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Abstract

In this paper I propose to estimate densities with possibly re-
stricted support semi-nonparametrically via semi-nonparametric (SNP)
estimation of densities on the unit interval. The latter will be done
similarly to the approach of Gallant and Nychka (1987), but instead
of using Hermite polynomials I propose to use orthonormal Legendre
polynomials on the unit interval. This approach will be applied to
the mixed proportional hazard (MPH) model, where the duration in-
volved is only observed within brackets, and the distribution of the
unobserved heterogeneity is modeled semi-nonparametrically. Under
mild conditions the MPH model is nonparametrically identified. It
appears that the identification conditions involved also apply to gen-
eralized ordered probability models. I will set forth conditions such
that for both types of models the SNP maximum likelihood estimators
are consistent.

*This is a preliminary and incomplete paper. Please do not quote.
T am grateful to Aleksandr Vashchilko for pointing out an error in a previous version
of this paper.



1 Introduction

In this paper it will be shown that any density A on the unit interval can be
written as h(u) = f(u)?, where f is Borel measurable and has an infinite se-
ries expansion in terms of orthonormal Legendre polynomials. This approach
can be used to approximate more general densities as well: Given a contin-
uous distribution function G(z) with support = C R, any distribution func-
tion F'(z) with support contained in = can be written as F'(z) = H(G(x)),
where H(u) = F(G7'(u)) is a distribution function on [0,1]. Moreover,
if I' and G are absolutely continuous with densities f and g, respectively,
then H is absolutely continuous with density h(u), and f(x) = h(G(z))g(z).
Therefore, f(z) can be estimated semi-nonparametrically by estimating h(u)
semi-nonparametrically. The role of G and its density ¢ is to fix the support
of f.

This approach will be applied to the mixed proportional hazard (MPH)
model, where the duration is heavily censored in that it is only observed
within brackets. The survival function of the MPH model takes the form
H (S(t)), where S(t) is the survival function of the proportional hazard model
without unobserved heterogeneity, and H is an absolutely continuous distrib-
ution function on the unit interval. The density h of this distribution function
H will be modeled semi-nonparametrically. I will set forth conditions under
which the parameters of the systematic and baseline hazards are nonpara-
metrically identified, and the maximum likelihood estimators involved are
consistent.

In Section 2 the Legendre polynomials will be introduced, and in Section
3 I will show how density and distribution functions on the unit interval can
be represented by linear combinations of Legendre polynomials. In Section
4 T will discuss the MPH model and its nonparametric identification under
bracketing. It appears that the identification conditions involved also apply
to generalized ordered probability models. See Section 5. In Section 6 I
will sketch the requirements for consistency of the SNP maximum likelihood
estimators. One of the requirements is that the space of density functions
h involved is compact. Therefore, in Section 7 I will show how to construct
a compact metric space of densities. In Section 8 I will prove general con-
sistency results for M estimators of (partly) non-Euclidean parameters, and
specialize these results to MPH models and ordered probability models. Fi-
nally, in Section 9 I will briefly discuss what can be done if the covariates
have finite support.



2 Orthonormal polynomials

2.1 Hermite polynomials

Gallant and Nychka (1987) consider SNP estimation of Heckman’s sample
selection model, where the bivariate error distribution of the latent vari-
able equations is modeled semi-nonparametrically using an Hermite expan-
sion of the error density. In the case of a density f(z) on R this Hermite
expansion takes the form f(z) = ¢(z) (Xeoy veHe(x))?, with Y252 72 =
1, where ¢(x) is the standard normal density and the Hy(x)’s are ortho-
normal Hermite polynomials!. These densities can be approximated arbi-
trarily close by semi-nonparametric (SNP) densities of the type f,.(z) =
d(x) (0 e Hi(x))?, where S7_, Yin = 1. In principle we can trans-
form the densities f(x) and f,(z) involved to densities on the unit interval.
For example, let for u € [0,1], h(u) = (uw(l —u))"" f (In (u/(1 —u))) and
ho(u) = (u(1—u))"" f, (In(u/(1 —u))). However, the problem is that in
this case the uniform density hA(u) = 1 can only be represented as a limit of
hy(u). The uniform case is of interest because if G(x) is an initial guess of
the unknown distribution F'(x) then the guess is right if h(u) = 1. In par-
ticular, in the MPH case the uniform distribution corresponds to absence of
unobserved heterogeneity. Therefore, I will use a different approach based
on orthonormal Legendre polynomials on the unit interval.

2.2 Legendre polynomials

A convenient way to construct orthonormal polynomials on [0, 1] is to base
them on Legendre polynomials P,(z) on [—1, 1]. For n > 2 these polynomials
can be constructed recursively by

(2n—1)2.P1(2) — (n — 1)P,_o(2)

Pu(z) = n

(1)

starting from
P[)(Z) = 1, Pl(Z) = Z.

'Hermitian polynomials P,(x), 2 € R, can be generated recursively by P, i(z) =
2xP,(x) — 2nP,_s(x) for n > 2, starting from Py(z) = 1, Pi(x) = 2z, and satisfy
ffooo exp (—2%) Py(2)Pp(2)dz = I(n=m)2"nl\/m, where I(.) is the indicator func-
tion. See, e.g., Hamming (1973). Denoting H,(z) = P, (x/ﬂ) /27! it follows that
2 d(@)Hu(z)Hpm(z)dz = I (n=m).



They are orthogonal, but not orthonormal:

/_1 Pul2) Pu(2)dz = { g/(2n +1) Z; Z i Zf (2)

See, e.g., Hamming (1973).
Now define for u € [0, 1],

pn(u) =v2n + 1P, (2u — 1). (3)
Then it follows from (2) that the polynomials p,(u) are orthonormal:
1 .
0 if k#Em,
[ mtwpntan={ ] 4 57 (@)
and from (1) that for n > 2 they can be computed recursively by
V2n —1y2n + 1 (n—1)v2n+1
n = 2u —1)pp— - n— ) 5
starting from
po(w) =1, pr(w) = V3 (2u—1). (6)

3 Density and distribution functions on the
unit interval

3.1 Polynomial representation

Every density function h(u) on [0, 1] can be written as h(u) = f(u)?, where
fol f(u)?du = 1. In Theorem 1 below I will focus on the characterization of
square-integrable functions in terms of the Legendre polynomials py(u), and
then specialize the result involved to densities on [0, 1].

Theorem 1. Let f(u) be a Borel measurable function on [0,1] such that
fol fu)?du < 00, and let v, = fol pr(w) f(u)du. Then Y po Vi < oo, and the

2Note that this integral is the Lebegue integral.
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set {u € [0,1]: f(u) # > reompr(u)} has Lebesgue measure zero. In other
words, the Legendre polynomials pg(u) on [0, 1] form an complete orthonormal
basis for the Hilbert space L%(0,1) of Borel measurable real functions on [0, 1].

The proof of Theorem 1 is based on the following straightforward corollary
of Theorem 2 in Bierens (1982):

Lemma 1. Let fi(u) and fo(u) be Borel measurable real functions on [0, 1]
such that

/]fl |du<oo/ | fa(u)] du < oc. (7)

Then the set {u € [0,1]: fi(u) # fo(u)} has Lebesque measure zero if and
only if for all nonnegative integers k,

/O . f1(w)du = /O . o) du. (8)

Now let in Lemma 1, fi(u) = f(u) and fo(u) = > poyVepr(u),where
Ym0 < oo. Then it follows from Liapounov’s inequality and the ortho-
normality of the py(u)’s that

/!fz ) du < / S (w)2du =

Similarly, it follows from the condition fo u)?du < oo in Theorem 1 that
fo | f1(u ]du < 0.

