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Abstract

In many applications, measurements of a signal consist of the magnitudes of linear func-
tionals while the phase information of these functionals is unavailable. Examples of these
type of measurements occur in optics, quantum mechanics, speech recognition, and x-ray
crystallography. The main topic of this dissertation is the recovery of the phase informa-
tion of a signal using a small number of these magnitude measurements. This is called
phase retrieval. We provide a choice of 4d — 4 magnitude measurements that uniquely
determines any d dimensional signal, up to a unimodular constant. Then we provide a
choice of 6d — 3 magnitude measurements that admits a stable polynomial time algorithm
to recover the signal under the influence of noise. We also explore the behavior of patho-
logical signals in this algorithm, as well as the mean squared error. Finally, we show that
if the signal is known to be s sparse, then we only need a suitable choice of O(slogd/s)

such measurements for the stable algorithm to successfully recover the signal.
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Chapter 1

Introduction

1.1 Motivation

In the topic of signal recovery, signals are often treated as vectors in a Hilbert space,
and measurements of a signal are treated as inner products with some set of measurement
vectors that does not depend on the signal vector. In the simplest examples, recovery of a
signal from its measurements is equivalent to solving the familiar linear algebra equation
Az = b for the vector . However, in many applications an intensity may be measured while
any phase information is unavailable. In this case, phaseless measurements of the signal
would be represented by the magnitudes of real or complex inner products with some set of
measurement vectors. The problem of recovering a signal from such measurements is called
phase retrieval. The phase retrieval problem for real-valued signals has been well studied
[6,7]. Because coefficients have only two possible phases, this problem has a combinatorial
character. Here, we study the phase retrieval problem for complex Hilbert spaces. The
phase retrieval problem is equivalent to solving the equation |Az|?> = b for the vector x,

where the square of the complex modulus is taken separately on each component.



When solving the phase retrieval problem, if ¢ € C such that |¢| = 1, then z and cz
are indistinguishable. Thus, solving for z up to multiplication by a unimodular constant
is the most precise solution that can be achieved. Even when attempting to solve for such
equivalence classes, the problem still presents challenges. Due to the nonlinearity of the
phase retrieval problem, there may be choices of measurements for which the map that
takes the signal to the phaseless measurements is injective, but a feasible algorithm for
recovery of the signal from these measurements cannot be found. And even if such an
algorithm does exist, it may not be stable. A larger number of measurements is required
for the measurement map to be injective, when compared to the linear case, because of the
loss of phase information. We are interested in finding a small set of measurement vectors
such that the map from the signal vector to the complex modulus of the inner products
with the measurement vectors is injective, permits a feasible algorithm that recovers the
signal from its measurements, and the algorithm is stable with respect to noise in the
measurements.

There are multiple applications for which a solution to the phase retrieval problem
would prove useful, most of which are related to the Fourier transform [1,2,36]. In X-ray
crystallography, measurements are taken of the intensity of the Fourier transform of an
object [17,55,57]. A similar situation also arises in optics, for example when imaging stars
through a telescope [67]. In quantum mechanics, the probability of observing a particular
outcome can be represented as the square of the complex modulus of an inner product of
the state vector with a measurement vector [37,38,44,46]. A common procedure for speech
recognition and enhancement measures the short time Fourier transform and then modifies
the magnitudes of the Fourier coefficients, while any corresponding modifications to the
phase are undetermined [7,61,62]. In all of these applications, attempts at recovery with

flawed phase information causes distortions to the recovered signal.



1.2 Background and summary

An important problem in phase retrieval is the problem of finding the smallest possi-
ble set of measurement vectors such that the map that takes the signal to the phaseless
measurements is injective. Similarly, we would also like to find a small set of measure-
ment vectors such that a stable algorithm exists to recover the signal from the phaseless
measurements. It has been known for over a decade that, in the case in which the d di-
mensional signal has no zero coefficients with respect to a chosen basis, there exists a set of
3d — 2 measurements which suffices to recover the signal and that this number is minimal
[37,38]. However, the assumption that the signal has no zero components is too limiting
to be acceptable in standard signal models.

Until this past year, it was conjectured that 4d —4 measurements would permit injectiv-
ity of the measurement map over all signals, and that this is the minimum such number of
measurements [9]. In a result from Bernhard Bodmann and myself, a set of 4d —4 measure-
ment vectors was constructed such that the measurement map is injective [14]. This shows
that 4d — 4 measurements can permit injectivity of the measurement map, but this does
not imply that 4d — 4 is a minimal number of measurements that can permit injectivity.
In fact, a counterexample was recently found by Cynthia Vinzant, who showed that for
d = 4 there exists a system of 11 measurements that is injective [64]. The minimal number
of measurements required is not known, but a lower bound on the minimum number of
measurements of 4d — O(log(d)) has been shown [44].

Recent techniques for solving the phase retrieval problem have focused on what are
called lifting procedures. Instead of trying to solve the phase retrieval problem in the space
of vectors, where this problem is nonlinear, we injectively map to a higher dimensional space
in which the phaseless measurements are linear. A popular choice of lifting procedure is

the mapping = — xx* [4,5,7,19-21,25]. This choice works because for any two vectors z
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and vy, |(z,y)|? = tr(zz*yy*). Thus, measurements that were the square of the complex
modulus of an inner product are equal to inner products of rank-one Hermitian matrices,
and so are linear measurements in the space of matrices. However, if z is d dimensional,
then the space of matrices is d*> dimensional, and we would like to find a set of phaseless
measurements that is linear in number. So this space is too large to uniquely determine any
matrix using a linear number of measurements. However, only rank-one Hermitian matrices
need to be considered, and although rank minimization is known to be NP-complete [63],
additional knowledge about the signal or additional requirements on the measurements
can allow rank-one Hermitian matrices to be uniquely determined using a linear number
of measurements.

In some applications in quantum mechanics, the problem does not exactly match the
phase retrieval problem being explored here, because the measurements are not required
to be rank-one. Instead, the measurements are allowed to be what are called positive
operator valued measures [26,44]. In this setting, any signal may be reconstructed using
4d—0O(log(d)) of these more general forms of measurements [44] and this number is minimal.
In fact, this implies that the rank-one measurements cannot reconstruct a signal with fewer
measurements than in the POVM setting, and so gives a lower bound for the minimal
number of measurements required to solve the phase retrieval problem.

One method that allows the space of matrices to be used to solve the phase retrieval
problem is to demand a stronger requirement on the set of measurements than injectivity
over the rank-one Hermitian matrices. For example, the PhaseLift algorithm requires a set
of measurements such that for any rank-one Hermitian matrix X and any positive semi-
definite Y, if the measurements on X and Y are equal, then X =Y. In this setting semi-
definite programming may be used to recover zx* from these measurements [19-21,25,41].

However, most examples of measurements that satisfy this requirement are either not linear



in number, or are linear in number with a large constant. One exception to this is a choice
of 5d — 6 measurements satisfying this requirement that has been found in the past few
months [50]. At the moment, this is the smallest known set of measurements that admits
a stable phase retrieval algorithm.

In this dissertation we are interested in a different choice of lifting space. If the signal is
represented as a polynomial p, then the trigonometric polynomial that is given by mp(z)
has linear measurements that are equal to the phaseless measurements on p. However, this

mapping is not injective. Instead we look at mapping the polynomial p to both p(z)p(z)
and Tp(z)Tp(z) for some linear transformation 7. This can be shown to be injective for an
appropriate choice of T'. In section 2.2, we provide a proof that shows that if we know the
magnitudes of the point evaluation measurements of p on two circles that intersect at an
irrational angle, then we have an injective map into a 4d —4 dimensional space, and so have
an injective set of 4d—4 measurements; this work appeared in [14] with Bodmann. Another
example of the use of polynomial spaces to obtain an injective set of measurements comes
from Friedrich Philipp [58]. His procedure required measuring p at 2d — 1 equally space
points on the unit circle, and measuring the derivative p’ at 2d — 3 equally spaced points on
the unit circle. However, neither of these methods admits a phase retrieval algorithm with
recovery error that is linear in terms of noise. In section 2.3, we provide a phase retrieval
algorithm in 6d — 3 measurements using polynomial spaces, and prove that it is stable in
section 2.6; this work appeared in [15] with Bodmann.

Often, there are fewer measurements that are feasibly available than the dimension of
the signal to be recovered. The problem of recovering a sparse signal from fewer linear
measurements than the dimension of the signal is called compressive sensing. It would be

useful to combine phase retrieval results with compressive sensing results. This idea of

combining these two problems has been explored in recent years [11,13,31,42,45,52,65].



Some of these methods have provable performance guarantees in the presence of noise,
but they do not include precise conditions on the number of measured quantities that are
sufficient [45,52,65]. We provide an example of compressive phase retrieval that does have
both provable performance guarantees and precise conditions on the number of measured

quantities that are sufficient in section 3.3; this work appeared in [16] with Bodmann.

1.3 Preliminaries

We begin by establishing notation for sets that will be frequently used.

Definition 1.3.1. The set of unimodular complex numbers {z € C : |z| = 1} is denoted

as T.

In solving the phase retrieval problem, we are only interested in solving for x up to

multiplication by T, as solving for x is impossible.

Definition 1.3.2. The equivalence class of z € C% up to multiplication by a unimodular

constant is denoted as [z]. The set of all such equivalence classes is denoted as C?/T.

1.3.1 Polynomial spaces

Various polynomial spaces will be used frequently in our results, so we define and

establish notation for these spaces.

Definition 1.3.3. The space of analytic polynomials of degree less than d is defined as
the space of functions on C that can be represented by the map z — Z;l;é :cjzj , for some
vector (a:j)?;(l) € C%. This space is denoted as Py. It is equipped with the inner product

induced by the scaled Lebesgue measure on T, so p,q € Py have the inner product

1

p,q—/ plet)q(eit)dt .
(r,q) o [0,27r]( )a(e')
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Consequently, the polynomials {z + 2/ }?;3 form the standard orthonormal basis for
P,. Thus, there exists a natural isometric isomorphism between C% and P, via the map
that takes z € C? to the polynomial represented by the map z — Z?;& szj. For any
z € C% we denote this resulting polynomial as p,, and note that for any polynomial
p € P, there exists a unique x € C? such that p = p,. Note that by this isometry, we have
that (z,y) = (py, py) for any z,y € C%

A useful property of the space of analytic polynomials is the reproducing property,
which is the fact that on this space any point evaluation is a linear functional. To establish
this property we shall define a set of kernel functions, and show that any point evaluation

is equal to the inner product with one of these kernel functions.

Definition 1.3.4. For any w € C we may define the kernel polynomial K,, € Py as the

d—1_"7

polynomial such that K (2) = > ", wi 2.

In particular, Ky is the polynomial such that Ky(z) = 1 for all z € C. Using these
kernel polynomials, we shall show that the point evaluation of p € P, at w € C is equal to

the inner product with K.

Proposition 1.3.5. For any p € Py, if x € C? such that p = p,., then

An additional useful property is the fact that there exists a basis composed entirely of

these kernel functions.

Proposition 1.3.6. If wy = % is the d-th root of unity, then for any zo € T, the
polynomials {%szj };l;é form an orthonormal basis for Pg. Thus, any polynomial p € Py
d

. d—1 j
satisfies p = ijO p(zowil)éKzowg'



We will be representing the signal to be recovered as an element of P;. But as previously
stated, the phase retrieval problem can only be solved up to multiplication by a unimodular

constant.

Definition 1.3.7. The equivalence class of p € Py up to multiplication by a unimodular

constant is denoted as [p]. The set of all such equivalence classes is denoted as Py/T.

Note that for any linear operator T' : Py — Py, the map [p] — [T'p] is well defined,
and if 7" is a bijection, then this new map is also a bijection. One useful transformation
on polynomials that will show up frequently is the map that composes the input with a

chosen linear polynomial.

Definition 1.3.8. For any ¢, € C and polynomial p € P4, the map z — p(c+rz) is itself
a polynomial in P;. We define R., to be the function that sends any polynomial p to the

polynomial represented by z — p(c+ rz).

The function R., is a linear operator for any choice of ¢ and r in C, and it is a bijective
linear operator if and only if » # 0. In fact, Ry 1 is equal to the identity operator.

Next we consider the space of trigonometric polynomials.

Definition 1.3.9. The space of trigonometric polynomials of degree less than d is defined
as the space of functions on T that can be represented by the map z Z?;i( d-1) yjzj , for
some vector (yj)?;l( a-1) € C24=1, This space is denoted as Ty. This space is also equipped

with the inner product induced by the scaled Lebesgue measure on T, so f,g € T4 have

the inner product

1 i
o) =5 [ S

Consequently, the polynomials {z + 2/ }?;i (d—1) form the standard orthonormal basis

for 7y.



Just as with the analytic polynomials, a useful property of the space of trigonometric
polynomials is the reproducing property, which is the fact that on this space any point
evaluation is a linear functional. To establish this property we shall define a set of kernel
functions, and show that any point evaluation is equal to the inner product with one of

these kernel functions.

