 lags, but not 
rejected (at the 10% level) with 5 to 8 lags.   
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Chen (1994) to calculate approximately median-unbiased estimates of α in equation (2), as well 

as 95% confidence intervals, for the dollar-sterling rate.6  Since the parameter α in equation (2) is 

the sum of the coefficients in the underlying AR model, one method that has been used for 

calculating the half-life is to again use the formula ln(0.5)/ln(α).  We report point estimates and 

95% confidence intervals for median-unbiased estimates of ln(0.5)/ln(α) in Table 1, for k = 0 – 8.  

The point estimate of the half-life based on α is 11.20 years (GS) and 16.98 years (MAIC), much 

larger than we find for the AR(1) case.  The 95% confidence interval is [4.27, ∞) for GS and 

[4.98, ∞) for MAIC.  The lower bounds of the confidence intervals are consistent with PPP 

deviations that decay at a rate of 15% and 13% per year for GS and MAIC respectively.  These 

lower bounds are consistent with speeds of adjustment equal to or slower than Rogoff’s “glacial” 

estimate.  The upper bounds of the confidence intervals are consistent with PPP deviations not 

decaying at all. 

 We also note that in Table 1, there is a perfect correspondence between the outcome of 

the unit root test, and the upper bound of the half-life confidence interval.  For lags 0 – 4, where 

the unit root null is rejected at the 5% level, the upper bounds of the 95% half-life confidence 

interval are finite.  Similarly, for lags 5 – 8, where we fail to reject the unit root null at the 5% 

level, the upper bounds of the 95% half-life confidence interval are infinite. 

 The half-life calculated from the value of α assumes that shocks to real exchange rates 

decay at a constant rate.  While this is appropriate for an AR(1) process (k = 0), in general shocks 

to a higher order autoregression will not decay at a constant rate.  In light of this, Cheung and Lai 

(2000) recommend calculating the half-life directly from the impulse response function. The 

                                                           
6 Since the lag length for the franc-sterling rate is chosen to be 0 using either criterion, there is no reason to use these 
methods. 
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half-life is defined as the number of years required for deviations from PPP to subside 

permanently below one half in response to a unit shock.7 

 We now turn to half-lives based on the impulse response function, which are also 

reported in Table 1, along with their 95% confidence intervals.8  The half-life calculated from the 

impulse response function is 4.58 years (GS) and 11.23 years (MAIC).  The 95% confidence 

interval is [3.10, ∞) for GS and [2.66, ∞) for MAIC.  These confidence intervals are consistent 

with nearly the entire admissible range of half-lives.  While the point estimate based on the 

impulse response function for the value of k chosen by the MAIC is in accord with the point 

estimate of the half-life based on α, the point estimate for GS appears to have substantially 

lowered our estimate of the persistence of shocks to the dollar-sterling rate.  However, inspection 

of the impulse response function reveals that this estimate is misleading, and demonstrates the 

potential arbitrariness of the “half-life” as a measure of persistence.  

 Figure 1 plots the first 100 terms of the impulse response function along with its 95% 

confidence interval for k = 1 – 8 .  We include a horizontal line at one half for reference.  We also 

include the half-life based on the median-unbiased estimate of α , which assumes that shocks die 

out at a constant rate.  For k = 1 – 4, the rate of decay of the impulse response function is nearly 

constant.9   For this reason, calculating the half-life based either on α or the impulse response 

function leads to qualitatively similar point estimates, although the confidence intervals for the 

impulse response functions are tighter than the confidence intervals based directly on α. 

                                                           
7 For a first order autoregression, half-lives calculated from α are the same as half-lives calculated from the impulse 
response function. 
8 When k > 0, the median-unbiased estimates of α and the half-life are approximate.  However, simulation evidence 
has shown that the approximation is quite accurate.  See Lopez, Murray, and Papell (2003) for further details. 
9 Since the half-life based on α and the impulse response function are nearly indistinguishable for k = 1 – 4, we do 
not plot the former for this range of k. 
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 We see that the behavior of the impulse response function for lags k = 5 – 8 is not a 

constant rate of, so that the half-life based on α  can be misleading.  For k = 7, the value chosen 

by the MAIC, the impulse response falls below one half at 4.39 years and reaches a minimum of 

0.263 at 7 years.  It then begins to increase, reaching a value of 0.501 at 11 years, and then 

eventually decaying to zero.  The results for k = 6 and 8 are qualitatively similar. 