Each u* can be written as a linear combination of po(u), p1(u), ..., pr(u)
with Fourier coefficients fol uFp,,(u)du, m = 0,1, .., k, hence condition (8) in
Lemma 1 is equivalent to

[ st = [ ot

for k = O, 1,2, .... The latter integral is equal to . Therefore, choose v, =
fo pr(uw) f(u)du. The condition > 2 72 < oo follows from the fact that

oo
Z Vi < oo.
k=0
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fol( Flu) = S0y ypoe(u))? du is minimal for ~;, = fol pr(u) f(u)du, so that

for all natural numbers n, > ;77 < fo u)?du < oo. Therefore, the con-
ditions of Lemma 1 are satisfied.

Recall® that, more generally, the real Hilbert space L?(0,1) is the space
of square- integrable Lebesgue measurable real functions on [0, 1], i.e., f €
L2(O 1) 1mp11es fo u)?du < oo, endowed with the inner product ( f g>

fo u)du and associated metric

If =gl = \//O (f(w) = g(u)* du (9)

and norm || f||, . Moreover, recall that Borel measurable functions are Lebesgue
measurable because Borel sets are Lebesgue measurable sets.* Therefore, the
subspace L%(0, 1) of Borel measurable real functions in L?(0,1) is a Hilbert
space itself.

Every density function h(u) on [0, 1] is Borel measurable because, with
H the corresponding distribution function,

h(u) = I}l_)rgok (Hu+k™") — H(u)),
which is a pointwise limit of a sequence of continuous (hence Borel measur-
able) functions and therefore Borel measurable itself. Consequently, every
density function h on [0,1] can be written as h(u) = f(u)?, where f(u) a
Borel measurable real function on [0, 1] satisfying fo u)?du = 1.

Of course, this representation is not unique, as we may replace f(u) by
f(u)¢pp(u), where for arbitrary Borel subsets B of [0,1] with complement
B =[0,1\B,

¢p(u) =I(u € B) — I(u € B), (10)

This is a simple function, hence f(u)pg(u) is Borel measurable. Therefore,
any Borel measurable function f on [0,1] for which h(u) = f(u)? is a density
on [0, 1] can be written as

f(u) = ¢p(u)y/h(u),

3See for example Young (1988, pp. 24-25).
4See for example Royden (1968, pp. 59 and 66)




with ¢p(u) a simple function of the type (10). Hence, any density h(u) on
[0,1] can be represented by

h(u) = <Z %Pk(’@) , with ZV}% =1 (11)

Since by Theorem 1 f(u) can be written as f(u) = >, ypr(u), where
Tk = fol pr(u) f(u)du, we can always choose B is such that

w = [ stdn= [ at/A (12
IQLV%@MU—A;ﬂ%&M>O

This is useful, because it allows us to get rid of the restriction > > 72 = 1
by reparametrizing the v;’s as:

O

e = = )
VIED 2, 6

1
Y = o) )
VI+ 26

where Y 77 62 < oo. However, because there are uncountable many Borel
subsets B of [0, 1] for which (12) holds, there are also uncountable many of
such reparametrizations. Thus,

k=1,2,3, .., (13)

Theorem 2. For every density function h(u) on [0, 1] there exist uncountable
many infinite sequences {8y} satisfying Y pe, 67 < oo such that

h(u) = (A4 22 bupi(w)” a.e.on [0, 1]. (14)

L+, 6

3.2 SNP density functions on the unit interval

For a density h(u) with one of the associated sequences {6}, let

ho (1) = R (ul6) = “*E’filg_’“fgé“)) 6 =(60,.06,) . (15)
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It is straightforward to verify that

Theorem 3. For each density h(u) on [0,1] there exists a sequence of
densities hyp(u) of the type (15) such that lim, fol |h(u) — hp(u)| du = 0.
Consequently, for every absolutely continuous distribution function H(u) on

[0,1] there exists a sequence of absolutely continuous distribution functions
H,(u) = [ ha(v)dv such that limy, . Supg<,<; | H(u) — Hy(u)| = 0.

The density functions of the type (15) with a finite n will be called SNP
density functions, and the corresponding distribution functions H,(u) =
o hn(v)dv will be called SNP distribution functions.

As we have seen in Theorem 2, the densities (14) have uncountable many
equivalent series representations. This is no longer the case for SNP densities:

Theorem 4. The parametrization of the SNP densities is unique in the
sense that if for a pair 61,69 € R™, h,(u|d1) = hp(u|62) a.e. on [0,1], then
61 = 62.

This result follows easily from the fact the number of roots of a polynomial
of order n cannot exceed n.

3.3 Computation of SNP distribution functions on the
unit interval

The distribution function H,(u|6) = [ ha(v|6)dv, with h, given by (15) can
be written as
Y1 T Smpm(v)d 1,8) A, ;
Hn(u|6> — fO ( + Zm:ln p (U>> v — ( ) +1(U> (5)’ (16)
1+ 1 0 1+66
u € [0,1], 6 = (61,..-,6n),




where

foz po(v)po(v)dv f[)z po(v)p1(v)dv fou po v v
- fo p1(v)po(v)dv f[) p1(v)p1(v)dv f() p1(v)pn(v)d
[ on@polo)ds [ pupn(@de [ pulo

Because p,,(u) is a polynomial of order m in u, the integral fo Pk (V) prm (v)dv

is a polynomial of order k 4+ m + 1. Therefore, we can write

k+m+1

/ om0 = 3 agmss(u),
where ) .
orms = [ () ( / pk<v>pm<v>dv> du
0 0
with
k+m+1 k+m+1

Z Aem, iP5 (0 Z armipi(1) = I(k =m).

It follows from (6) that the latter two conditions imply

k+m+1

eno = V3hmi + > Grmip;(0) = 0,
=2

k+m—+1
om0 + V3 m1 + Z apmjpi(1) = I(k=m),
j=2
hence
k:-‘rm-i-l
agmo = FI(k=m)—7 Z agm,j (p5 (1) + p;(0))
1 k+m—+1

Ahm1 = 2—\/§I(k=m Z ak,m,j (P (1) — p;(0)).

We can now write
2n+1

n+1 Z AJ n+1PJ



where A;,11 is the (n + 1) x (n + 1) matrix with elements ay,,, ;. Hence,
H,(u|6) is a polynomial of order 2n + 1.
Next, partition the matrices A;, 1 as

U
A= %005 %
J,n+1 — )
djn  Cin

and observe from (6) and the orthonormality of the p;(u)’s that

1 /2 if j=0,
o0, = / piluudu = 5= if j=1,
0 0 if j>2.

Then H,(u|d) can be written as

U+ Z?igl (26,dj,n + 5/Cj,n5) Pj ('U,)

H,(ul6) =
(o) 1466

The coefficients ag,, ; for j = 2,...,k +m + 1 can easily be computed in
advance by Monte Carlo integration, as follows. For ¢ = 1,...., M, draw U;

and V; independently from the uniform [0, 1] distribution. Then

apm,j = E [pj(U)I (Vi < Us) pu(Vi) pm(V2)] -
hence, for j =2,....k +m + 1,

M

- 1

Ukmi = 737 ij<Ui)I (Vi <Us) pe(Vi) pu(Vi) = agm,j a.s.
i=1

as M — oo. The estimates of ag 0 and ag,,1 then follow from (17) and
(18).