Definition 1.3.10. For any w € T we may define the w-rotated Dirichlet kernel D,, 41 €

Ta as the trigonometric polynomial such that D,, 4_1(2) = Z?;l_( d-1) wizd,

Using these rotated Dirichlet kernels, we shall show that the point evaluation of f € Ty

at w € T is equal to the inner product with Dy, 4_1.

Proposition 1.3.11. For any f € Tq, if f is represented by the map z — Z;-l;i(d_l) y;27,

then
d—1

flw)y=" 3" e’ =(f,Dyg1)-

j=—(d—1)
An additional useful property is the fact that there exists a basis composed entirely of
these kernel functions.

2im

Proposition 1.3.12. If wyy_1 = e2d-1 is the 2d — 1-st root of unity, then the polynomials

1 2d—2 , : -
{\/ﬁDw%d,pd*l}jzo form an orthonormal basis for Ty, which we call the Dirichlet kernel

basis. Thus, any polynomial f € Ty satisfies f = szfz f(wgd_l)#D j

=0 sa 1D, This is

d—1°

called Dirichlet kernel interpolation.
We also define a subset of T; that is analogous to the set of Hermitian matrices.

Definition 1.3.13. The set of real trigonometric polynomials of degree less than d is
defined as the set of functions on T that can be represented by the map z — Z;.l;l_ (d-1) Yi 2
for some vector (yj)?;i( d-1) € C24-! with the additional property that y_; = y; for all j.

This set is denoted as R4 and is a subset of 7j.
9



Note that R4 is a vector space over R but not over C. In fact, for any f,g € Ry,

decomposition into the standard orthonormal basis shows that (f, g) € R.

Proposition 1.3.14. For f € T4, we have that f € Ry if and only if f(z) € R for all

zeT.

Proof. First, note that for any w € T, the definition of the Dirichlet kernel gives that

Dy.g—1 € Ry, so that every element of the Dirichlet kernel basis is in Rq. Thus if f(2) € R

for all z € T, then Dirichlet kernel interpolation gives f = 251_02 (wgdfl)ﬁij d_1’
2d—1°

which is a real linear combination of elements in R4, so f € Ry. On the other hand, if

f € Ry, then for any z € T, f(2) = (f, Dw,d-1) € R. O

10



Chapter 2

Phase retrieval

2.1 Comparison of lifting spaces

A useful way to represent the phase retrieval problem is to find a set of vectors {v;}
in C? such that any vector x € C¢ can be recovered from the measurements |(x,v;)|?. We

define phaseless measurements in this fashion.

Definition 2.1.1. We call a function b : C¥ — R a phaseless measurement if there exists
v € C? such that b(z) = |(z,v)?* for all z € C% Given a set {b; jj\ial of phaseless
measurements, the vectors that correspond to these functions are called the measurement

vectors.

This representation will allow us to injectively map into a higher dimensional linear
space in which these measurements are equal to linear measurements. We call this a lifting
procedure. Before this is demonstrated, we need to define the complex conjugate of a

polynomial.

Definition 2.1.2. Also note that if p is represented by the map z — Z;l;é :cjzj, then the

map z —> Z?;(l) Ejzj is itself a polynomial. We denote this new polynomial by p.
11



With the conjugate defined, we may now define the trigonometric polynomial lifting.

Definition 2.1.3. For any p € P4, we define |p|?> € Ty to be the trigonometric polynomial
represented by the map z — p(z71)p(z). We call |p|? the trigonometric polynomial lifting

of p. Note that for any zy € T, we have |z9p|?> = |p|?, so the map [p] — |p|? is well defined.

The trigonometric polynomial lifting of a polynomial p € Py is useful because its values
on T are equal to the square of the complex modulus of the values of p at the same points.
Because point evaluation is an inner product with a vector as in proposition 1.3.5, the

values of the trigonometric polynomial lifting are equal to phaseless measurements.

Proposition 2.1.4. For any polynomial p € Py, its trigonometric polynomial lifting |p|>

is in Ry, and for any z € T, |p|*(2) = |p(2)]2.

Proof. Note that for any z € T, we have Z = 27!, so

p*(2) = B(="1p(2) = B2)p(2) = p(2)p(2) = Ip(2)[* -

This also shows that |p|? only takes real values on T, and so [p|? € Ryq. O

In fact, trigonometric polynomial liftings allow us to obtain a trigonometric polynomial
that has values on T that are equal to the values of any chosen analytic polynomial on any

chosen circle.

Corollary 2.1.5. For any c¢,r € C and any p € Py, the trigonometric polynomial lifting

\pr\z satisfies |Re.rp|?(2) = \RC7Tp(z)]2 = |p(c+rz)|%

Another choice of lifting procedure that is often used is the idea of lifting [z] € C¢/T
to zx* in the space of matrices. For both choices of lifting procedure, any phaseless

measurements of x are equal to linear measurements in the lifting space.

12



Proposition 2.1.6. Given a vector x € C%, and a set of functions b; : C? = R for j from

0 to M — 1, the following are equivalent:
1. For j from 0 to M — 1, there exist vectors v; € C? such that |(z,v;)|* = bj(z).

2. For j from 0 to M — 1, there exist Hermitian matrices Y; € C? with rank at most

one such that tr(Yjza*) = b;(z).

3. For j from 0 to M — 1, there exist linear operators T; : Pq — Py and unimodular

zj € C such that \ija:P(Zj) = bj(x)'

Proof. 1 <= 2 Note that for any j, a Hermitian matrix Y; € C%*? has rank at most one

if and only if there exists a vector f; € C? such that Y; = f;f;. In this case

|{z, fj>]2 = f]*xx*fj = tr(f;:)::r*fj) = tr(fjf;:)::z:*) = tr(Yjaz")

and so |(z, f;)? = tr(Yjza*) = b;(z).

1 = 3 If for each j, we let T; be the linear transformation that sends p, to (x, f;) Ko,

then for any choice of z; € C with |z;| = 1,

| Tipal*(2)) = [ Tipa(2) P = [, f5) Ko ()] = {2, £;)7 = bj(@) .

3 = 1 By the isomorphism between C? and P;, we know that for each j there exists a

unique f; € C9 such that T7 K, = py;- Thus,

@, Fi)P = [, T} K ) 1P = (Tjpo, K, P = |Tjpa(2) P = | Tjpal*(25) = ().

13



In the above proposition, both item 2 and item 3 are linear measurements on the
corresponding spaces. Item 2 is a linear measurement because the definition of Hilbert-
Schmidt inner product is precisely what is described. Item 3 is a linear measurement due
to the properties of the Dirichlet kernel. Note that the space of matrices is d?> dimensional,
and we would like to find a set of phaseless measurements that is linear in number, for
which any signal can be recovered. So this space is in some sense larger than we would
prefer. It is possible to find a linear set of measurements that allows phase retrieval on this
space, but we will take a different approach.

The space of trigonometric polynomials is 2d — 1 dimensional, so that is promising, but
the map [p] — |p|? is not injective. For example, if ey and e; are elements of the standard
basis for C¢, then |p,,|? and |pe, |? are both equal to the constant trigonometric polynomial
with constant value 1, but [pe,] # [pe,]. Thus, the space Py is in some sense too small.
However, it can be shown that for a some choices of linear operator 1" : Py — Py, the map
[p] — (|p|?, |Tp|?) is injective. Because the wg 4_1-Totated Dirichlet kernel forms a basis
for 74, and inner products with these Dirichlet kernels are precisely the measurements
described in proposition 2.1.6, it is possible to recover (|p|?,|Tp|?) using linear algebra.
The space Tg ® Ty is 4d — 2 dimensional, and so the number of measurements required to
do this is linear in d. However, depending on the choice of T', it may be difficult to recover
[p] from (Ipl2, |Tp|?).

As an example of this, if wy = e”@ is the dth root of unity, and ¢ € C is chosen such
that ¢ is a real multiple of wy+ 1 and arg(c— 1) is an irrational multiple of 7, then the map

[p] = (|p|*; |Re jc—1p|?) is injective. This choice of transformation also gives the additional

constraints [p|?(1) = |Re|c—1p|*(— 6_1‘) and [p|?(wq) = |Re,c—1p/*(—1—=2%), which reduces

l[e—1 le—wql

the dimension to 4d —4. This is described in more detail in the next section. However, even

though there exists an injective stable algorithm to obtain (|p|?, | Reje—1| p|?), an algorithm

14



has not yet been discovered that can recover [p] from (|p|?, |R. .—1p|*) with an explicit

error bound.

2.2 Injectivity in 4d — 4 measurements

For any polynomial p € P; and any linear operator 1" : Py — Py, the coefficients of the
two trigonometric polynomial liftings |p|?> and |T'p|> with respect to the Dirichlet kernel
basis are phaseless measurements, as in proposition 2.1.6. Thus, if it can be shown that
the map [p] — (|p|?, |T'p|?) is injective, then a number of phaseless measurements equal to
the dimension of (|p|?, |T'p|?) will suffice to give an injective set of measurements.

We shall show that for the appropriate choice of ¢ € C, the map [p] — (|p|?, |RC’|C_1|p|2)
is an injective map, and elements of the latter space can be recovered from phaseless
measurements of [p]. We know that the values of R |._q| p|? on T are equal to the modulus
squared of the values of p on the circle with center ¢ and radius |c¢— 1], as in corollary 2.1.5.
Because the value used for the radius of the circle is |¢ — 1|, this circle intersects T at 1.
A Mobius transformation that maps 1 to the oo will be used to obtain values on two lines
that correspond to T and the circle with center ¢ and radius |¢ — 1|. Then the following

result from Philippe Jaming [48] will provide injectivity.

Theorem 2.2.1 (Polynomial case of Theorem 3.3 from [48]). Let aj,as € [0,27) with
a1 — oy & 7Q and p,q € Pa. If [p(re’)| = |q(re’)| and |p(re'®2)| = |q(re®?)| for all

r € R, then [p] = [q].

Proof. First, let us consider the case in which p = 0. Then |g(re’®*)| = 0 for all r € R, and

so ¢ = 0. Thus, [p] = [¢].

15



Otherwise, p # 0 and g # 0. Define p1, p2, g1, g2 € Pagq such that for all z € C,

pi(z) = p(ze')p(ze ™)

9

7’[042)

pa(z) = p(ze'*?)p(ze

and

Then, for all z € R,

pi(2) = p(ze’* )p(ze’@r) = [p(2e™!)|* = |q(ze")[* = g(ze'™ )q(ze’1) = g1(2)

and similarly, pa(z) = g2(2). Any polynomials that are equal on R are equal on C, so p; = ¢1
and py = go. Note that pi(z) = 0 if and only if either p(ze’®!) = 0 or p(ze~*1) = 0. But
by complex conjugation, p(ze~**1) = 0 if and only if p(ze'®*) = 0. Thus, z is a root of p; if
and only if either ze'®! or Ze'® is a root of p. If z is a root of pi, then the multiplicity of
the root is equal to the sum of the multiplicities of the roots of p at ze!®! and Ze®!, where
we consider multiplicity to be zero if there is no root. Similar statements hold for po, ¢1,
and qo.

Let Z, be the multiset of roots of p, and let Z, be the multiset of roots of q. We
shall show that Z, = Z,. By way of contradiction, assume that Z, # Z,. Then because
p1 = q1, we know that p and ¢ have the same number of roots, so Z,\Z, and Z,\Z,
are both nonempty. Let 21 € Z,\Z,. Then, z1e7' is a root of p; with multiplicity

equal to the sum of the multiplicities of the roots of p at z; and zje—@1ei® = 721,
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Because p; = q1, z1€"®! is a root of ¢; with the same multiplicity. Because p has a higher
multiplicity than ¢ for the root at z1, ¢ must have a higher multiplicity than p for the
root at Zie2**1. Thus, Z;e** € Z\2Zp. Then, Zredie—ioz — 7 oi2a1-2) g 4 root of
g2 with multiplicity equal to the sum of the multiplicities of the roots of p at Z;e** and

201 —a2)

Zyei2a1—az)gioa — 5 o2i(02—a1)  Because py = ¢o, 1€ is a root of ps with the same

2101

multiplicity. Because ¢ has a higher multiplicity than p for the root at Zie<'*', p must
have a higher multiplicity than ¢ for the root at z;e2(@2=®1) Thus, ze2i(®2—a1) ¢ Z\Zq.
Because this is true for any z1 € Z,\Z,, we know that Z,\Z, is invariant under rotation
by 2(aa — o), which is an irrational rotation. Thus, Z,\Z, has infinitely many points,
and so p is the zero polynomial. However, we are operating in the case that p # 0, so this
is a contradiction. Thus Z, = Z,.

If Z, = Z,, then p = wq for some w € C. Then |p(re!®)| = |q(re!)| = |wp(re!*t)| for

all € R, so |w| = 1. Thus, [p] = [¢]. O

The above theorem shows that knowledge of the complex modulus of p on two lines
that intersect at 0 with an irrational angle is enough to determine [p]. In fact, we can allow

the intersection point to lie anywhere in C.