 The fact that shocks do not die out at a constant rate, however, makes the half-life based 

on the impulse response function a poor measure of persistence when k = 5, the value chosen by 

the GS criterion.  In particular, it is the “half” in the “half-life” which yields such a small 

estimate of persistence.  The impulse response function falls below one-half at 4.58 years and 

reaches a minimum of 0.396 at 5 years.  However, it then begins to increase, reaching a value of 

0.485 at 10 years, and then eventually decaying to zero.  This low measure of persistence in this 

particular case depends on the arbitrary choice of “one-half.”   

 We define the “x-life” as the number of years required for a unit shock to dissipate by x%.  

For example, a 52%-life is the number of years it takes for the impulse response function to 

permanently fall below 0.48.  To demonstrate the potential pitfalls in arbitrarily setting x to 0.50, 

we calculate 48% and 52%-lives, from the impulse response function as well as α, and report 

these in Tables 2 and 3 respectively.  The x-lives based on α, since they assume monotonic 

decay, reveal the same general pattern of the half-lives based on α in Table 1, and are included 

here for completeness.   

 The x-lives based on the impulse response function, however, reveal a large degree of 

sensitivity to the chosen value of x.  In particular, small changes in x result in quite large changes 

in measured persistence.  For example, recall that the half-life based on the impulse response 

function for k = 5 is 4.58 years.  The 48%-life for this specification is 4.49 years, and the 52%-
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live is 10.14 years.  Thus, while lowering x from 0.50 to 0.48 only lowers the measured 

persistence by 0.09 years, increasing x from 0.50 to 0.52 increases the measured persistence by 

5.56 years.  The phenomenon is also evident in the disparity between x-lives based on α and x-

lives based on the impulse response function.  We see this sensitivity to x for k = 5 – 8, the range 

for which the unit root null cannot be rejected, and for which the impulse response functions do 

not decay at a constant rate.  For k = 6 – 8, the average change in persistence from the 48%-life to 

the half-life is 7.21 years.  This sensitivity of measured persistence to x is particularly important 

vis-à-vis Rogoff’s PPP puzzle.  For k = 5 – 8, all of the 48%-lives lie within Rogoff’s 3-5 year 

consensus, albeit close to the 5 year upper bound.  However, all of the 52%-lives are at least 

twice as large as Rogoff’s 5 year upper bound.  Thus, when providing estimates of real exchange 

rate persistence, care must be taken in choosing the value of x. Given the behavior of the impulse 

response functions for k = 5 – 8, the half-lives based on the impulse response function for k = 6 – 

8 more accurately reflect the persistence in the dollar-sterling rate than for k = 5.  Given that 

Lothian and Taylor’s least squares estimate of the dollar-sterling half-life (5.78 years) is the 

slowest estimate of mean reversion cited by Rogoff,10 and the half-lives in Table 1 for k = 6 – 8 

are above 11 years, we conclude that the disparity between the persistence in real exchange rates, 

and what can be explained by models with nominal rigidities, is greater than Rogoff originally 

suggested.  In other words, the PPP puzzle is worse than you think. 

 The above discussion demonstrates that the half-life is an incomplete scalar measure of 

persistence for higher order AR processes.  When shocks do not decay at a constant rate, it is 

advisable to view the entire impulse response function, rather than only looking at the x-life, 

where x is chosen arbitrarily. 

                                                           
10 Again, recall the Rogoff cites a 4.7 year half-life based on α from an ARMA(1,1) model. 
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3. Conclusions 

 Lothian and Taylor (1996), using two centuries of data, provide some of the most 

compelling evidence for the consensus that long-horizon real exchange rates are mean-reverting 

but the speed of reversion is extremely slow.11  Their result that the half-life for PPP deviations is 

5.78 years for the dollar-sterling real exchange rate is often cited in support of Rogoff’s 

“purchasing power parity puzzle”. 

 The message of this paper is that, although the LT half-life for dollar-sterling represents 

the slowest speed of reversion cited by Rogoff, it seriously overestimates the speed of reversion 

in the data.  Using Andrews’ (1993) median-unbiased estimation method for the AR(1) 

regression reported by LT, the half-life increases to 6.58 years.  Furthermore, the 95% confidence 

interval for the dollar-sterling half-life is [3.72, 34.31].  The speed of mean reversion implied by 

the lower bound of the confidence interval, 18% per year, is only slightly faster than a speed of 

15% per year that Rogoff called “glacial”.  If 15% per year is “glacial”, the speed of mean 

reversion implied by the upper bound of the confidence interval, 2% per year, can arguably be 

called “geologic”.  When the LT specification is amended to allow for serial correlation, the 

speed of mean reversion falls even further. Using the most recent methods for lag selection in 

unit root tests and inspecting the entire impulse response function, the point estimates 

approximately double.  We cannot even say with 95% certainty that shocks to the dollar-sterling 

real exchange rate ever decay, as the upper bound of the confidence intervals are infinite. 