4 The mixed proportional hazard model with
unobserved heterogeneity

4.1 The MPH model

Let T be a duration, and let X be a vector of covariates. As is well-known,
the conditional hazard function is defined as

ftX)

- rx) ~ M

10



where F(t|X) = P[T < t|X], f(¢t|X) is the corresponding conditional density
function, and fooo A(7, X)dr = oo. Then the conditional survival function is

S(X) = 1 — F(t|X) = exp <— /Ot A, X)dT) |

The mixed proportional hazard model assumes that the conditional sur-
vival function takes the form

(X, o, B) = S(H|X) (19)
_ g [eXp (_ exp (3X + U) /OtA(Tya)dT) ‘ X] |

where U represents unobserved heterogeneity, which is independent of X,
A(t|a) is the baseline hazard function depending on a parameter (vector) «,
and exp(#'X) is the systematic hazard function. Denoting the distribution
function of V' = exp(U) by G(v), and the integrated baseline hazard by

A(t]a):/o A(7|a)dr,

we have
S(t|X,a,B,h) = /000 exp (—v. exp(B' X)A(t|a)) dG(v) (20)
— [ e Cexp@AEa)" d6(0)
= H (exp (—exp(F'X)A(t]e))) ,
where

H(u) = /000 u’dG(v), u € [0, 1], (21)

is a distribution function on [0, 1].
If the unobserved heterogeneity variable V' satisfies E[V] < oo then for
u € (0,1],

/000 vutdG(v) <ut /000 vdG(v) < o0, (22)

so that by the mean value and dominated convergence theorems, H(u) is
differentiable on (0, 1), with density function

h(u) = /00 vu’tdG(v). (23)

0
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This is the reason for the argument A in the left-hand side of (20). Moreover,
(22) implies that h(u) is finite and continuous® on (0, 1]. Furthermore, note
that absence of unobserved heterogeneity, i.e., P[V = 1] = 1, is equivalent
to the case h(u) = 1.

Let the true conditional survival function be

S(t X, ao, Bo, ho) = /Oooexp(—v.exp(ﬁ[’)X)A(t]ao))dGo(v) (24)
= Hy (exp (— exp(FpX)A(t|a)))

where Ho(u) = [; ho(v)dv = [~ u’dGo(v). In the expressions (20) and (24),
h and hg should be interpreted as unknown parameters contained in a para-
meter space D(0, 1), say, of density functions on (0, 1].
Elbers and Ridder (1982) have shown that if X does not contain a con-
stant,
A(tla) = A(t|ap) for all ¢ > 0 implies a = a, (25)

and

/000 vdGo(v) = /000 vdG(v) =1 (26)

(which by (23) is equivalent to confining the parameter space D(0,1) to a
space of densities h on (0, 1] satisfying h(1) = 1), then the MPH model is
nonparametrically identified, in the sense that

S(T|X, a, /80, h) = S(T’X, Qp, /80, ho) a.s.

implies @ = oy and G = G, hence h(u) = ho(u) a.e. on [0,1]. See also
Heckman and Singer (1984) for an alternative identification proof.

For the ease of reference I will call this model the Semi-Nonparametric
Mixed Proportional Hazard (SNP-MPH) model.

4.2 The SNP-MPH likelihood function under bracket-
ing

Let {1},C;, X; }jvzl be a random sample of possibly censored durations 77,
with corresponding censoring dummy variable C; and vector X of covariates.

®The continuity also follows from the dominated convergence theorem.
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The actual duration is a latent variable T > 0 with conditional survival
function
P[T} > t|X;] = S(t| X}, ao, Bo, ho), (27)
where S(t| X, «, 3, h) is defined by (24), ap and [y are the true parameter
vectors and hg is the true density (23). If Cj = 0 then T is observed:
T; = T7, and if C; = 1 then T is censored: T = T; < T¥, where [1,7T]
is the time interval over which individual j has been, or would have been,
monitored. It will be assumed that Tj is entirely determined by the setup of
the survey, and may therefore be considered exogenous, and that
T = lIlf Tj > 0.
j>1
In practice the observed durations 7T; are always measured in discrete
units (days, weeks, months, etc.), so that we should not treat them as con-
tinuous random variables. Therefore, pick M positive numbers b; < by <
... < by <T, and create the dummy variables

Dl,j = I(TJ < bl) (28)
D27j = I(bl < T’] < bg)

Dyj = I(by-1 <T; <by)

where (.) is the indicator function. This procedure is known as bracketing.
For notational convenience, let by = 0 and denote for ¢ = 0,1, ..., M,

pi (e, B'X;) = exp (— exp(B8'X;)A (bila)) . (29)
Note that po (o, 3’ X;) = 1. Then
P[Dz,j = ]-’X]] = S(blfllXj7 Qp, /807 ho) - S(bl|X]7 Qy, 507 hU) (30)
= Hy (pi-1 (@0, B5X;)) — Ho (i (w0, Bo X))
i=1,2,.., M,

P

M
> Dij=0
=1

where Ho(u) = [} ho(v)dv. Thus, the conditional log-likelihood function
takes the form

In(Ly(a, B, h)) (31)

Xj] = S(bm|Xj, ao, fo, ho) = Ho (pamr (o, 5y X)),

13



ZZD H (i1 (a0, BX5)) — H (i (@, B'X5)))

+z(1 ZDU) H (s (0, 9 ,)

with H(u) = |,

4.3 Baseline hazard specification

Note that we do not need to specify A(t|«) completely for all ¢ > 0. It suffices
to specify A(t|a) only for t = by, ...,by. Therefore we may without loss of
generality parametrize A(t|«) as a piecewise linear function:

A(t’a) = A(bi,1|a) + o, (t — bifl) (32)
i—1
= Zak (bk; — bk_1> + (t — bi_1> for t € (bi—l, bz],
k=1

am > O0form=1,..,M, a=(ay..ay) €RM,

There are of course equivalent other ways to specify A(b;|«). For example,
let

A(bj|a) = Z Oy iy >0form=1,..., M, (33)
m=1
or
Albila) = exp(ay), a1 < ag < ... < apr, (34)

Albola) = A(0]a) = 0.

The advantage of the specification (32) is that the null hypothesis a; =
... = ayy corresponds to the integrated Weibull hazard A(tla) = ayt. In
that case exp (6'X) A(tla) = exp (In(ay) + 5/ X) ¢, so that In(ay) acts as a
constant term in the systematic hazard.

However, the specification (33) is useful for deriving identification condi-
tions, as will be shown in the next subsection. The same applies to (34).

Note that under specification (34) the probability model (30) takes the
form of a generalized ordered probability model, similarly to an ordered pro-
bit or logit model:

P[Dy; = 1|X;] = Fo (6o X; + ao,1)

14



P[Di,j = HXJ] = FO (ﬁ[/)XJ + Oé[)ﬂ'> — F[) (ﬁ(l)XJ + 04071‘_1> 5 = 2, ceey M,

P ZDi,j =0 Xj] =1— Fo (B X; + aou) (35)
where
Fy (z) =1 — Hy (exp (—exp(z))), (36)
with density
fo(z) = ho (exp (— exp(z))) exp (— exp(z)) exp(z). (37)

This case makes clear that we cannot allow a constant in the vector Xj,
because the constant can be absorbed by the ag;’s in (35). Moreover, for the
identification of ag and fy in (35) it is necessary to normalize the location
and scale of the distribution Fj (z) .