Corollary 2.2.2. Let aj, a9 € [0,27) with a1 — o € 7Q and p,q € Py. For any c € C, if

Ip(c+rei®)| = |g(c+re'®)| and |p(c+re'®?)| = |q(c+rei?)| for all v € R, then [p] = [q].

Proof. Note that

\Rc,lp(Teml)] = |p(c+ reml)| = |g(c+ reml)| _ \Rc,lq(reml)’

and

|Re1p(re’™)| = |p(c+ re'™)| = |q(c + re™)| = |Re,1q(re'™)|
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so by the previous theorem [R. 1p] = [Rc,1q]. Recall that, because R.; is a bijective linear

operator, the map [p] — [Rc1p] is a well-defined bijection, so [p] = [q]. O

A properly chosen Mobius transformation will allow this result concerning injectivity
of the magnitude map intersecting lines to be applied to intersecting circles. Because the
magnitudes on any circle can be recovered using phaseless measurements, this will give the

intended result.

2im

Theorem 2.2.3. Given a € R\1Q and wy = ed, let ¢ = “’dTH (1 — tan(%) cot(a)).

Define the set S = {(f,9) € Ta® Ta s f(1) = g(—(=1) and f(wa) = g(~ )} If the

" Je—wql

map Vo : Pg/T — S is defined by Va([p]) = (|p|?, ]Rc7‘c_1‘p|2), then V,, is injective.

Proof. First, we show that the given map V,, is well defined. To do this, we must show that
for any [p|] € Pa/T, (Ip|*,|Rcc—1jp|*) € S. Note that the circle with center ¢ and radius
|c — 1| passes through 1. Because the center of this circle is on the line defined by all real
multiples of wy + 1, and wy is the reflection of 1 across this line, the circle with center ¢

and radius |c — 1| passes through wg. Thus |c¢ — 1] = |¢ — wy|, and for any p € Py,

Rejo 1 pP(—=0) = [Rejeyp(— =P = (D = pP (D)

and

’Rc,\c—l\pP(_‘E:$Z|) = ’Rc,\c—1\p(—‘§:$j|)!2 = |p(wa)|* = |p*(wa) -

We define the Mébius transformation v : C\{1} — C\{—1} by v(2) = 2. The image
of any circle that passes through 1 under this map will be a line, so v(T) and y(c+|c—1|T)
are both lines. Additionally, the point wy is on both circles T and ¢+ |c — 1|T, so the point
~v(wq) is the intersection point of the lines v(T) and (¢ + |¢ — 1|T). By conformality of

Mobius transformations, the angle of intersection of the lines v(T) and y(c + |¢ — 1|T) at
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v(wq) is equal to the angle of intersection of the circles T and ¢ + |c — 1|T at wg.

To determine the angle of intersection of the circles T and ¢+ |¢c — 1|T at wgy, we will
first determine the angle of the tangent lines to each circle at wy. The tangent line to T at
wq is paramentrized by wq 4 iuwg for u € R, so the angle of this line is arg(iwg) = 5 + 27“.
The tangent line to ¢+ |c — 1|T at wy is parameterized by wg + iu(wg — ¢) for u € R, so the

angle of this line is

wg+1

arg(i(wqg — ¢)) :g + arg <wd - (1 — tan(%) Cot(a)))

which may be simplified using the identity (wg + 1) tan(%) = —i(wq — 1), so that

arg(i(wa — ) =7 + arg <“’d2_ Loz icot(a)))

2

™ wg—1
=2+arg< 2 )—a
_ T
—7T—|—E—OL.

Then the angle of intersection of the circles T and ¢ + |¢ — 1|T at wy is the difference of
these two angles, 5 — 7 — a. This angle is irrational if and only if « is irrational, which
was assumed.

We define a linear transformation W : P; — Py such that Wp is the polynomial

represented by the map z — (1 + z)dilp(—}li). Note that vy~ 1(2) = —ijrj, so Wp(z) =0
only when z = —1 or p(y~!(z)) = 0. This only gives finitely many zeros if p # 0, so W is
a bijective map. Consider the nonlinear map V,, : Py/T — C(y(T)) @ C(v(c + |¢ — 1|T))

defined such that for all z; € y(T) and 2z € y(c+ |c — 1|T),

(V) (en 20 = (- s )

|1 + z1|2(d71)’ |1 + Z2|2(d71)
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Because the lines 7(T) and (¢ + |c — 1|T) intersect at an irrational angle, corollary 2.2.2
shows that V,, is injective. Thus, the map [p] — V,[Wp] is injective.
Note that by the definition of W, if [p] € Py/T then for any z; € «(T) and any

z9 € y(c+ |e—1|T),

N ﬂff;: )
)

= (I ()P (67 e2)
:<|p|2 (Y1) s Ree 1|p|2( >>

Consider the nonlinear map W, : S — C(y(T)) @ C(y(c + |c — 1|T)) defined such that if

(f,g9) € S, then for all z; € y(T) and 22 € y(c+ |c — 1|T),

(Wets0)) Gz = (£ (7o) (5 E220))

With this definition, we see that for any [p] € Py/T, Va[Wp] = W.Va[p]. Thus the compo-

sition W,.V,, is injective, and so V, is injective. L]

Given the injective map in the above theorem, phaseless measurements in the form of

a basis for the space S are sufficient to determine [p] uniquely.

Corollary 2.2.4. Given o € R\7Q and wq = e’T, let c = @it (1 —tan(®) cot(a)). Let

Wog—1 = 20T be the 2d — 1st root of unity. For any p € Py, the values {\p de DI }2d !
2d—1

and {‘p <C + |e— l\w%d_l)‘ } are sufficient to determine [p| uniquely.
j=0
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2.3 An algorithm for phase retrieval in 6d — 3 measurements

Although there exist injective sets of measurements using maps [p] ~ (|p|?, |Tp|?)
for some choice of linear operator T', no corresponding stable algorithm with which to
reconstruct the signal [p] has been discovered. To provide a solution for the phase retrieval
problem using a small number of measurements, we shall provide a stable algorithm with
which to recover [p] from (|p|?, |(I — Row,)p|?, |(I —iRo.,)p|?)-

Given p € Py, the phase retrieval algorithm that we shall use proceeds in three steps:

Step 1. First, we augment a finite number of magnitude measurements to an infinite

family of such measurements. For each of 2d — 1 equally spaced points {w% a1 ?i_ol

on T, we sample [p(w, )[, [p(why_)) —p(why_ywa)|?, and |p(why ;) —ip(wh, ywa)l.
Then we use the Dirichlet kernel to interpolate these measurements to obtain three
trigonometric polynomials: |p|?, |(I—Row,)p|?, and |(I—iRy,)p|>. In the presence of
noise, we get approximating trigonometric polynomials fo ~ |p|?, f1 = |(I —Row, p|?,

and fo ~ |(I — iRy, )p|*

Step 2. We select suitable non-zero magnitude measurements. To do this we choose a
29 € T, such that min; \p(wézo)P is maximized. A lemma in appendix A.1 will be
used to obtain a lower bound for this maximum that only depends on the dimension
d and the norm of p. Then we sample values of each of the three polynomials from
step 1 at the points {zowé}?;é. These values are approximations for the magnitudes
of the components of p, (I — Row,)p, and (I — iRy,)p with respect to the basis

{%KZOWJ- };l;(l). We know that the components of fy are not zero, by our choice of zj.
d
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d—1

Step 3. For any vector € C? and any basis {e;} j=0> We have the relation

(e (@ ejn) =5 (1 =10) (|2, e + [z, e551) )

~l{w, 5 — ejr1) P +il(z, ej — ieji1) )
If we consider the basis set {%KZOM };l;é, then we get that
d

0 K )0 K )
= 1 (0= ) (1P o) + P o)

10 = Rou o o) + (7 — iRoy o (20

This phase relationship is a linear combination of sample values obtained in step 2.
Because all of the values (p, Kzowé ) are bounded away from 0, we know that this
phase relation will always be nonzero. Thus, with the base case of assuming that
(p, K,) is real, we may inductively obtain the phase of consecutive coefficients with

respect to this basis using the relation

<p’ Kzoo.%) (ng’ Kz0w§+1 >>

J
d

0 K )

(P K pit1) =

These coefficients with respect to this basis are sufficient to recover the signal.

The time complexity of this algorithm is polynomial. Step 1 requires the addition of d
different d dimensional terms, so step 1 has time complexity d?. Step 2 requires you to find
a point such that a set of d points a have values that are bounded away from zero. Because
a polynomial in Py has at most d — 1 roots, d different sets of d points will guarantee

that at least one set is bounded away from zero. Because polynomial evaluation has time
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complexity d, and we are evaluating at d? points, step 2 has time complexity d®. Step 3
consists of inductively multiplying a starting value by a stored value d times, so step 3 has
time complexity d. Thus, this algorithm can run in polynomial time.

In the presence of error, the trigonometric polynomials obtained in step 1 are perturbed.
This error carries through to step 3. Section 2.5 will provide an upper bound for the size of
the perturbation of the trigonometric polynomials. We shall explore step 3 in more detail
in the next section, including an examination of propagation of the error in step 3. The
algorithm can be shown to recover the signal perfectly in the case without noise by setting

the noise to 0 and observing that the error bound then also becomes 0.

2.4 Recovery of full vectors in the presence of noise

In this section we explore a generalized version of the third step of the algorithm pre-
sented in section 2.3. Instead of using the particular basis given in step 3 of the algorithm,
we show that the third step of the algorithm will give stability results for phase retrieval
for any basis in which we wish to recover vectors that have no zero coefficients with respect
to the chosen basis. The measurements and algorithm used here is similar to that used by
Flammia, Silverfarb, and Caves [38], in that it uses a polarization like identity in order to
obtain a phase relation. However, our choice of measurements is such that these stability

results apply to the phase propagation portion of the algorithm presented in section 2.3.

Definition 2.4.1. If {ej};l;é is a basis for C%, and = € C¢, then we say that x is full with

respect to {e; ;l;l if for all j from 0 to d — 1, (z,e;) # 0.

Recall that phase recovery of full vectors requires 3d —2 phaseless measurements. Given
avector x € C? and any basis {e; }?;3 for C¢ in which the vector z is full, the phase retrieval
algorithm proceeds as follows
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Generalized Step 3. We are given the phaseless measurements

(K, en) Y,
{I(z,ex — exs1) P Hizp

([, er, — der1)|*}i=2 .

Using these values, we have the relation

(@, e5)(x, ej41) =3 (1 —14) (|{z, )] + |(z, e541) ")

—(z,e; — eja1) > +il(x, €5 — iej11)]?)

Because all of the values (z,e;) are bounded away from 0, we know that this phase
relation will always be nonzero. Thus, with the base case of assuming that (z,eq)
is real and positive, we may inductively obtain the phase of consecutive coeflicients

with respect to this basis using the relation

(@,e;) (@)@ e0)

[(, e5)[?

<I‘, ej+1> =

These coefficients with respect to this basis are sufficient to recover the signal.

We want to explore the impact of noise on the above algorithm. Thus, if we have

measurements

df
{la, er))* + e }izs
{[(z, ex — exs1)|? + exralicy
{l(z, ex — der1)]” + xraa—1 iy
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for some € € R3~2 we want to show that the recovered vector is close to the signal. First,

we shall show that the error in each component depends linearly on e.

Lemma 2.4.2. Let (mj)?;é € (0,1]%. For any vectors = € C? and ¢ € R3*~2_ define

constants C € R and € € R? such that C = (14+v2) elloo +]lzl1%, and for all j from 0 to d —1,

min(m)|z|[3

& = 3 (V2l6] + V2|ej1| + leasi| + le2arjoa]). If {e; ;l;é is an orthonormal basis such
that |(x,e0)|> > mollz||%, and for all j from 0 to d — 1, |{z,e;)|> + ¢; > m;|z||%, then a

vector y may be obtained such that for all k from 0 to d — 1,

k—1

~ k
k—1- € + €] C"leo 1
oo ) < (5 (erizlel) |
|20 = m; 2ymo | |zl

by using the algorithm presented above with the phaseless measurements

{l{z, er))* + e }izs
{l(z, e, — ent1) > + envatizy

{[(z, e, — ieps1)]® + €rsad—1}i -

Proof. The proof proceeds by induction on k. For the base case, let yo = +/|{x, €9)|? + €o.

Then by the mean value theorem and concavity of the square root, there exists a £ between

|(z,e0)|? + €0 and |{z, eq)|? (so that & > mg||x||%, > 0) such that

= |Vi@ e+ e — Viiw eol |

_Jal
2V/€
leo

P R B
—2y/mol|z|l

To
Yo — —%o
|zo|

For the kth (with & < d—1) inductive step, we assume that we have obtained y; with the
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—_ e . k
given information such that Ey = ‘yk — ‘%‘a}k) < (Zj;é (C’k_l_J |€]l:;‘63|> + g%) ”xhw.