 We also show that the half-life can be a misleading measure of persistence.  For higher 

order AR models, where shocks do not die out at a constant rate, we find that the half-life can

                                                           
11 Although not the focus of this paper, the belief that long-run real exchange rates converge to a constant mean is not 
universally held.  See Engel (2000) and Hegwood and Papell (1998) for alternative perspectives. 
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 seriously understate the persistence of shocks to the real exchange rate.  We therefore advocate 

inspecting the entire impulse response function, rather than simply relying on a scalar measure of 

persistence.  (should this be here?) 
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Table 1.  Median-Unbiased Half-Lives in Augmented Dickey-Fuller Regressions 
U.S. Dollar/British Pound Real Exchange Rate: 1791-1990 

 

∑
=

−− +++=
k

i
tititt uqqcq

1
1 ∆ψα  

   
 
 k Rejection 

Level 
MUHL ,α

 
95% CI MUIRFHL , 95% CI 

 0 1% 6.58 [3.72, 34.31] 6.58 [3.72, 34.31] 
 1 1% 5.95 [3.49, 16.98] 6.33 [3.31, 13.48] 
 2 1% 5.95 [3.49, 22.76] 6.22 [3.37, 12.84] 
 3 5% 6.58 [3.49, 34.31] 6.72 [3.25, 14.77] 
 4 5% 6.58 [3.49, 34.31] 6.09 [3.08, 15.41] 
 5 FTR 11.20 [4.27, ∞) 4.58 [3.10, ∞) 
 6 FTR 16.98 [4.60, ∞) 11.62 [2.87, ∞) 
 7 FTR 16.98 [4.98, ∞) 11.23 [2.66, ∞) 
 8 FTR 13.51 [4.60, ∞) 11.98 [2.98, ∞) 
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Table 2.  Median-Unbiased 48%-Lives in Augmented Dickey-Fuller Regressions 
U.S. Dollar/British Pound Real Exchange Rate: 1791-1990 

 
 k 48%-Lifeα 95% CI 48%-LifeIRF 95% CI 
 0 6.21 [3.51, 32.37] 6.21 [3.51, 32.37] 
 1 5.61 [3.30, 16.02] 6.01 [3.15, 12.70] 
 2 5.61 [3.30, 21.47] 5.92 [3.22, 12.01] 
 3 6.21 [3.30, 32.37] 6.36 [3.06, 13.90] 
 4 6.21 [3.30, 32.37] 5.71 [2.96, 14.32] 
 5 10.57 [4.02, ∞) 4.49 [2.96, ∞) 
 6 16.02 [4.34, ∞) 4.43 [2.76, ∞) 
 7 16.02 [4.70, ∞) 4.30 [2.56, ∞) 
 8 12.75 [4.34, ∞) 4.48 [2.84 ∞) 

 
Table 3.  Median-Unbiased 52%-Lives in Augmented Dickey-Fuller Regressions 

U.S. Dollar/British Pound Real Exchange Rate: 1791-1990 
 

 k 52%-Lifeα 95% CI 52%-LifeIRF 95% CI 
 0 6.97 [3.94, 36.33] 6.97 [3.94, 36.33] 
 1 6.30 [3.70, 17.98] 6.48 [3.47, 14.28] 
 2 6.30 [3.70, 24.10] 6.53 [3.52, 13.70] 
 3 6.97 [3.70, 36.33] 7.08 [3.44, 15.83] 
 4 6.97 [3.70, 36.33] 6.52 [3.22, 16.53] 
 5 11.86 [4.52, ∞) 10.14 [3.24, ∞) 
 6 17.98 [4.87, ∞) 12.16 [2.99, ∞) 
 7 17.98 [5.27, ∞) 12.32 [2.77, ∞) 
 8 14.31 [4.87, ∞) 12.24 [3.15 ∞) 
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Figure 1.  Median-Unbiased Impulse Response Functions and 95% Confidence Intervals 

U.S. Dollar/British Pound Real Exchange Rate: 1791-1990 
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Figure 1. (Continued) 
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