These normalization conditions will be considered in the next subsections.
In addition, we also need to require that 3).X; = #'X; a.s. implies 8 = . A
sufficient condition for the latter is that the matrix E[X;X7]] is well-defined
(which is the case if E[X}X;] < co) and is non-singular:

Assumption 1. The vector X; of covariates does not contain a constant,
and E[X};X;] < co. The matriz E[X;X}] is nonsingular.

4.4 Nonparametric identification via extreme values

First, let us assume that A(b;|«) is specified as (33). It follows easily from
the inequality In(z) < z — 1 if x > 0 and = # 1, and the equality

E [LN(O[,ﬂ, h)/LN(Oéo,ﬂo, hg)’Xl, ---:XN] =1 a.s.

that
E[N~'In(Ln(ev, 3,h)/Ly(c, Bo, ho))| X1, ... Xn] <0

if and only if

15



P

H(exp (_expgx (Zamm
:HU(GXP(_exp X, (zaom»)‘ .]<1.

This implies that
B [N~ In (Ly(a, B, h)/ Ly (o, fo. ho))] = 0 (38)

H <exp <_exp ) (Z))) )
~n, (exp (_exp (i (Z)))

a.sfori=1,.... M,

where X = Xj.

Now the question arises: Does (39) imply that a = ag, [ = [y and
H = Hj, and if not, which additional conditions are needed to achieve iden-
tification?

For i =1, (39) reads

H (exp (—exp (0'X) a1)) = Ho (exp (—exp (64X ) 1)) a.s.  (40)

if and only if

Let
() = In (" (Hy (u)) (a)
Then it follows from (40) that
a; =—exp(—F'X)T (exp (—exp (5;X) ao1)) - (42)

Taking the derivative to X' it follows that
0 = Bexp(—F'X)T (exp(—exp(B;X) 1))
+ap exp (—5'X) T’ (exp (— exp (6,X) ao,1))
x exp (— exp (5,X) ao,1) exp (5X) 3
= —f+ ag1exp ((50 - 5) ) X) Y’ (exp (—exp (5 X) ap,1))
x exp (— exp (6,X)) Bo

16



hence

B = agiexp ((Bo— ﬁ)’X) T’ (exp (—exp (65 X) 1)) (43)
x exp (—exp (GyX) 1) Bo-
If By # 0 then (43) implies that
¢ = agrexp ((Bo—B) X) T (exp (—exp (3X) o, 1)) (44)
X exp (—exp (6 X) ag 1)

is constant and thus
B = c.0o. (45)
Note that ¢ > 0 because T is monotonic increasing. Substituting (45) in (42)
yields
agexp (¢4, X) = =7 (exp (—exp (B X) a0 1)) , (46)

which by (41) implies that
Hy (exp (—exp (B3 X) 1)) = H (exp (— exp (¢fyX) 1)) a.s.
or equivalently
Hy (u) = H (exp (—anaq§ (In(1/u))%)) (47)

for all u in the support Sy of U = exp (—exp (5, X) ao1) -
Now suppose that

Vz €R, PIBX; <a]>0 (48)

and
ho(1) = h(1) = 1. (49)

Recall that (49) corresponds to the condition that E[V] = 1. The condition
(48) implies that S; contains a sequence u,, which converges to 1. Hence, it
follows from (48) and (47) that

H[) (1) — HO (Un>

L= ho(l) = nh—>nolo 1—u (50)
~ lm H(1)-H (exp (—alaaﬁ (ln(l/un))c))
n—00 1—u,
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1—exp (—arag$ (In(1/uy,))°)

= h(1) lim !
n—oo — Up
co . _ c e—1 1
= —1 — 7 (In(1 In(1 —
ot e (aeqs (1)) On(1/n) 7
. 0 if e>1,
= Tl.limzc_lz 00 if c<1,
aO,l =0 041/040’1 Zf c=1.

Therefore, (48) and (49) imply that ¢ = 1, a; = a1, § = [ and

H (exp (—exp (8X) ao1)) = Ho (exp (— exp (5, X ) ap.1)) a.s.

Since now 3y and o ; are identified, the next question is: Does

H (exp (—exp (8 X) (a1 + a2))) (51)
= Hy (exp (—exp (54 X) (o1 + 2))) a.s.

imply as = ap2? Let Sy be the support of U = exp (—exp (5, X) (a1 + 202))

and let
Qg — Q2

Qp1 + Qo
Then (51) implies that H (u!™) = Hy (u) for all u € S5. Under condition (48)
there exists a sequence u,, in Sy which converges to 1. Therefore, similarly
to (50) we have

Hy (1) — Ho (un)

1 = he(l) = lim

n—oo 1_U’n
H (1) — H (ul+n 1 — yltn
_ g AW ZHOT) gy L2
n—00 ]_—un n—00 ]_—’U,n

Hence, under the conditions (48) and (49) , n = 0 and thus as = op.
Repeating this argument for ¢ = 3, .., M, it follows that a = oy and

Hy (exp (—exp (3yX) o)) = H (exp (— exp (80X ) ap,i)) a.s.

fori=1,..., M.
Since (32) and (33) are equivalent for ¢ = b;, it follows now that:
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Theorem 5. Let the integrated baseline hazard be specified by (32). Then
under Assumption 1 and the conditions (48) and (49),

E [N_l In (LN(avﬂv h)/LN(Oéo,ﬂO, ho))] =0
mmplies that o = oy, = [y, and
H (exp (— exp (6X;) Abilaw))) = Ho (exp (—exp (5X;) A(bi|ao)))  (52)

a.s. fori=1,...,M. If in addition the support of (3,X; is the whole real line
R then (52) implies that h(u) = ho(u) a.e. on (0,1].

Admittedly, condition (48) is often not satisfied in practice. In most
applications the covariates are bounded and discrete, and often quite a few
of them are dummy variables. In unemployment duration studies one of
the key covariates is the age of the respondent, which is expected to have
a negative coefficient. But even age is a bounded variable, and is usually
measured in discrete units (e.g., years). In that case the MPH model may
not be identified. The case where the distribution of the covariates is dicrete
will be dealt with later, in Section 9

Since the result that h(u) = ho(u) a.e. on (0, 1] will be needed to prove
consistency of the SNP maximum likelihood estimators of ag, By and hg, I
will assume that

Assumption 2. The support of ByX; is the whole real line R.

The condition (49) is only effective in pinning down «q and fy if U;; =
exp (—exp (65 X;) A(b;|ap)) can get close enough to 1. Thus, the identifica-
tion hinges on the extreme values of §)X;. Under Assumption 2 it follows
that plimy_,.o min;—y _y 5,X; = —o0, hence plimy_,o, max;_;  nU;; = 1,
but in finite samples max;—;, . n U;; may not get close enough to 1 for condi-
tion (49) to be effective. Therefore, I will now derive alternative identification
conditions.
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4.5 Nonparametric identification via moment condi-
tions

Consider the generalized probability model form (35) of the SNP-MPH model
under review. Let F(z) be a distribution function of the type (36),

F(z) =1— H (exp (—exp(z))) (53)
with density

f(z) = h(exp (—exp(z))) exp (— exp(x)) exp(z), (54)

where H (u) is a distribution function on [0, 1] with density h(u), and assume
that for some constants 0 > 0 and p € R,

F(ox 4+ pu) = Fo(x). (55)

Clearly, under Assumptions 1-2 the SNP-MPH model in generalized prob-
ability model form (35) is nonparametrically identified if (55) implies p = 0,
o = 1. Taking derivatives of (55) it follows that (55) implies

folx) = ho(exp (—exp(x))) exp (— exp(z)) exp(z)
= oh(exp(—exp(oz + p))) exp (— exp(ox + u)) exp(ox + p)
= of(ox+ p) ae.,

hence it follows from (37) and (54) that for any function ¢ on R for which
[ o(x) fo(z)dz is well-defined,

/0 o (In (1n (1)) ho(us)du (56)
_ / " (@) fola)de = o / " (@) flox + p)da

Nl

_ /1¢ (ln(ln(l/u)) —u) () du.

g

If we choose () = = then (56) implies

/Oln(ln(l/u))h(u)du:a/o In (In (1/w)) ho(u)du + p, (57)
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and if we choose p(z) = x? then (56) implies
o? /o (In (In (1/w)))? ho(u)du = /o (In (In (1/u)))* h () du

_ QM/O In (In (1/u)) b () du + 122

Now assume that

/Oln(ln(l/u))h(u)du _ /Oln(ln(l/u))ho(u)du,
/O(ln(ln(l/u)))zh(u)du = /O(ln(ln(l/u)))zho(u)du.