Note that
Trrpsr = 5 (1= i)|zxl> + (1= ) |zppa | — |2x — 2pega | + ilop — izpga?)

so an approximation for Txxg1 may be obtained as a linear combination of the perturbed

measurements. If we let

te =5 (1 —0) (I{z, en)* + e + [, ens1)[* + e1)

— ({2, e, — ens1)|* + era) + 1 ({2, ex — derr1)]* + rs2a-1))

and

ty,
Ye+1 = |< Yk »

z,ex)|* + €

then ¢, ~ Tprry and yry = I Thh i1 yr. A direct computation shows the error for the

$y6k>|2+5k

approximation of the term used in phase propagation,

(1 — i) (|low® + ex) + (1 = i) (|Jzpsal* + 1)
2
(lzw — zea|* + €asn) — 1|z — izpia* + e2a15-1)
2
A=)+ (1 )]
2
n |2 — x| — ifag — dp g |
2
(1 —i)ex + (1 —i)€pt1 — €avk + i€2d+k-1
2
<\/§|€k\ + V2lerp| + leare] + le2arn]
- 2

|tk — Thxpy1| =

=€,

26



which satisfies €, < (1+v/2)|/¢||oo. We use similar calculations to simplify the relationship

between the vector and approximate recovery,

o

_ 123 TpTh4+1 T1
Yk+1 — 7 Tk4+1| =
EN

Y — T Yk
(2, ex)|” + €k zf? [
|2k Pteyr — Thrrat éﬁxk(‘xk‘Q + €k)
(Jzk]* + ex)|vx|?

2|2 (te — Tran1)ye + |2k Trzg1 (ye — %xk) — Tyt %wk%
(|lzk|? + ex)|xx]?

(th — TpTp11) Yk + TpZpr1 (Yr — %ﬂ%) — Tp41 %Ek

|2k | + €

We use the assumption that |(z, e)|? + ex > my|lz|% to get that

Zo

(tk — Trars 1)Uk + Trwrsr (Ye — 1250K) — Thp1 (e €k
[z1] 1]
Yk+1 — mﬂﬁkﬂ '

mil|2|Z

Next, we estimate using the triangle inequality

T1

Zo lte — Trzria | [ye] + [Trzesallyr — yzel + |$k+1%6k’

Yetl — 7 7Tht1| = 5
ol my|z]|5
Nt = TRl (e = poel + [2el) + [Zemellye = yeel + 2o
- mil|2|3 '

Recalling that Ey = |y — é—ilxkl was bounded by the induction assumption, we get

T ‘<e7c(Ek+HxHoo)+HwHioEwI!w!oo\ezg!
Yk+1 Th+1| > 2
|0l my||[|Z,
€k + e (1 + V2)[lelloo + 213
= 5 |7l + 5 Ey
mi ||z 3 my||@]|%
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and using the definition of C' to simplify gives

To € + |ex]
yk+1 - 7xk+1 TR
|0

|2

+CE},.

Finally, we replace all occurrences of Ej with the value given by the inductive assumption,

and simplify

Zo
Yk+1 — 7 7Tk+1
T Jae T

~ k—1 ~
<6k+‘6k;| +C Z (Ck_1_36-7+|63|> n C’k|60‘ 1
~ || = m; 2ymo | ||zlleo

- k—1 -
<&t lex| n Z ki€ + l¢j " CF el 1
T || 2| oo — m; mo Z|| 0o
[E4| = 2y/ |
k _
— Z (Ck—jej"i“ej’) n CH e 1
mj 2y/mo 2]l o

§=0
d

Note that if each component of € is 0, then the error is 0 in each component, so this
algorithm reconstructs x perfectly. In the next lemma, we show a bound on the ¢; norm

of the difference between the recovered vector and the input signal.

Lemma 2.4.3. Let (mj);l;(l) € (0,1]%. For any vectors x € C? and ¢ € R*~2_ define

C € R such that ¢ = 1FY2lelleotllolz, If {ej};-l;é is an orthonormal basis such that

min(m)]|z[|Z%
|(x,e0)|> > mollz||%, and for all § from 0 to d — 1, |(x,e;)|? +€; > m;|z||%, then a vector

y may be obtained such that

o el
]

< [lw(C, min(m))||2 T

D

d
k=1

x1
z1
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for a weight vector w(C,u) € R31=2 satisfying

1 k-1 1+Q - & o
Zii( = +Y0osm  Wi=0
kf
Dt S 3 i S I P
w(Cyu)j = 21 (b ' _
el om ifd<j<2d-—2
3d-2~j o if2d—1<7<3d—3

by using the algorithm presented above with the phaseless measurements

{{z, ex)|? + e ik
{(z, er, — exr1)? + expa}i?

{[(z, e, — dei1)|® + €nsoa—1}ig -

Proof. By Lemma 2.4.2, we know that for k£ = 0,

To leo] 1
Ye — 7Tk
|0

~ 2y [|7]leo

Also, by Lemma 2.4.2, we know that if € = 3 (V2[€;j| + v2|ej11] + |€a+5] + le2a+j—1])

for all j from 0 to d — 1, then for all k from 1 to d — 1,

k—1
< Z(Ck 1— ]€]+|€J|)+Ck|60| 1
= m; 2ymo | |||lso
+

Yk — — Tk
|zo]

_I_
mo 2ymo | ||z|leo
k_ 1 _
3 (e, o) 1

m; mj-1 ) [|7]le

CHl1+¥2)  C* ) Jeol
|

k—1
V2 e CF177 eq ]

2mj [l

k—1 :
CF177 |eggr i
+Z |€2d-+ 1|.

2mj |[#flo

Jj=0



When we sum these terms over all k, we get

d—1 1 +d 1 Ok—1(1+§) N Ck |60’
ykz_iipk
0 2ymo i mo 2ymo ) ) llzfloo
+d Sl AR S Bt AW
k=1 j=1 m; mj—1 [E4|S
d—1 d—1k—1 d—1k—
n V2 i ch " Jeas | +ZZ ~ CF 1 eggp i
£ 2my,y ||:c||oo e ALY lollee = 2m; %]/ 0o
and by rearranging
Yk — =
e ™ = r quoo
s g LR o
j=1k=j+1 mj mj—1 2|00
d—1
+ \/§ |6j|
2 m; [l
d—2 d-1 d—2 d—1
n CF 177 |eqy | +Z Ck 177 |egqyj1]
— =, 2my [lofle £ mj[|zfle
7=0 k=341 7=0 k=j+1

Then by the Cauchy-Schwarz inequality, we get that

T
Y — 7Tk
|1]

l€ll2

< [lwll2
241

k=1
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where w; = w(C, mln(m))”% Note that ||@|]2 = [Jw(C, min(m))||2, which proves the

claim. O

2.5 Interpolation in the presence of noise

In the presence of noise, a few lemmas are needed to show how noise propagates through
Dirichlet kernel interpolation. First, we will note that the basis of point evaluations of the
analytic polynomials are point evaluations at d equally spaced points around T, while the
basis of point evaluations of the trigonometric polynomials are point evaluations at 2d — 1
equally spaced points around T. The following lemma observes the effect of evaluating a

trigonometric polynomial at d equally spaced points around T.

Lemma 2.5.1. For any trigonometric polynomial f : z — Zz;i(dq) cpZ® of degree at

most d — 1, and any zy € C such that |z9| =1,

d—1

>

J=0

2
<2|If13

1
<f7 \/;ZDzowfl,d1>

Proof. Note that the set { ﬁDszj a1 ?;é is a Bessel sequence, because it is finite. Thus,
d’

the Bessel bound is equal to the operator norm of the Gram matrix. Note that for all j

from 0 tod — 1,

1 1 2d — 1 1
<\/gDzowfl,d—1’ \/gDzowg,d_1> =g =23
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and for all [ from 0 to d — 1 with j # [,

1 1 1 1 (1—)k
7DZ wj d—l’DZOUJl,d_1>+ =— 1+ Z wd
<¢& =10 g0, ama\'t =
1 d—1 d—1
= ( wc(ljfl)k + ch(llj)k>
k=0 k=0
=0

Thus, if we let 14 be the d x d matrix of all 1s, then the Gram matrix G satisfies G =
21, — 114, and has operator norm ||G|| = 2. Thus the Bessel bound for this sequence is 2,

and
d—1

1
Z <f’ \/&Dzowi,d—1>

2
<2|f113

=0

<

O]

Now we will observe the effect of noise and the effect of oversampling on Dirichlet kernel

interpolation.

Lemma 2.5.2. If a trigonometric polynomial f € Ty is measured at 2N — 1 equally spaced
points on T, where N > d, with a noise vector n € R2N=1 then the recovered 2d — 1 degree

trigonometric polynomial f € Ty will have error that satisfies

~ 1
I = fllo < el

Proof. Note that any trigonometric polynomial f € 7; may be expressed as an element

of Ty for any N > d. Then Dirichlet kernel interpolation may be used in this space, but

should still recover f. Thus f = 2350_2 f(w%N_l)ﬁij ~_1» Where won 1 is the
2N—-1
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2N — 1st root of unity. Thus,

_ J )
r= ZO f(wQN_l)QN— lD"J%NA’N_l

and if we let

N-1

~ . 1
In= Z (flwiy_1) +ﬁj)mD j

WIN-—1>

then

2
2N—-2

o
Iy = flI5 = E:mmv Dy N1

2
2

MZ

\/_

[

ZN_er

Note that f has degree at most 2d — 1, even when interpolated as a 2N — 1 degree trigono-

metric polynomial, so if the extra dimensions of fy are truncated, and we let

= 1
Z W2N )+ ) 2N — 1D°"§N717d_1

then we get that

IF = Flle < 1 = Fll = <=l

O]

We also observe the mean squared error of the effect of noise and the effect of oversam-

pling on Dirichlet kernel interpolation.

Lemma 2.5.3. If a trigonometric polynomial f € Ty is measured at 2N — 1 equally spaced
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points on T, where N > d, with a noise vector n € R*N=1 composed of i.i.d. Gaussian
entries, then the recovered 2d — 1 degree trigonometric polynomial f € Tq will have error

that satisfies

Bl — 18] = r—gEllalE

Proof. Note that any trigonometric polynomial f € 7; may be expressed as an element
of Ty for any N > d. Then Dirichlet kernel interpolation may be used in this space, but

should still recover f. Thus f = 23]:\[0_2 f(ng_ )2N 1D i .y where wan 1 is the

Win_1s

2N — 1st root of unity. Thus,

_ J )

and if we let

IN—2
=0
then
[on—2 2
2]
]E[HfN fHQ] Z nJ2N w2N 1, —1
2
—2N—2 1 2
-F -
; AN 1
1
= E 21.
s Ellnl3]

Note that f has degree at most 2d — 1, even when interpolated as a 2N — 1 degree trigono-

metric polynomial, so if the extra dimensions of fy are truncated, and we let

2N 1
Z fwly_y +773)2N71DWJZ'N_1,5171

34



then, because each component of fN — f is independent, we get that

2d -1 2d -1

E[llf - f13] = N — 1E[||fN — fI3] = mE[HWHg]

2.6 Phase retrieval algorithm: stability and oversampling

We begin proving that the phase retrieval algorithm presented in section 2.3 is stable
by giving a result that assumes we are already given the approximating trigonometric
polynomials that arise in step 1. In other words, we show that if given a fixed polynomial
p € Py and approximating trigonometric polynomials fy = |p|?, fi ~ |(I — Row,)p|?, and
fo &~ |(I —iRo,)p|* with sample values that are bounded away from zero, the recovery

error of applying steps 2 and 3 is O(|| fo — |p|?|l2)-

Lemma 2.6.1. Let m € (0,1]%. For any nonzero p € Py, and any fo, f1, fo € Raq such
that fo =~ |p|*, fi = |(I — Row,)pl?, and fo ~ |(I —iRow,)p|*, define E € R3 such that
E = {|[fo=[plll2: /1 = [(I = Rowy)p[*|l2, [l fo = |(I = iRow,)p*[l2} and define C(t1,t2) € R

_ (14+v2)v2d-Tt1+d||pll3
such that C(t1,t2) = PVATE

a 2o € T such that |p(20)|? > dmol|p||3 and for all j from 0 tod—1, |f0(zow§)\ > dm;||pl|3,

. Then define w as in lemma 2.4.3. If there exists

then an approximation p € Py can be obtained such that for some ¢y € T

V24| E|l2

19 = copllz < [[w(C([|[ El|oo, min(m)), min(m))[|2
1212

d—1

by using steps 3 of the algorithm given in section 2.3 with the values {fo(zowé) pary

{f1(200) Y422, and { fo(zow]) }I22.

Proof. Recall that the set {%szj };l;é is an ordered orthonormal basis for P,. Let = be
d
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the vector p represented in this ordered basis. Then for any j from 0 to d — 1,

2 . .
252 = (s F s )| = 310 K ) P = dlp(0d)? = 3lpl(a0wd) = §(p D )

If we define € € R342 guch that

L (folzow)) = Ip(zow]) ) if0<j<d-—1
=1 (Ao - Ip(aow]) — plzow™P)  ifd<j<2d-2

é(fg(Zowd ) — ]p(zwéJr) zp(zowf;r )|> if2d—1<5<3d—-3

then by Cauchy-Schwarz |€]|oc < 7v2d_1\|EHOO and by Lemma 2.5.1 |le]lz < \/%HEHQ

Additionally, the values { fo(zowé) . 1 fl(zowd) ;l 2 and { fg(zowd) 472 are precisely

equal to the values

2 d—1
{lzkl” + ex iz
{lzk — zpi1)® + erralics

{lzx — iz |* + €k+2d—1}z;3 :

If Lemma 2.4.3 is applied to these measurements, and we use the equivalence of norms,

1 1
ol = g {|{p. R g )| b < e { ol = ol

\/&Kzowlj

and
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Then

(L+V2)llelloo + N2l _ (14 V2) 2B

B min(m)|[p|[3

2
o P12 /G — o2 oy minm))

min(m) |13

We obtain a vector of coefficients y € C* by Lemma 2.4.3 that satisfies

[ell2

2o

Z yk— p “ d;|p(30wd)

k=1

d
< [lw(C; min(m)) |2

and because each component of w is non-decreasing in C', and by the definition of €

d
p Zowd . . V2||E||2
D foe ;|p(zowd < w(C (HE!oo,mln(m)),mln(m))H2”H“_
k=1 Pll2
Let p = Zk oyk\[ Zowk - Then
3 d—1 = d—1
_ p(Zowa) 1 p(Gowa 1
p— z p = Y —F—= k — Plzow — K. k
Ip(Zowa)l "], i v |P(Zowd)|kzo ( d)\/;l e,
d—1 _
p(Zowd) - 1
= Yk — = plRow —K.
k:0< |p(Z(]CUd)| ( d)) \/& Zowy ,
d—1 _
< Yk — p(zowd zow H
e p(Zowa) ) Vd Kz
\fHEH2

<[[w(C (| E]lo0, min(m)), min(m))[|s == T

O]

With the above lemma, we may now give a stability result for the entire algorithm.
Note that this result considers the effect of oversampling. If we let NV = d, then we get the
result with no oversampling, and if we let all n = 0, then we show the injectivity of our

measurements.
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Theorem 2.6.2. Let m € (0,1]. For any nonzero polynomial p € Py, and any noise

R2N=1if there exists zo € T such that |p(zowq)|? > md|p||3 and

vectors 1g,n1,M2 €

min{]p(wézo)ﬁ— \/;V;]‘\i[__llHnng}?;é > md||p||3, then an approzimation p € Py can be obtained

by the algorithm given in section 2.3 with the phaseless measurements

{Ip*(wsn 1) + (m0)i iy

{I( = Row,)pI* @iy 1) + (m)e}ilo?

{I(I = iRow,)p*(Why_1) + (m)i}i 5

such that if C(t1,t2) = (1++v/2)v/2d—1t1+d||p||3

then for some cg € T
t2v/dllpl3 4 0

V2 Vlmoll3 + Imll3 + I3
2 V2N —1 lpll2

N — < 1 ~ ~
I curlls < | (€ (s s U )

Proof. Let m € (0,1]¢ such that each entry m; = /m. Note any trigonometric polynomial in
T4 may be recovered using Dirichlet kernel interpolation on Ty for any N > d, as shown in
Lemma 2.5.2. This requires the use of point evaluations at {ng_l}?fo_2. Note that |p|?,
|(I — Row,)p|?, and |(I — iRy, )p|* are in Ty, and using the above , these functions may be
interpolated from the values at {wé N_l}?fg 2 Approximating trigonometric polynomials

fo~Ip% fi = |(I—Rouw,)pl? and fo ~ |(I—iRo,)p|* are obtained from this interpolation.

Then by Lemma 2.5.2

1o — PPl <~ llr0]l2
V2N —1
11— (T = Row)pPll2 < e[z
’ V2N —1
and
1o — (T — iRow )02 < e .
’ V2N —1
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Note that for any z € T,

2N—2
1

fo(2) = |Ip(=) + D Mi5N 1

J=0

"J%Nﬂvd_l <z)

2N—-2
2
2‘])(2)‘ - Z 7707]2N W2N 1,d 1(2)

2N -2 1
— 2 _ .
—‘p(Z)‘ < Z 70,5 Jti%N—lvdfl’ IN — 1Dz,d—1>

IN—2
1
2
>[p(2)|" - ‘szd 1 Z 10,5 \/7Dw§1v711d—1
2
1 2N—2
> EI |
_‘p(z)‘ ‘sz,dl Z nO,jW "J2N717N_1
2
v2d—1
Z\P(Z)P - \/ﬁnmh
>md||pl|3 -

Thus, we may apply lemma 2.6.1 to get an approximation p € Py such that for some ¢y € T

V2(E];

1P = colls < (1B oe, min(m)), m)lla ¥

where E = {[|fo — [pI*ll2, [f1 = |(I = Row)p*ll2, If2 — [(I = iRow,)p[*[2}. Note that

1Ellse < gxg maximo12{llmll2} and [|Ell2 < 5= v/l + [l + [mell3.  Thus
C(||E| oo, min(m)) < C’(\/;maxl —o01.2{llmll2},m). Then because all components of w

are increasing in C,

V2 InollZ+ Iml3 + ||772||2
92 V2N —1 lpl|2

= conll < [ ( (s s oo o)
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To obtain a uniform error bound that only assumes bounds on the norms of the vector p
and on the magnitude of the noise ||ngl|2, we use the max-min principle from appendix A.1.
This provides us with a universally valid lower bound m that applies to the above theorem.

The oversampling results from the previous theorem are maintained.

Theorem 2.6.3. Let r = sm((d 1)d2) and 0 < a < 1. For any nonzero p € Py, and any
@-1d .,

d=1\4_2
Fr L and ol < Zap?lpl3, then

an approximation p € Py can be obtained by the algorithm given in section 2.8 with the

noise vectors ng,n1,ne € RZV"L if g =

phaseless measurements

{IpI* (Wb —1) + (mo)x}ig 2
{|(I—R0,wd)p|2(w§N_ )+ (m)k}ZN 2

{‘(I_Z.RO,Wd)pF(wSN—I) (772>k}2N ?

(1+f)

such that if C' =

,32(1 a)llp\lz

V2 Vol + Imll3 + [In2ll3
2 V2N —1 [pll2

o= aanlle < | (€320 - )

Proof. By Lemma A.1.3 we know that there exists a zg € T such that the distance between

any element of {wdzo -l

and any roots of any nonzero truncations of p is at least r. Then
by Lemma A.1.4 we know that for all j from 0 to d — 1, ]p(wézo)| > Bllplli > Bllpll2 where
we define ||p||1 to be the ¢; norm of the monomial coefficients of p. Thus, we know that

there exists a zy € T such that

d—1
. J 2 _ 2d } > 2 2 o 2d > 2 1 o
win { (o) JZV|Mﬂ1JO_ﬁ|Mb el = 31— o)
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for all j from 0 to d — 1 and we may use zy and m = 5,82(1 — «) in the preceding theorem.

When we apply the above theorem, we get

V2 Vlmoll + mll3 + lInell3

1
D — C < [lw C,* 2 -« >
15 — copll2 < H < g (1=a) s V2N — 1 Ipll2

O]

We remark that many of the inequalities used to create this bound are not sharp.
Thus the above theorem would benefit from an improved lower bound on the minimum
magnitude. In fact, the value Hw (C', 552(1 — a)) H2 grows extremely fast with the dimen-
sion. Errors as large as would be indicated by this value have not appeared, even for the
worst-case polynomial that has been found experimentally.

In figure 2.1, we show the results of oversampling in our algorithm, when the signal is
the experimentally found worst-case, and the input noise with fixed /5, norm equal to 10~°
has been chosen to take advantage of this polynomial. When N = d = 7, the ¢3 error is
108 times the £, norm of the input noise. As the oversampling rate increases, the recovery

error drops, as predicted by the theorem.

2.6.1 A lower bound for the error resulting from a pathological signal

The above error inequalities are much worse than even the worst-case input error for
the worst-case polynomial. But we don’t have an analytic formula for the worst-case
polynomial or its stability. Experimentally, the polynomial that is most affected by noise
that has been found has roots whose angles are very close to the Chebyshev nodes. That
is, if we found the d — 1 Chebyshev nodes on the interval [-7, 7], and then created the
polynomial with roots all on the unit circle whose angles occur at the Chebyshev nodes,

then this new polynomial would be very close to our experimentally found worst-case
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Recovery error as a function of oversampling dimension

-3
3.6 x10 T T T

error

1 8 1 1 1 1 1 1
0 100 200 300 400 500 600 700

dimension

Figure 2.1: The L? distance between the signal recovered by the phase retrieval algorithm
and the actual signal for a fixed polynomial in d = 7, with input noise with ||7o/|cc = 1077
as a function of the oversampling dimension. The fixed polynomial that was chosen is the
polynomial that most amplifies the noise.
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polynomial. In this section, we shall provide a lower bound on the maximum error that

can be achieved by using the algorithm given in section 2.3.

Proposition 2.6.4. Let p € Py be a polynomial with roots

o 82E).

2k =
Then p(z) = a Hi;%(z — zi) for some a € C and

max{\p(z)\ 2| =1 and arg(z) € [-7, g]} > ’p <6d>
d—1

=la| T

k=1

d—1

=la| T

k=1

e

I%d 2k—1)m
T COS((Q(CH))

e E2))

)

Now we show the location of the maximum does not change when we map an appropriate

polynomial on a line segment to a polynomial on an arc of the circle.

d
Lemma 2.6.5. Let d be an even integer with d > 2, let o € (0, 3], and let {ay};_

’ 2

d
—4 k0

be a set of numbers in the interval [—a, a] such that a_p = —ay. Let py € Py be the real

polynomaial such that

p(z)= ] c—e) =] —e"*)(z—e).



If po achieves its mazimum over the interval [—cav, o] at x = 0, then py achieves its mazimum

over the set {z : |z| =1 and arg(z) € [—a, ]} uniquely at z = 1.

d
Proof. Note that for all z € {z: [2| =1 and arg(z) € [—a«, o]} with arg(z) & {ax}? . ok
=—4,

d
2

pi(2)] = [T 1z — e
__d
)

k0
g .
|z — ek |
Il gy —arleee@ — o
k=4 k
2
k£0
a
‘p (arg(z))\ f[ ’Z — eiak|
—|P0
-, larg(2) —a
k7é02
d
: |arg(z) — ag|
—Ipo(arg(=))] ] sinc < >
=—4
k40
g
=[po(arg(2))| H sinc (‘ arg(z)z_ ak‘) sinc <| arg(z) — ak’)

Note that because a < 7, we know that |arg(z) —ax| < 2a < 7 and so we are only looking
at the sinc function on the interval (0, §]. On this interval, sinc is strictly positive, strictly
decreasing, and strictly concave. Because it is strictly positive, we may use the inequality

of arithmetic and geometric means to show that for any k,

2

» larg(z)—a_y| : |arg(z)—ay|

. <rarg<z>—akr>. <\arg<z>—akr>< sine (12572l + sine (Lo

smc|{ ———— |sinC{ ——————
2 2 - 2
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and equality holds if and only if

which is true if and only if |arg(z) — a_i| = |arg(z) — ag|, which is true if and only if

arg(z) = 0. By the strict concavity of sinc, we know that for any k,

sinc (M) + sine (\arg(;ﬂ) < |arg(z)—a_g]| + |arg(z)—agk| >
: 2 2
5 < sinc 5

and equality holds if and only if |arg(z) — a_i| = |arg(z) — ax|, which is true if and only

if arg(z) = 0. Thus,

p1(2)] < Ipo(arg(= Hsme (l arg >—w!4+|arg<z>—ak\>

and equality holds if and only if z = 1. Note that for any k, if |arg(z)| > |ag|, then
|arg(z) — ak| +arg(z) — ax| = [arg(z) — a—p +arg(z) — ar| = 2| arg(2)| > 2|ax|
and if —|ay| < arg(z) < |ag|, then
|arg(z) — a—k| + [arg(z) — ax| = |ax| — arg(z) + arg(z) + |ax| = 2|a|.

Thus, for all k, | arg(z) —a_x|+|arg(z) —ax| > 2|ag|, and because sinc is strictly decreasing,

we get that

s (L) e o) meul) o (1]
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Thus,

Ip1(2)| < |po(arg(z Hsmc <|ak|>

and equality holds if and only if 2 = 1. Because |pg(arg(z))| achieves its maximum at
arg(z) = 0, we know that |p;(z)| achieves its maximum at z = 1, and we know that it
doesn’t achieve this maximum anywhere else on the set we are concerned with, because

the above inequality does not hold for z # 1. O

We also want a lower bound for the values of the pathological polynomial on the arc

with angles in [—7, 7].