Then it follows from (57) and (59) that
1
p=(1- O')/ In (In (1/u)) ho(u)du
0
and from (58) through (61) that

(o* = 1) / (i (i (1/u)))? olur)d
= (0" - 1) </011n (1I1(1/U))ho(u)du)2,

The latter equality implies o = 1 because
2

/01 (In (In (1/u)))* ho(u)du > </01 In (hl(l/U))ho(u)du) ,

and it follows now from (61) that u = 0.

(62)

Note that the values of the integrals in (59) and (60) do not matter
for this result, provided that the integrals involved are finite. In order to
accommodate the benchmark case ho(u) = h (u) = 1, which corresponds to
absence of unobserved heterogeneity, let us now assume that the density h
in the log-likelihood function (31) is confined to a space of density functions

h on (0, 1] satisfying the moment conditions

/Oln(ln(l/u))h(u)du = /Oln(ln(l/u))du,
/0(1n(1n(1/u)))2h(u)du = /0(ln(ln(1/u)))2du,

21

(63)

(64)



It is obvious from the easy equalities

/0 (In(In (1/u)))’ du = /_00 aP.exp(z) exp (— exp(x)) dz,

o0

p = 1,2

that the right-hand side integrals in (63) and (64) are finite. Their values are
1
/ In(In(1/u))du = —0.577189511,
0
1
/ (In(In (1/u)))?du = 1.981063818,
0

which have been computed by Monte Carlo integration.

The moment conditions (63) and (64) can, at least in theory, be imple-
mented by penalizing the log-likelihood function (31) for deviations from
the moment conditions involved by augmenting the log-likelihood function
In (Ly(a, B, h)) with two penalty terms:

In (L}‘V(aaﬂa h)) =In (LN(avﬂv h)) (65)

N </01 In (In (1/u)) h (u) du — /Olln (ln(l/u))du>2£
20

N </01 (In (In (1/u)))? B () duu — /01 (In (In (1/u)))? du)

for some integer ¢ > 1. Then, similar to Theorem 5, we have:

Theorem 6. Let the integrated baseline hazard be specified by (32) and the
penalized log-likelihood function Ly («a, 3,h) by (65). Under Assumptions 1-
2, E[N"'In(Ly(a, B,h)/Liy(co, Bo, ho))] = 0 implies that o = ao, B = fo,
and h(u) = ho(u) a.e. on (0,1].

6Using one million random drawings from the uniform [0, 1] distribution.
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4.6 Moment conditions for SNP density functions
For SNP density functions (15) the moment conditions (63) and (64) read

<1+25k>/ (In (In (1/w)))? hy, (v) du
_ /(ln(ln(l/u)))pdu+225k/ (In (In (1/)))? pr(u)du

0 k=1 0

#3250 [ mn 0 0) i) 8,

= <1+252>/ (In (In (1/w)))" du

for p =1 and p = 2, respectively. Hence, denoting

d, = ( [ @)y s, | anan(l/u)»ppn(u)du)
J2 (I (I (1)) pr()pr () -~ (1o (1o (1/)))? pa ()pn ()

Ji 0 (O (La))? pudpr (- 2O (in (/)P pu(w)pn(u)d
—/O (In (In (1/w)))* du.I,,
the conditions (63) and (64) with h replaced by (15) are equivalent to

26’&,171—{—5/3%15 = O,
25/an,2+5’Bn,26 = O,

respectively, where § = (61, ...,6,)". Therefore, if we replace h in (65) by
hn(.|6) , the penalized log-likelihood can be written as

In (Li(a, 8, ha(.16))) = In (Ln (e, B, ha(.]6))) (66)
v (200 8Bt * N (20an2 + 8'Baab >
1+ 86 1+ 66

for some integer ¢ > 1.
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If we would assume that for some fixed n, ho(u) = hy(u|dy), so that
hn(uldy) is treated as a parametric specification of the density ho(u), and if
we choose ¢ > 2, then

lim Var
N—oo

< 1 aln(L’;v*(ao,ﬂo,hn(-léo))))
VN 0 (ag, By, 6)

. 1 81D(LN(O[0,ﬂ0,hn(.’6[)>>>)
=1 Vv
Novoo ”””(m 9 (a, Bh, &)
and
lim E <__182 ln,(Lt]\?(OjU; ﬂovftn([éo)/)))
N—oo N 9 (ag, By, 0p) 9 (g, By, 0p)

T <—_1 &2 1n (LN(Oéoa/ﬁoa hn(’%)))) ‘

N—oo  \ N 9 (ag, By, &) 9 (g, B, &)
Consequently, the penalized ML estimators of ag, 3y and 6y are then asymp-
totically efficient. Therefore, I advocate to choose ¢ = 2.

Finally, note that the vectors a,, and matrices B, , can easily be com-
puted in advance by Monte Carlo integration.

5 Ordered probability models

Ordered models apply to discrete dependent variables Y representing an
ordering of items. For example, let Y be the outcome of a taste test, coded
like Y = 0 & disgusting, Y =1 < bad, Y =2 < OK,Y = 3 < good,
Y =4 < delicious. In this case Y is not a quantity, but nevertheless a larger
value of Y means more, or better. This type of data is usually modeled
conditional on covariates via a latent variable model:

Y* = _ﬂ(/)X - +¢,

where X is a vector of covariates, exclusive a constant, and ¢ is an inde-
pendent error term with distribution function Fy(.). The conditional prob-
abilities P[Y < m|X] for m = 0,1, ..., M, are assumed to be related to the
conditional distribution of the unobserved latent variable Y* by

PlY =0|X] = P[Y" <0[X]= Fy(y + 6 X), (67)
Py =1|X] = P[0<Y*<&|X]
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= Fo(1 +10 + By X) — Folyo + B X),
PlY =m|X] = P61 <Y* <6,|X]
= Fo(0m +70 + BoX) — Fo(dm—1 + 70 + 5 X)
form=2..,M-1,
PlY =M|X] = P[Y*> by a|X]=1— Fo(bp—1+ 7 + 3X),

where 0 < §; < ... < 8p—1. If F(.) is specified as the c.d.f. of the standard
normal distribution or the logistic distribution we get the well-known ordered
probit and logit models, respectively.