Proposition 2.6.6. Let d > 3 and let p € Py be a polynomial with roots
i COS((2k71)Tr>
2 =ed 2(d-1) )

Then p(z) = al_[g;i(z — zi) for some a € C. For any z with |z| = 1 and angle inside the

)l < lal (5)"

ed —1
Proof. Let pg be the polynomial that is equal to ———p(2) if p(z) has a root at 1, and

, 50 [p(2)| < |po(2)]. By

interval [=75, 5],

s
equal to p(z) otherwise. Then on this interval, |z — 1| < |ed —1
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the previous lemma, we know that |po(z)| < [po(1)|. Thus,

p(2)] < |po(2)]

< Ipo (1)]
i 2T LIFD) AL | (2h-Un
e o[ RS
k=1
d
k#3
w251t ) i (@R=Dr 2
—lalled -1 T dc"s(?(d—l)) 1
k=1

and because distance along the arc is greater than linear distance

1 d—1 d—1 2
=l () @) I e ()
a1 bz
= el (3) ,ECOSQ(M?T )

O

We will also get a lower bound for the value of the pathological polynomial at wg, which

is the second coordinate in the ordered basis of point evaluations.

Proposition 2.6.7. Let d > 6 and let p € Py be a polynomial with roots

()

Zk =
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Then p(z) = a Hi;}(z — z) for some a € C, and

()] > a2’ (%) 2EEEVD)

Proof.

o =

L454] d—1
2im 2im
2ol JT | =% IT [ 1]
k=1 k=451 +1
in LM | 2in d-1-[ %3]
ed —1 ed — 1’

- () ()

Note that, for any = € [0, 7], sin(z) > = cos(z). Thus,

|p(e%)\ > |al ‘QSin <7r)‘td ‘QSIIl(d)‘d =15

2d
2]a|2d_1 21dCOS< )’ ‘—COS( )’d L5
a1 _1d-1-1%1)
= o (D) feos () s ()]
o jde1y md-l N n |5

a8 2) o ()] e ()]
Note that for d > 3, the derivative of}cos( d)} Ea (2d)‘d%
is increasing and ’cos (%)’% ‘cos(m” = 5+8‘/5. Also note that for d > 2, the

d d
derivative of ‘cos (%) ‘ 2 is positive. Thus for d > 6, (%)}2 is increasing and we get
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64
1 do1jdoi (z)d—l 3v3(5 +/5)

= ]@2727— p) pi 6—4
_ d—1
> jappst ()" VBB EVE)
d 64

O

And finally, we establish a ratio between the first two coordinates of the pathological

polynomial with respect to the point evaluation basis.

Corollary 2.6.8. Let d be an even integer with d > 6 and let p € Py be a polynomial with

r00tSs

o= o T3

Then p(z) = a Hg;}(z — zi) for some a € C, and

oyd—1
POl (D) o
p(e™F)] iz (5)* 2BENE 95335 + VB)

and if d > 11, then

Pl _ 64 64 2 (V2—1)?

)| 2 aA5 1 vE)  TEG V) AEGVE) 2V

Just as we did with the main result, we prove a claim regarding step 3 of the algorithm

for our pathological vector, before we show that this applies to the entire algorithm.

Lemma 2.6.9. For any x € C?, if € € R32 such that ey # 0 and all other components
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€j =0 and if {e; ;l;é is an orthonormal basis such that x is full with respect to {ej};l;é, and

|(z,e0)|? + € > 0, then a vector y may be obtained such that for some & between |zo|? + €o
and |xo|?,

zg €0

Yo — 7—%o =
|0 2V/€

and for all k from 1 tod — 1,

To 7z, [ 21— DV]zol? + €0 +Toz (ﬁ—ﬁd)

Ye — 7Tk =
|0l |z1/2 |20l + €0

€0

by using the generalized step 3 algorithm presented in section 2.4 with the phaseless mea-

surements

d,
(H, ex)? + er )i}
{l(z, e — ers1)” + ek+d}Z;3

{l(z, ex — iexr1)® + exr2a—1}is -

Proof. For the case k = 0, we let yo = \/|{(x, e0)|> + €o. Then by the mean value theorem

and concavity of the square root, there exists a & between |(z, eg)|? + €o and |(z, eg)|? such

that

<y0 - :CO‘TO> =V, €0)> + 0 — V/|(x, e0)|?
|0l
€0

~3 7

For other values of k, the proof proceeds by induction on k. The base case for this
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induction is the case k = 1. Note that for all k£ from 0 to d — 1,
Traprr = 5 (1= D)|agl® + (1= )|ap1 ] — oe — 2pa ] + ilog — izpia|?)

so an approximation for Tyrgy; may be obtained as a linear combination of the perturbed

measurements. If we let

tr =5 (1= 1) (&, ex)” + ex + [z, epn) P + expn)

— (z, ex — exs1)|* + €nva) + 17 (|(z, ex — ieg1) > + €xr2a-1))

and

123

Z, €k>|2 + €l

then tx ~ Tpxrr41 and Y1 =~ T ThZkt1 yr. A direct computation shows the error for the

$76k>|2+6k

approximation of the term used in phase propagation,

(1 =) (|loxl* + ex) + (1 = D) (Jzpra|* + 1)
2
(lzr = zea | + €apn) — i(lzp — ixpa]* + €201 0-1)
2
(1 =)o + (1 = i)z ]?
2

|2, — 2pp |* — |y — ifﬂk+1!2)

+ 2

_ ((1 —i)ep + (1 —i)epy1 — €qpp + z'ezd+k:—1)

ly — TpXpr1 = (

2
By the assumption on the components of e,

(1 —1)ep

lp — Tpxpq1 = o 5
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We then directly compute the relationship between the vector and approximate recovery,

Yk 1—E$k 1= b yk—ﬁxkﬂﬁ k
T o] T T (s en) 2+ en lzk]? |zol

|zk [ thyr — kavkﬂ%%k(Wk\Q + €r)
(Jzk)? + ex)|zk|?
|2k (tk = TR )y + 2 PTRer (Ys — Goek) — TRk o Thek
a (Jzg|* + ex) |zl
(tk — ThTp41) Yk + ThTpr1(Yk — %xk) — Tk41 %fk

|zk|? + e

In the base (k = 1) case, we plug in k = 0 into the above equation to get

(to — Zox1)yo + Zox1(yo — %xo) — T %60

Zo
Y1 — T =
|zo| |zo]2 + €0
1-i — o %
B U0y + Tg1 (o — meL0) — T1pplreo
|o[? + €0

and use the fact that yo = /|zo|? + €0 and yo — %xo = 267\35 to get

(A—ieo /112 1~ 4w, €0 _ o TQ
5 |x0\ —1-6()4-:6'01'12\/E x1|xo|60

- ’$0|2 + €
1 2\ —_ 1 1
_ 5(1—1) |$0’2+60+x0x1 (27\/2 — w) )
70| + €0 o

which proves the base case.

For the kth (with 2 < k < d) inductive step, we assume that we have obtained y;, with
Tizy (%(l—i) w02+60+10$1<2\1/2_110|)> )
0-

. . . _ o —
the given information such that yg 2] Tk = T 0[P Feo
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Then because (ty — Txzr1) = 0 and e, = 0, we get

) (tk — ThTpy1) Uk + ThTpr1(Yr — %xk) — l“k—i-l%%
Ye+1 — 7 7 Tk+1 —
U T o2 + er
Tkt 1 (Yo — oo Tk)
B |z |?
e I 1O ) RVAE T o <L_L>
Tilhi1 Tk | 2 2vE  |wol
- 2 2 2 €0
[ol* fd |[ol* + €0
1 . o ) )
e (10 IV e+ (51— )

which proves the claim.

Now we establish a lower bound on the error of each component of this pathological

vector.

Corollary 2.6.10. Let ap € (3,1) and a1 € (0,1). For any z € C%, if e € R32

such that eg < 0 and all other components €; = 0 and if {ej};l;é is an orthonormal basis

such that x is full with respect to {ej};l;é, and |{z,e)] < V2 (1 - ﬁ) ai|{x,er)|, and

€0 > —(1 — ag)|(z,e0)|?, then a vector y may be obtained such that
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by using the generalized step 3 algorithm presented in section 2.4 with the phaseless mea-

surements

{z, en)]* + e iy
{[(z, er — exs1)|* + enyatizs

{[(z, e, — iepi1)|® + nrod—1}ig -

Proof. By the previous Lemma, we know that there exists a ¢ such that |xg]? + €y < & <

|zo|?, and

Zg €0
Yo — 7—%o =
|0 2V/€

and for all k from 1 to d —1,

w w30 VP o+ (51 - 5y)

Y — 7Tk = ..
o] 1 |[20|% + €0
Thus,
To ol |€o]
Yo — To| = >
ol 2VE = 2|z
and for all k from 1 to d —1,
1 . o . )
0 2 lloa] | 30— VT2l + o + 701 (52 — i)
B ™ ? 2 ol
o 1] 20| + €0
] |50 = VTl + o + 7001 (552 — i)
" = 2 ’60‘ .
|ZL‘1| |:‘CO| + €0
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Note that

1 1 1 1 1 1 1 <
S S . S S . S
[zol  2v€ " lzol  2¢/Jwo[2 + e 120l 2¢/aplzo? 7ol

By the above equation and the assumption that ¢y < 0,

1 1 .
:zcoau1< )‘—’;(1—1)\/@0\2—%60

1
L > faollel - (1
ol ~ 2V

|0l

|zo]

and using the assumption on the ratio o] gives

1
z\xly(1_2 a0_<1_

1
— ] >0.
2,/0&0)

1
)—‘?!wol

B 2‘/040

- (1- 2\}070) (1=l

> 0.

Thus, by the reverse triangle inequality

1 . — 1 1
_ @ ’5(1 — i)/ |xo|? + €0 + Tox1 (WE - w)‘ ol

60’

75
k— 7T Tk =
P Teol ™| T P

ol o (B = 2)| - 3 - VP e

N ‘$1| |l‘0|2—|—60

o (1~ 20m ) (L= an)fa]
o lzil NGT ol
= | lzo]2 + €0

! leol

2 o () o9
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We remove the dependence on the unknown «g and a; on lower bound on the error
of each component of this pathological vector, by assuming a ration between the first two

components of x.

Corollary 2.6.11. For any x € C¢, if e € R34=2 such that ey < 0 and all other components

€; =0 and if{ej}c-l: s an orthonormal basis such that x is full with respect to {e] and

Jj= 0’
[{(x,ep)| < 2\[ (V2 - 1) (z,e1)], and eg > —3|(z,e0)|?, then a vector y may be obtained

such that

o

Yo — ——Xo| = ol
|zol

2o

and for all k from 1 tod — 1,

»M»—‘

Y — 7Tk
!900\

by using the generalized step 3 algorithm presented in section 2.4 with the phaseless mea-

surements
2 d—1
{l(z, er)|” + er o
{|{x, ex — ers1)® + enralis
o 2 d—2
) =
{[{z, ex —ieg+1)|” + €nyaa—1}p—p -
Proof. Plug in ag = % and a1 = ‘f\/_; into the previous corollary. O

We sum the squares of the values in the above lemma to obtain a lower bound on the

£5 norm of the difference between the recovered vector and the original signal.

Corollary 2.6.12. For any x € C%, if e € R3?72 such that ey < 0 and all other components

€j = 0 and if {e; ?; s an orthonormal basis such that x is full with respect to {e]} and

]0’
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|(z,e0)| < ﬁ (V2 - 1)2 [(z,e1)|, and € > —3|(z, e0)|?, then a vector y may be obtained

such that

b
——
|0

1
Z —
o 4 |zol |20

by using the generalized step 3 algorithm presented in section 2.4 with the phaseless mea-

surements

d_
{l{z,en)” + er iy
{l(z, er — ens1)|* + enyatizs

{l(z, ex — iexr1)|® + exr2a—1}iy -

If, in addition, we have |(z,e1)| < %Hazﬂg, then

L C? leol

el 2 T
o 4 l=zll

ol

Proof. By the previous corollary

b
y— —u
|zo]

d—1 d=1
S e w2 |5 (Lol L fal
, k™ Taol k| = 4 |zo) |0 4 |xol |zol
k=0 k=0

O

Theorem 2.6.13. Let d be an even integer with d > 11 and let p € Py be a polynomial

with roots

RESCE)

Then p(z) = aHZ:(z — 2;) for some a € C. Let a € (0,5|p(1)[?], N > d, and wan_1

be the 2N — 1 root of unity. For zyg = 1 and noise vectors ng,n1,n2 € R2N=1 such that

o7



IN—2 : o
o = (—04|K1(W§N_1)|2)k:0 andm =mn2 =0, if C = \fgyﬁ‘k, then an approximation

D € Py can be obtained by using the algorithm given in section 2.3 with the phaseless

measurements

{IpP*(whn—1) + ()i 17N
{I(I = Row,)pI*(Whn 1) + (m)e}io >

{I(I = iRow,)p*(Why_1) + (m)i} 75

such that for some cg € T

C*V3 [I70l[2
4d+/(2N —1)(2d3 + d) llpll2

16 — coplly >

Proof. Note that any trigonometric polynomial in 73 may be recovered using Dirichlet
kernel interpolation on Ty for any N > d, as shown in Lemma 2.5.2. This requires the use
of point evaluations at {w%N71}§£JQ. Note that [p|?, |(I — Row,)p|?, and |(I —iRo.,)p|>
are in 7y, and using the above, these functions may be interpolated from the perturbed
values at {w2 No 1}2N 2 The approximating trigonometric polynomials obtained from this

2N 2 _ 1 fl = ’(I_ RO,wd)p’27 and

interpolation are fo = > 7", (]p(w§N71)|2 +10) 38— 1DWJN

fo=|(I —iRow,)p|*. then

1

2N—2 1
2 _ ) ) - _ 2
fo—1Ipl"= Z% (10); N — 1Dw;N_1,d,1 = —a|K|.
‘]:
The set {1 f 20w d —5 is an ordered orthonormal basis for Py. Let x be the vector p

represented in this ordered basis. Then for any j from 0 to d — 1,

2 1 ,
= g|<pa KZO%'HQ = g|P(Zowig)|2~

1
|SU]"2 = ‘<p’ \/aKzowé>
98



Then by Corollary 2.6.8, we know that

vl _ Ip() _ (V2= 1)?
el p(e’ ) T 2v2
If we define € € R3¢~2 such that
5 (1foCzow))l = Ip(z0)I?) if0<j<d-1
6= 4 (IAGowhl - Ip(z0wd) —plaow ™) ifd<j<2d-2

5 (120w ™)1 = Ipz0 ™) = ip(zow])I?) if2d 1< <3d-3

then eg = —% > —1[zo[? and all other ¢; = 0. Note that

2N—-1

Inollz = ay| Y [Ki(why_ )/t = av2N —1|K1%|, = %\/(QN — D)2 +d).
k=1

Then by the corollary 2.6.12, the algorithm from section 2.4 produces a vector y such that

C? leo| _ C*V/3 [I70]]2
o 4zl 4d /N —1)2dB + d) lIpll2

o

b
|0

Then, if we define p = Zi_é ykﬁKzow(g,

- p(1) 1 p(1 N
pl| = y—=K; o — T Y p(Bowg) —=K; ok
H (7|, ,;0 Vd v p(D)] = v i,
d—1
), o) 1
= Y — p(zowd)> 7Kz w
k—0< [p(1)] d = 2
1, _ %o
|$0‘ 2
C?V3 lI70]l2

Z4d\/(2N —1)2d3 +d) lpllz



Stability of phase retrieval for pathological signal
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Figure 2.2: The L? distance between the signal recovered by the phase retrieval algorithm
and the actual signal for the worst-case polynomial in d = 7, with no oversampling, as a
function of input noise. Each point represents the worst error out of 100 random noise
vectors of the chosen norm.
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This result gives us the desired lower bound on the recovery error for our pathological
signal. Figure 2.2 shows the error resulting from attempting to reconstruct the pathologi-
cal signal using the algorithm. The behavior is still linear, as predicted, but the algorithm
magnifies the noise by a factor of 107. Note that the behavior observed in the case of
a pathological signal is very abnormal behavior. In fact, in experiments, randomly cho-
sen signals reduced noise of the magnitude depicted here to the square root of machine

precision.

2.7 Mean squared error

Much of the above work dealt with calculating what happens when the input error is
the worst-possible error of any particular norm, or close to it, and when we are using the
polynomial that has the worst interaction with such an error. For a more typical case,
we calculate the mean squared error for a fixed polynomial. We still use the worst-case
polynomial for this. To calculate the mean squared error, we need a precise value for the

£1 norm of the weight vector.

(14+v/2)v/2d—1t1 +d||p||2

Lemma 2.7.1. Let m € (0,1]. Define C(t1,t2) € Ry by C(t1,t2)

t2Vd|p|[3
and w(C,u) € R32 py
(
d1C"1+f) d-1 C* o
k=1 + 2= oﬁ fji=0
k—1 ky2
e (” R S i B B
w(C,u); = .
Pl ifd<j<2d-2
3d—2-j o1 if2d—1<j<3d—3

If for each k from 0 to 2d —2, J(k) =d — |d—1— k|, Bi(k) = (%\/%+ (d— k)2 + \@)),
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and By(k) = 321" Bi(k — j +2)B1(j), then

oGl = 3 (dzmkﬂ (fj) ((1 T ﬁ)ﬁ)"d’“z“fgz(m) (t) |

2\ & B

Proof. Note that by rearranging terms in the 1 norm

d=1 k-1
(1+ Cck
||w(C,w)|1
LR

j=1 \ k=1 k=0
d=2d—j—1 1
+2 >
2u
7=0 k=1

k=0
:iC,H( ! +<d—k><2+ﬂ>>
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Then, if we square both sides

d d-1
1 .
lw(C,u)|)3 =2 Z CITR=2 By (k) B (5)
k=1 5=0
1 2d—2 J (k)
== Z C*Bi(k — j +2)B1(j)
k=0 j=1
1 —2
=— C*By (k)
k=0

and after plugging in the formula for C(¢1,m) in place of C, and m in place of u

m2

20 2( (14 v3) mt1+d||pu2> Bo(k)
m\prnz

and using the binomial theorem

Y i<k> 1+ vBy2- i nd‘”’E”Bz(k)

P13

2d—22d—2 14+v2),/2 -1 " -
S () (M) e

Ipl13

O]

With the above bound on the norm of the weight vector, we can begin to calculate the
mean squared error. Here, we calculate the mean squared error conditioned on a lower

bound for the values of the perturbed polynomial.

Theorem 2.7.2. Let m € (0,1] and o > 0. For any nonzero p € Py, and any noise vectors
no,n1,n2 € R2V=1 composed of i.i.d. Gaussian entries with variance o2, if there exists a

20 € T such that min{|p(zowfl)|2 + Ziﬁl 1770k2N 1Dw2N -1 (zowd)}d > md||p||? and
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Ip(z0wa)|? > dml|p||3, then an approzimation p € Py can be constructed using the Dirichlet

Kernel and the the phaseless measurements

{Ip*(wsn 1) + (m0)i 7o

{1(I = Row)pl*(why 1) + (o)} 25

{I(I = iRow,)p* (Wi 1) + (o) }io

such that if C(t1,t2), J(k), Bi(k), and Ba(k) are as defined in the previous lemma, then

for some ¢y € T

- 9 Ea E 6d—3 o2 o 3
5 —

k=0

Proof. Let m € (0,1]¢ such that each entry m; = m. Note any trigonometric polynomial in
T4 may be recovered using Dirichlet kernel interpolation on 7Ty for any N > d, as shown in
Lemma 2.5.2. This requires the use of point evaluations at {w% Nil}?go_ 2. Note that |p|?,
|(I — Row,)p?, and |(I —iRy.,)p|* are in Ty, and using the above , these functions may be
interpolated from the values at {w% Nfl}?ﬁo_ 2. Approximating trigonometric polynomials

fo~|p%, fi = |(I—Rouw,)pl? and fo =~ |(I—iRo,)p|* are obtained from this interpolation.

Then by Lemma 2.5.3

2d —1
E[ll fo - \PPH%] = WE[HHOH%]
2d — 1
Bl = (7 = Bou 1] = Gl
and
d —
Bl f2 = 0 = iRo. o] = —grEllmld.

We may apply lemma 2.6.1 to get an approximation p € P, such that for some ¢y € T, if
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E ={lfo—1pPll2; | /1 = (I = Rowy)pl*ll2; |l f2 — [(I — iRow,)p|*||2}, then

V2| B

15~ copll <[ (O] s min(m)), min(om) |2

and because all components of w are increasing in C,

V2B

and by equivalence of norms

V2B

<Jw(C (| El2, 1), ™)1 TP

Then, by squaring both sides, and taking the expectation, we get

. . 2| E||3
Bl copl) <E [JaoCCIE e, ), ml AL
2

and by Lemma 2.7.1

=3 (3t () (0 Voo 3) 0 e ) B

= 212

Note that E[| B3] = 2=z Ellnol3 + im3 + n2l13) = 326=4 02 and that £z has a

scaled Chi distribution with 6d — 3 degrees of freedom, so that

N F( 6d73+n+2) o n+2 2 o n+2
E[||E|7T?] = 221! 2 ( ) < 6d—3—|—n2<>
11215+ ran () < ) (=
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Thus,

2d—2 n . i
E[|[p — copll3) <2 Z (Z —1z (i) ((1 +v2)4/2 — ;) d2B2(k:)> w%lwz]

Ipl15
2d—2 1 . (Gd _ 3) <ﬁ>2 i ;

O]

This conditional mean squared error is not useful without knowing the probability of
the conditional statement being true. Thus, we establish an upper bound on the falsehood

of the statement.

(d—1)d

r d—1\4_2
Theorem 2.7.3. Letr = sin((dfﬁ), B = s §(22+)1)) L >0, and o > 0 such that
k=1
o< \\72@7]4 . Let m = = (ﬁz - %\/ zgj;i)sz((QN - 1)2)), where W is the Lambert W

function, which is the inverse of the function g(x) = xe®. Note that 0 < m < 8. For any
p € Pg with ||p|l2 > L, and any noise vectors ng,n1,n2 € R*2V=1 composed of i.i.d. Gaussian
entries with variance o2, if we define f € Ty by f = ZZZ;l ”O,kﬁDng,l,d—l and let I’
denote the event that there does not exist a z on the unit circle such that |p(zwq)|? > md||pl|3

and min{|p(zw))* + f(2w))}I=§ > md|p[3, then

d
P S o hva

Proof. Note that the probability of every z on the unit circle satisfying the equation

min {[p(zw})? + f(ew)) } < md]lpl

is less than the probability of this being true for the value of zg given by Lemma A.1.3.
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Then, if we let F; be the event that
p(z0w])? + f(zow)) < 1d||p|3

we get that

Pr(F) < Pr(UZgF;) <) Pr(Fy).

By Lemma A.1.4 we know that for all j from 1 to d, \p(zowé)\ > Bllplli > Bllpll2 where we
define ||p||1 to be the ¢; norm of the monomial coefficients of p. Also note that f has i.i.d.
Gaussian entries with variance #271, so for each j from 0 to d — 1, f (zowfl) is Gaussian

. . 2d—1)o?
with variance % Thus,

Pr(Fy) =Pr(|p(zow))|* + f(zow]) < md]|p||3)
=Pr(f(zow)) > [p(z0w})[? — id|p||3)

<Pr(f(zow}) > B°||pll3 — md|p||3)

<pr (f<20w§> > O o - 1>2>upuz>

2N — 1
<Pr (f(zowg) > \/(2;]\[__1)102“/((2]\7 - 1)2)>
c—LW(@N-1)?)
<
“VW(@2N - 1)2)2r
1
~ /T @-DIW(2N — 1)%)2n
1
(2N - 1)Ver

O]

With the failure probability given above, we may now write the mean squared error as
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a sum of the error in the fail condition and the mean square error conditioned on the lower

bound.
T(d l)d(d 1)d 2
Theorem 2.7.4. Let r = sin((dfﬁ), B = QZHd) L L >0, and o0 > 0 with
272 - — 2 .
o < \\fzfli' Let m = (ﬂQ - ﬁ\/ 2§N1—)f W((QN— 1)2 )), where W is the Lambert

W function, which is the inverse of the function g(x) = xe®. For any analytic polynomial
p € Py with ||p|l2 > L, and any noise vectors ng,n1,n2 € R2V=1 composed of i.i.d. Gaussian

2

entries with variance o, an approrimation p € Py can be obtained by the algorithm given

in section 2.3 with the phaseless measurements

{IpI* (Wb 1) + (mo)x}ig 2
{|(I—R0,wd)p|2(w§N_ ) + (Ul)k}zN 2

{‘(I_Z.RO,Wd)pF(wSN—I) (772>k}2N ?

such that if J(k), Bi(k), and Ba(k) are as defined in lemma 2.7.1, and we define Bs as

By — 12:502 ﬁd%Bg(k), then for some cy € T

d 6d —3 o2 o 3
E[||p — copl3] < |Ipl3 + 2B +0 () :
[Hp OpHQ] = ||pH2 <2N—1) /7271_ 32N_1 ”pH% IN — 1

Proof. Define f € Ty by f = Zigfl WO,kWLDng_I,d—l and let F' denote the event that
there does not exist a z on the unit circle such that min{\p(zwé)]2 + f(zwi)}?;é > md||pl|3
and [p(zwq)|? > md||p||3. Then Pr(F¢) <1 and by Theorem 2.7.3 Pr(F) < m. If

event F' occurs, let p = 0. Otherwise p is constructed using the algorithm, and by Theorem
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2.7.2

s 6d—3 o2
5 — 21 pel < Z 5 ba—s o7
Bl = eorlBle] <2 < WHdQBz(k)) 2N — 1pll3 e << 2

k=0
6d—3 o2 o 3
=2B3———— + 0 | | —— .
2N = 11pl3 (( 2N—1)>
Thus, by the law of total expectation

E[|p — copll3] <E [lIp — copll3|F'] Pr(F) +E [||p — copll3|F<] Pr(F°)

d 6d—3 o>
<IIplI2 +92B +0 (
<lele oy v TN 1l ( 2N
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Chapter 3

Recovery from randomized noisy

measurements

3.1 Randomized polynomials

There are many benefits to considering random polynomials rather than fixed polyno-
mials. Among these is the fact that the worst-case polynomial is now a rare occurrence,
and so we may make probabilistic statements with better error bounds. To get a random
polynomial from a fixed polynomial, we will consider the polynomial ®x, where ® is a
random matrix. If ® is invertible, then we gain all of the error benefits of a random poly-
nomial while still having the ability to recover a fixed polynomial. If x is a sparse vector,
then we can recover  even when ® has much fewer rows than columns.