Now let

where G(z) is a given distribution function on R, for example, let G(x) be
the Logit or Probit function, and the distribution function Hy(u) on [0, 1]
is left unspecified, except for normalization conditions. This model will be
referred to as the Semi-Nonparametric Ordered Probability (SNPOP) model.
Denoting D,,; = I(Y; = m — 1) for m = 1,..., M, where I(.) is the
indicator function, and
ap1 = b0, Qom = Om_1+ 70 form=2,.... M, (68)
Q.1 < 0,2 < ... < O, M

the SNPOP model involved takes the form (35), hence the log-likelihood
function involved takes the form

In (LN(a B,h)) (69)

_ZZI =i —1)In(H (i1 (o, BX;)) — H (s (a, 8'X;)))

7j=1 =1

Z (Y; = M) In (H (pas (v, B'X;)))

where again p (o, 5'X;) = 1 but now
wi (o, 0X;) =1-G(ay + 5Xj).

The main difference with the SNP-MPH model is that moment conditions
(59) and (60) need to be adjusted, because these moment conditions corre-
sponded to the special case G(z) = 1 —exp (— exp(x)) . These conditions now
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become
/OGl(l—u)ho(u)du - /OGl(l—u)h(u)dm
[ a-ayhwa = [ (@ 0-u)hwa

0

Again, in order to accommodate the uniform case hg (u) = h(u) = 1, we
should confine the densities hg and h to the space of densities satisfying

/01 G (1—u)h(u)du = /01 Gl = /Oo e ()

o0

/01 (G (1 —u)’h(u)du = /01 (G (1 —w)® du (71)
= /_00 ?dG(x),

[e.9]

and similar to the SNP-MPH model case we can impose these conditions by
penalizing the log-likelihood:

In (L}(\l(avﬂv h)) =In (LN(aaﬁv h)) (72)

N (/OlG‘l(l — ) (u) du — /:xdG(m))%
- N (/01 (G (1 —w)*h (u) du — /oo x2dG(m))2£.

—00

In particular, if GG is the logistic distribution function,
G(z) =1/ (1 +exp(—x)), (73)

then G (1 —u) =1In((1 —u) /u), so that in that case,

1 . 00
/ In (1 u> du = / zdG(z) =0
0 u —o0
! 1—u\\’ o
/ (ln < )) du = / 22dG(z) = 3.293257190.
0 u —0o0

The latter value has been computed by Monte Carlo integration.
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Thus, similar to Theorem 6 we have:

Theorem 7. Let L} (a, 3, h) be the penalized log-likelihood (72) of the SNPOP
model (67), with oy defined by (68). Under Assumptions 1-2,

E[N7'In(Ly(a, 8,h)/Ly(ao, Bo, ho))] =0

implies that o = ap, 8 = fo, and h(u) = ho(u) a.e. on (0,1].

6 Requirements for consistency of SNP max-
imum likelihood estimators

In both the SNP-MPH and SNPOP cases we can write the (penalized) log-

likelihood as
N

In (Ly(a, B, h)) =Y W(Y;, a8, h),

j=1
where Y; = (Dl,j, s DM,j,XJ’-)/. In the case (31),
(Y, o, B, h) (74)

- Z DI (H (i1 (, B'X;)) — H (i (, 8'X;)))

+ (1 - ZD17]> In (H (PJM (Oé,ﬁ,Xj») - H(h)v

where II(h) represents the two penalty terms. The function ¥(Y;, o, 5, h) in
the SNPOP case takes a similar form.
The maximum likelihood estimators of ag, By and hg are

~ 27\ _ -1 *
(a.8.%) —arg _ max o NHn(Ly(o,0,h) (75)

where A and B are compact parameter spaces for a and (3, respectively,
containing the true parameters: ay € A, fy € B, and the space D(0, 1) is
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a compact metric space of density functions on [0, 1], containing the true
density hg. The space D(0, 1) will be endowed with the metric

1
I = hall, = [ (@) = ha(u)| (76)
0
Let .
U(a, B,h) = E[U(Y},a,3,h)]. (77)
To prove the consistency of the ML estimators, we need to show first that
p Jim T(@,5,h) =¥ (ao, o, ho). (78)

Similar to the standard consistency proof for M estimators it can be shown
that if ¥ is continuous and («o, By, ho) is unique then (78) implies that

plimy_e0 @ = g, plimNﬁooB = [y and plimy_, H/f; — ho = 0.

In general it will be impossible to compute (75) because it requires to
maximize the log-likelihood function over a space of density functions. How-
ever, there exists an increasing sequence Dy (0, 1) of compact subspaces of
D(0,1) such that the densities in Dy (0,1) can be parametrized by a finite
(but increasing) number of parameters, namely a space of densities of the
type (15), where n = ny is a subsequence of N, and the §’s are confined to

a compact subset of R™~. Then

<54, B,ﬁ) = arg max N~'In (Ly(a, B, h)) (79)

a€A,BB,heDn(0,1)

is feasible. This is known as sieve estimation. Moreover, it follows from
Theorem 3 that we can choose a sequence of densities hy € Dy (0, 1) such that
limy_o0 ||hn — hol|; = 0. This result can be used to prove that plimy_,.c & =

(%)) and pthHooB = /8[), and pth*)oo H% — hOH =0.
1

The crux of the consistency problem is twofold, namely: (1) how to make
the metric space D(0, 1) compact; and (2) how to prove (78). These problems
will be addresses in the next sections.

7 Compactness

Consider the space of density functions of the type (14), subject to the con-
dition Y2, 62 < co. This condition can easily be imposed, for example by
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restricting the 6;’s such that for some constant ¢ > 0,

|0k < m, (80)

because then S°5° 67 < 2+ 2372 k7 (In(k)) % < 4 ¢2/1n(2) < oo,
The conditions (80) also play a key-role in proving compactness:

Theorem 8. Let D(0,1) be the space of densities of the type (14) subject
to the restrictions (80) for some constant ¢ > 0, endowed with the metric
|h1 — he|, = fol |h1(u) — ha(u)|du. Then D(0,1) is compact.

Theorem 8 follows from the following lemmas:

Lemma 2. Let £ = {&},0, be a given sequence of positive numbers satisfy-
mg

G>1, ) & <o, (81)
k=1

and let F¢ be the set of functions f(u) = pe o vepr(u) in LE(0,1) for which
Y € [k, &), kK = 0,1,2,...., endowed with the metric (9). Then F¢ is
compact.

Proof: It suffices to prove that F¢ is complete and totally bounded. See
Royden (1968, Proposition 15, p.164).

To prove completeness, let f,(u) = > -, YnrPr(w) be an arbitrary Cauchy
sequence in F. Since f,(u) is a Cauchy sequence in the Hilbert space L%(0, 1)
it converges to a function f(u) = > 22, mper(u) in LE(0,1). Now F¢ is com-
plete if f € F¢. Thus, we need to show that v, € [—&, &) for all k£ and
DoV =1

To prove 7. € [~€. &), note that [|f — £ll, = /S50 (s — 30)° = 0
implies that for each k, v,r — 7. Since Y € [—&k, & it follows that

Vi € [—Eks k) -
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To prove " (v = 1, let € € (0,1) be arbitrary. Since ) " i, =
L= Ve > 1 =370 & we can choose m so large that uniformly
inn, 0<1->7", 7,2% < ¢. Since for k = 0,1,...,m, Yok — V&, it follows
that 0 <1—3"7" (72 < e. Thus lim,, e Y 1 7i = 1. Hence F¢ is complete.

To prove total boundedness, let € > 0 be arbitrary and let F¢, be the
space of functions f,(u) = > 7_,vkpr(u) such that >, 72 < 1 and 7 €
[—&k, &), k= 0,1,2,....,n. Choose n so large that > .° & <e. Then for
each f € F, there exists an f,, € F¢, such that ||f — f,|, < €. The set of
vectors ¥ = (Y0, V1, ---, Vo) satisfying v € x7_y [—&k. k), ¥y < lisaclosed an
bounded subset of R"™ and is therefore compact, and consequently, F¢ ,, is
compact. Therefore, there exists a finite number of functions fi, ..., far € Fep
such that

Fen C UM {f € FEO,1): If — fil, < <)

This implies that

Fe © UL {f € FEO.D) I = filly < 2¢}
C UL {f e L0,1) : If = filly < 26},
hence F¢ is totally bounded. Q.E.D.

Lemma 3. Under condition (81) the space

_ 1+ 2211 Orpr(u) §2 < 52}

- 0 Y k k
VI+D 0 8

endowed with the metric (9) is compact.

ﬁz{ﬂfw

Proof: 1t follows from (13) and (81) that

52
2 — k < 2 k>1
Yk 1+ZZC>:15]3_§I€’ - b
1
1

2
vy 2 ———— >0, (82)
0 1+, &
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hence 77 C Fe.

For a metric space the notions of compactness and sequential compact-
ness are equivalent. See Royden (1968, Corollary 14, p. 163). Sequential
compactness means that any infinite sequence in the metric space has a con-
vergent subsequence which converges to an element in this space. Therefore,
any infinite sequence f, € .7-": C F¢ has a convergent subsequence

14D Ok (W)
\/1 + ZZO:I 5]%,mn

S (0)

with limit -
fu) = Z%Pk(U) € F¢(0,1).
k=0

It is easy to verify that

1 1
Yo = lim > — >0,
e AT R, VTS
Ok,m .
Y = lim o = lim Ogm,, k> 1.

EREVEED Dt S
Denoting 6 = vx/v0 we can write f(u) as

L4 D0 epn(u)
VI+ 26
where 62 = lim,, ., 67

rm, < &, so that f € F}. Thus F is sequentially
compact and hence compact. Q.E.D.

f(u)

Lemma 4. The space D¢(0,1) ={h:h=f? fe fg} of density functions
on [0,1] endowed with the metric (76) is compact.

Proof: Tt follows from Schwarz inequality that for each pair of functions
fi9 € Fg,

/0 | F(u)? — g(u)?| du (83)
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/|f )| (u rdu+/ () — g(u)||g(us)| du

g\/ / (f () — g(w))* du \/ / f<u>2du+\/ / g(wdu
- 2\/ [ = gt

Let h,, = f? be an infinite sequence in D¢ (0, 1). Because F, ¢ 1s compact, there
exists a subsequence f,, which converges to a limit f in F¢, hence it follows
from (83) that h,,, = f2 converges to h = f?. Thus D¢(0, 1) is sequentially
compact and therefore compact. Q.E.D.

We can choose & such that D(0,1) C D,(0,1). It is now easy to verify
that D(0, 1) is sequentially compact and therefore compact. Q.E.D.

Of course, the result of Theorem 8 is only useful for our purpose if the
constant ¢ in (80) is chosen so large that

Assumption 3. The true density hg is contained in D(0,1).

Finally, it follows now straightforwardly from Theorem 3 that the follow-
ing result holds.

Theorem 9. For a subsequence n = ny of N, let Dn(0,1) be the space of
densities of the type (15) subject to the restrictions (80), with ¢ the same as
for D(0,1). For each N, Dy(0,1) is a compact subset of D(0, 1), and for each
h € D(0,1) there exists a sequence hy € Dy(0,1) such that limy_, fol |h(u)—
hn(u)| du = 0.
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8 Consistency of M-estimators of non-Euclidean
parameters

I will now address the problem how to prove (78). To relate (78) to Theorem
10 below, denote

©={(a,8,h):ac A, feB, heD(0,1)},

where

Assumption 4. A and B are compact sets containing the true parameter
vectors ag and [y, respectively,

and define a metric d(., .) on © by combining the metrics on A, B and D(0, 1).
For example, for 6, = (aq, f1,h1) € ©, by = (ag, P2, he) € O, let

d (61, 0) = max [\/ (on — o) (1 — ), (84)

\/(51 — 32)' (1 — Ba), /01 |hi(u) — ho(u)| dul .

Theorem 10. Let Y;, j = 1,..., N, be a sequence of i.i.d. random vectors
in a FEuclidean space, defined on a common probability space {Q, F, P}, with
support contained in an open set Y. Let © be a compact metric space with
metric d (01,02) . Let g(y,0) be a continuous real function on Y x © such that
for each 6 € ©,

Ellg(v1,0)]] < o, (85)

so that
9(0) = E[g(Y1,0)]

1s defined and finite, and let for some constant Ky > 0,

0cO

E {max (sup 9(11,0), —K0>] < 0. (86)
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Denote

N

S~ . ‘

0 = argmaxN z;gm,e),
=

Oy = argrgleaécg(Q).

Then N
p Jim (%ng@ —a@) 0 (87)

and consequently, R
p lim 5(0) = 5(6y). (88)

Proof: Tt follows now from Jennrich’s (1969) uniform strong law of large
numbers, in the version in Bierens (1994, Section 2.7) or Bierens (2004, Ap-
pendix to Chapter 6) that under the conditions of Theorem 10, with the
conditions (85) and (86) replaced by

B [sup 9(1,0)]| < o0 (39)
)
we have
| XN
lim sup |— Y..0)—9(0) =0 a.s. 90
i sup |5 3 0(40) 500 (90)

However, the condition (89) is too difficult to verify in the log-likelihood case.
Therefore I will use the weaker conditions (85) and (86).

Originally the uniform strong law (90) was derived for the case that ©
is a compact subset of a Euclidean space, but it is easy to verify from the
proof in Bierens (1994, Section 2.7) or Bierens (2004, Appendix to Chapter
6) that this law carries over to random functions on compact metric spaces.

Let K > K, and note that

E {max <Supg(Y1,9), —Kﬂ <E {max <supg(Y1,9), —Ko)} < 00,
0cO 0O

hence

E lsup lmax (g(Y1,0), —K)]] < 00.
0cO
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Then it follows from (90) with g(Yj,6) replaced by max (¢(Y},6), —K) that

lim sup |—=

=0a.s., 91
N=0 gco (91)

> max (g(%;,6), ~K) ~ 5 (6)

where
gk (0) = E[max (g(Y},0), —K)]

As is well-known, (91) is equivalent to the statement that for all ¢ > 0,

|-

In its turn this is equivalent to the statement that for arbitrary natural

numbers k and m there exists a natural number N (K, k, m) such that for all
N Z N(K7 k? m>7

hm P

N—o0

sup sup | —
n>N €O

- Z max ( —K)—gx(8)| <

sup sup |—
n>N €O

. Z mas (9(1,6), ~K) — G (6)

<1 > 1 1
k m

Let k < K < m. Then there exists a natural number N(K) such that for all
N > N(K),

sup sup |—
n>N €O

. Z max ( —K) —5x(6)

<1>1 =
K K

For given N, let Ky be the maximum K for which N > N(K). Then

1] 1
<—|>1-—

P
Ky Ky’

sup sup |—
n>N(Ky) 0€0

- Z max ( —Kn) — Gy (0)

hence, for arbitrary € > 0,

lim P| sup su max (g(Y;, ), —gk.(0)] <el| =1,
N—oo n>N(II)(N 968 n Z J ) gKN( ) ]
This result implies that along the subsequence ny = N(Ky),
su max ( —Kn) —Ggg.(0)] — 0 as., 92
up nNZ %) =Ty (0 (92)
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and the same applies if we would have replaced N first by an arbitrary
subsequence. Thus, every subsequence of N contains a further subsequence
ny such that (92) holds. As is well-known, a sequence of random variables
converges in probability if and only if every subsequence contains a further
subsequence along which the sequence involved converges a.s. Thus, (92)
implies that there exists a sequence Ky converging to infinity with /N such
that

p lim sup =0. (93)

N—oo 9cO

% > max (g(Y;,0), ~Kn) = g, (6)

J

Since the function max(x, — K) is convex, it follows from Jensen’s inequal-
ity that

gx(0) = Elmax(g(Y;,0), —K)] = max (E[g(Y;,0)], -K)  (94)
= max (g(), —K) = g(0)

and similarly

%Zmax (9(Y;,6), —K) > max (% > 9(Y;.0), —K> > %Zg(Yj,e).

j=1 j=1
(95)
It follows from (86), (94) and the dominated convergence theorem that
Jim_sup [gx(0) —3(6)] =0,
% 9eco
hence (93) now becomes
L
lim sup |— max (g(Y;,0), —Ky) —g(0)| = 0. 96
p fim sup N; (9(Y5,0), —Kn) — 9(6) (96)
Finally, observe from (95) that
1« ~ Sl
= > max (9(%5,0), ~Kx ) =30) = - > 9(¥;.0) — @) (97)
=1 =1
LN
>+ ; 9(Y;,60) = g(6o) +5(6o) — 5(0)
| N
> N ;9(%;%) g(6o)
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By Kolmogorov’s strong law of large numbers, the lower bound in (97) con-
verges a.s. to zero, and by (96) the upper bound in (97) converges in proba-
bility to zero, hence (87) holds, and so does (88). Q.E.D.

In the penalized log-likelihood case, let g(Y;,0) = V(Y;, a, 5, h), where
the latter is defined by (74). Clearly, H (u;(a, 5'x)) is continuous in a € A,
B € B and all x, and H itself is uniformly continuous with respect to the
metric (76):

sup |Hy(u) — Ha(u)| < |[ha = hall; -

0<u<l1
Moreover, the penalty term —II(h) in (74) is continuous in h. Therefore,
U(y,a, B, h) is continuous on ) x A x B x D(0, 1), where ) is the Euclid-
ean space with dimension the dimension of Y; = (Dl,j, s Dty X ) Then
W(a, 3,h) is also continuous on A x B x D(0,1).

It is easy to verify from (74) that ¥ (Y}, o, 8, h) < 0, hence condition (86)
holds, and condition (85) holds if

Assumption 5. For all (a, f,h) € AxBxD(0,1), E[In Ly (a, 8, h)] > —o0.

Thus, under Assumptions 1-4, (78) is true.

As said before, maximizing a function over a non-Euclidean metric space
O is usually not feasible, but it may be feasible to maximize such a function
over a subset © C O such that under some further conditions the resulting
feasible M estimator is consistent:

Theorem 11. Let the conditions of Theorem 10 hold, and let Oy C © be
such that the computation of 6 = arg maxgeo, N~ Z] 19(Y;,0) is feasi-
ble. If each Oy contains an element Oy such that th_md(HN,Gg) =0,

then plimy_og(d) = G(6o). If 6o is unique then the latter implies that
plimy_o d(6,6y) = 0.

Proof: Similar to (97) we have,
- 1 X -
N Z max ( (¥;,6). ) 2N Z 9(9)
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g(0o) +9(6b) —g(0)

1 N
NZ (60)

v
ZIH

v

i

It follows from (96) that
1 & ~ ~
=

and it follows from Kolmogorov’s strong law of large numbers that

1 N
N; (o) a. (98)

Moreover,

%Z —g(Y;,60))| < E[|g(Y1,0x) — g(Y1,60)|] — 0

because of the continuity of F [|g(Y1,0) — g(Y1,600)|] in @ and limy_,, d (On,6p) =
0. Hence by Chebishev’s inequality,

N

pJm % 903 6x) — 905, 00)) = 0 (99)

N—oo
j=1

Thus,
1 & ~
j=

which by (98) and (99) implies that plimy_. . §(5) =3(6p). B
If 6y is unique then by the continuity of g(f) there exists a 6 > 0 such
that for all 6 € (0, 4],

sup  g(0) <g().
0€0,d(0,00)>6
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See, for example, Bierens (2004, Appendix II, Theorem I1.6). Thus,

g)< sup g(0)| —0.

P [d(b’, 6y) > 5} <P
0€0,d(0,00)>6

Q.E.D.
We can now formulate the consistency results for the sieve ML estimators
of the parameters of the bracketed SNP-MPH model and the SNPOP model:

Theorem 12. Let ag, By, ho be the true parameters of the bracketed SNP-
MPH model or the SNPOP model,. Let Ly (e, B, h) be the penalized likelihood
function, and let

(@B.h) =arg  max n(Ly(a,5,h)

a€A,BEB,EDN(0,1)
where Dy (0,1) is the space of density functions defined in Theorem 9. Then

under Assumptions 1-5, plimy_.oo & = g, plimy_., 8 = By and

p lim /01 ‘ﬁ(u) — ho(u)|du = 0.

N—oo

9 Discrete covariates

As admitted before, Assumption 2 is often violated in practice. To see what
the problem is if the covariates are discrete, consider the SNP probability
model (67) with M = 1:

Py =0[X] = Fylag+B,X) =1— Hy (G (ap+ B)X)),
PlY =1|X] = 1- Fylag+B,X) = Hy (G (ap+ B, X)) .

If G is the logistic distribution function (73) this model is a SNP-Logit model.
Now suppose that X is a single random variable with finite support, say
{0,1,...., K — 1} and that £y # 0 Then G (ag + 5o X) takes only K values

Uo,; = G(ao +ﬁ0(?’ - 1))7 1= 17 "'7K7
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with corresponding conditional probabilities P[Y = 1|X =i — 1],
vo; = Ho (up;) =PlY =1 X=i—-1],i=1,..,K.

There exist uncountable many distribution functions Hy(u) on [0,1] that
fit through the points (ug1,v0.1), .-, (Uo.x, Vo k). Similarly, denoting, u; =
Gla+p(i—1)),i = 1,..,K, where o and [ are arbitrary, except that
B # 0, there exist uncountable many distribution functions H on [0, 1] that
fit through the points (ui,vo1),..., (uk,vo k), hence there are uncountable
many pairs of distributions functions Hy and H such that

Hy (G (a0 + BoX)) = H (G (a + BX)) as. (100)

Clearly, the conditions (70) and (71) are not sufficient to solve this problem.

The only solution is to make parametric assumptions such that for distri-
bution functions Hy and H belonging to a particular parametric family H,
(100) implies o = oy, 0 = By and Hy = H.

The distribution functions of the type (16) with not too large a fixed n
may then still be useful as a specification of a (flexible) parametric family H.
Thus, in this case we need to assume that for given n, Ho(u) = H,(u|b),
and that n is small enough to guarantee the identification of ag, By and ;.
It is advisable though to implement the moment conditions (70) and (71) in
the SNPOP case by penalizing the log-likelihood similar to (66), in order to
strengthen the identification. The same applies to the SNP-MPH model.

10 An empirical application

To be done.
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