To gain all of these benefits, we need to know what distribution ®z will have.

Proposition 3.1.1. Fiz z € CM. If ® is a d x M complex random matriz with entries

9Portions of this chapter ©2015 IEEE. Reprinted with permission, from Bernhard G. Bodmann and
Nathaniel Hammen, Error bounds for noisy compressive phase retrieval, Proceedings of the 11th Interna-
tional Conference on Sampling Theory and Applications (SampTA), May 2015.
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whose real and imaginary parts are drawn independently at random from a normal distribu-
tion with mean 0 and variance ﬁ, then ®x € C? has entries whose real and imaginary parts

are drawn independently at random from a normal distribution with mean 0 and variance

llzll2
2d

The following corollary is a special case of the above proposition.

Corollary 3.1.2. Fizx € CM. If® is a d x M complex random matriz with entries whose
real and imaginary parts are drawn independently at random from a normal distribution
with mean 0 and variance Q—Id, and if p € Py is the polynomial whose coefficients are equal
to ®x, then for any z on the unit circle, the values ﬁp(zwé) have real and imaginary
parts that are drawn independently at random from a normal distribution with mean 0 and

; llzll2 ;
variance ‘55, by a change of basis.

With this knowledge of the distribution of our random vector, we may obtain a proba-

bilistic lower bound on the coefficients with respect to our chosen basis.

Proposition 3.1.3. Let ¢ > 0. For anyy € C* with entries whose real and imaginary parts

are drawn independently at random from a normal distribution with mean 0 and variance
—2

5q, the probability that any one value |y;| is greater than 7 is e @ and the probability that

=2
all values |y;| are greater than 75 ise d .

Proof. Note that for any 7,

2
Pr(ly;l > &) = Pr(ly;|* > &)

which is the tail probability of a Chi squared distribution with 2 degrees of freedom. Then

2
2 Yj 4 =2
2d
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—2\ ¢ —2
Then the probability all values satisfy this bound is <ed2> =ed. O

These bounds allow reconstruction of a noisy signal without using polynomial inter-
polation, but with a small probability of failure. In fact, this allows reconstruction using

fewer measurements than the theoretical minimum needed for perfect reconstruction.

Theorem 3.1.4. Fiz x € C%. Let ® be an invertible d x d complez random matriz with
entries whose real and imaginary parts are drawn independently at random from a normal
distribution with mean 0 and variance i. For any a € (0,1) and any ¢ € R31=2 with

2
lelloe < Fllzl3, define C € R such that C = (H\/Ql"f""gxm!q’x“m. If w is as defined in
d o0

-2
lemma 2.4.3 then with probability e d , a vector y may be obtained such that

llell2
@2l

< 27 2llw(C, 7))z
2

by using the generalized step & algorithm presented in section 2.4 with the phaseless mea-

surements

{|(®, en)” + e }pg
{1(®x, ex — exsn) 2 + epsa}i=?

{|[( Pz, e, — iepy1)]* + ek+2d71}i;§ .

Proof. By Proposition 3.1.1, ®x € C? has entries whose real and imaginary parts are drawn

independently at random from a normal distribution with mean 0 and variance %. Then
-2

by Proposition 3.1.3, min;{|(®z, e;)|} > ”fl# with probability e d . If this holds, then for

all j from 1 to d, [(®x,e;)|* +¢; > (31 — %)|2[3 > 52 ||z||%. Thus, by Lemma 2.4.3, a
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vector § may be obtained such that

d ﬁ Canr el
> 1~ (g ey ¥ | < Il gllgy
Thus
= famar],  aar)
<0 - e 1
<[[27H|2llw(C, 1512 ”c’I’);HHzoo'

3.2 Compressive sensing

We say a vector x is s-sparse if z has only s or fewer nonzero entries, and we say a
vector x is nearly s-sparse if there exists an s-sparse vector that is a small {! distance away
from x. For any vector =, we define ||z||o to be equal to the number of nonzero entries of z,
which is the smallest number s such that z is s-sparse. For any vector z € CV, we define
the error of best s-term approximation to x by

os(x)] = min Tr—z
=i el

where a best s-term approximation to z is given by

H,(x) = ar min r—zl7.
A =g i 17 A
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Note that this best s-term approximation is not necessarily unique for a given x, but that
the error o4(x) and the norm ||H(x)||2 are independent of the choice of Hy(z).

The idea behind compressive sensing is that a system of measurements that would be
underdetermined for recovery of an arbitrary vector can be sufficient to recover a sparse
or nearly sparse vector to a high degree of accuracy. This is usually established using the

restricted isometry property or the more general robust null space property[40].

Definition 3.2.1. For a real or complex d x M matrix ¢ and a positive integer s < M,
we say that @ satisfies the s-restricted isometry property with isometry constant §, if for

each s-sparse vector & € RN or z € CV, respectively, we have
(1= d) )3 < [®]3 < (1 +6)[1z]3-

Definition 3.2.2. For a matrix ® € C**M and a positive integer s < M, we say that ®
satisfies the fo-robust null space property of order s with constants 0 < p < 1 and 7 > 0

if, for each set S C {1,..., M} with |S| < s, and each z € CM, we have

L oselly + 7l[@al;

sz <
/5

or equivalently,

1H (@)l < Tzou(a)s + @l

It has been shown that the appropriate restricted isometry property implies the robust

null space property.

Theorem 3.2.3 (Theorem 6.13 in [40]). Suppose that ® € C*M satisfies the 2s-restricted

isometry property with isometry constant dos < \;%. Then @ satisfies the fo-robust null
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space property of order s with constants

02

_ S
P /T 08 — 625/4

and
— \/1+(52s
V1 =02, —0a/4

It has also been shown that for any matrix ® satisfying the £s-robust null space property,

minimizing the ¢; norm of a vector x subject to constraints involving ®x can recover any

s-sparse vector.

Theorem 3.2.4 (Theorem 4.22 in [40]). Suppose that ® € C*M satisfies the o-robust
null space property of order s with constants 0 < p <1 and 7 > 0. Then, for any x € CM

and y € C? satisfying ||y — ®x|2 < n, the solution x¥ to
arg min |[|z|; subject to ly — @z|2 <n
zeCM

satisfies

2
& (1+p) ( : ) B+p)T
r— X < 1nf xr—z +
| I < (1—p)V/s zeCN,quoss” I 1—p "

3.3 Compressive phase retrieval

In this section we combine the oversampling results for the phase retrieval algorithm
with the compressive sensing result above as in [45] to obtain a combined algorithm with
a linear error bound. If it is known that the signal is sparse, then this combined algorithm
may be used with undersampled measurements compared to what would be needed in the
non-compressive case. The oversampling results mean that if there are more measurements

than this needed (undersampled) amount of measurements, the accuracy of the combined
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algorithm is improved.

To combine these results, we first need a matrix that satisfies the £s-robust null space
property. By 3.2.3 a matrix satisfying the appropriate restricted isometry property will
suffice. Using exercises from [40] it is shown that complex Gaussian matrixes satisfy the

restricted isometry property with high probability.

Proposition 3.3.1 (Exercise 9.5 in [40]). If ® is a d x s complex random matriz with
d > s and entries whose real and imaginary parts are drawn independently at random from
a normal distribution with mean 0 and variance 1, then the mazimal and minimal singular
values omar and omin of @/\/ﬁ are fort > 0 contained in the interval [1—\/§—t, 1+\/§+t]

with a probability of

P(1—\/§—t§amm,amx§1+\/§+t) >1-2e" .

The proof of this is similar to the real case [40, Theorem 9.26], by identifying the space

C4*s with the space R2% instead of R,

Using a union bound as in the proof of [40, Theorem 9.27], we then get that the

restricted isometry constant d5 of ®/v/2d is bounded by

IP’(&S > 2(\/§+t) + (\/§+t)2) <2 (ef)sedﬁ.

Combining these results from [40], we achieve the appropriate restricted isometry prop-

erty.

Proposition 3.3.2. A complex random matriz ® with entries whose real and imaginary
parts are drawn independently at random from a normal distribution with mean 0 and

variance 1/(2d) achieves an RIP constant 25 < 4/+/41 with probability 1 — 2 (%)28 edt?
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if there exists

such that

4
2(v/2s/d+t) + (v/2s/d + t)? < Th

Note that if we solve the above equations for d, we get that such a t exists if and only

if

Thus, for any fixed M and s, if d is sufficiently large, then a random Gaussian d x M
matrix ® will satisfy the conditions of Theorem 3.2.4 with high probability. We let B be

the matrix associated with the linear measurements

k N—
{p(WQN—1) i:o 2

{(I = Row,)p(why_1)}2N52

{(I = iRow,)p(why_1) ii[(;Q

and consider measurements of a vector = of the form |B®x|? +¢, where € € R6™3 is a noise
vector and | e |2 is the squared modulus taken component-wise. This gives the framework

that we use for compressive phase retrieval.

Theorem 3.3.3. Let N > d > s. Let x € CM, let no,m1,m2 € R2V7L, and let ® € CM

satisfy the £a-robust null space property of order s with constants 0 < p < 1 and T > 0.

2imw

If won_1 = e2N-1 and wyg = e%, then for j from 0 to 6d — 4 and k from 0 to d — 1 let

7



B e CON=3)xd pe given by

Wik if0<j<2N—1,
Bjr=19 w | —(Wy_ wa)* if2N —1<j<4N -2,

Wik =iy _jwa)f ifAN —2<j < 6N —3
and let € € RNV=3 be given by

(10); if0<j<2N -1,
G =9 (m)j—@n-1) if2N—-1<j<4N -2,

(M2)j—(an—2) if4N —2<j <6N —3.

(d—1)d

— gin(—27 _r (%)dﬁ V2N—1 _ 2 2
Let r = sm((dfl)dg), 0<a<l, and B = D) If ol < V5= aB||®z|3

and x satisfies the approrimate sparsity requzrement

ou(2)1 < \frﬂswrz

then an approzimation x for x can be reconstructed from the vector |B®x|? + € (where

| o | is taken component-wise), such that

02 l€ll2
V2N =1 [Hs(z)ll2 — Jzos(z)

C
leoz — 2|2 < —=o(x)1 +

75

where

Ci = %, and Cy = % Hw (C, éﬁ2(1 - oz))HQﬂ with w and C from Theorem

2.6.3, and cy € C, with |co| = 1.
Proof. Consider the polynomial pg, € Py defined such that pe.(z) = Zz:1<$7 ¢Z>zk_1,

where ¢y, is the k-th row of ®. This polynomial has monomial coefficients that are precisely
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equal to the coefficients of the vector ®x. Thus, the measurements (\BAQC]Q + e)j are
precisely the measurements needed to apply the 3-step phase retrieval algorithm to recover
paz- The recovered vector will have an error as specified by Theorem 2.6.3. Using Theorem

2.6.3, for some ¢y on the unit circle, we obtain a polynomial p € P, satisfying

V2 Vlmoll3 + 3 + lIn2ll3
2 V2N —1 lpll2

D — copazll2 < Hw <C, éﬁQ(l - a))

where C' and w are as in Theorem 2.6.3. If y is the vector of monomial coefficients of p,

then
V2 el
5 V2N — 1 || Pz]|2

Using this, we may apply Theorem 3.2.4 to show that the solution 27 to

) 1
|y — co®z|l2 = [|p — copazll2 < Hw <C, gﬁz(l - a))

V2 el
5 V2N — 1 ||Pz]|2

1
arg min [|Z[|1 subject to ly — coAz|2 < Hw (C, 621 — a)>
FeCN d

satisfies the random bound

(14 p)? B+p)T V2 el
o — 21l < =S @+ T [ (G580 - ), e

BN < S [
Vo V2N —1[|Pz[2

To eliminate the random term | ®z||2 in the denominator, we use the robust null space
property to get

sl 7 (1@~ Feouon)
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Thus,

" C C HeH
— <71 2 2
cCor — X os(x)1 +
” 0 ”2 RVE] s( )1 Tv/2N — 1 H‘I)tz
C C
<1 Us(x) 2 HGHZ

SV T AN ST @~ o)

O

If = is s-sparse, then the error bound simplifies to a linear bound in the noise-to-signal
ratio. An example of this can be seen in figure 3.1. In this experiment, a single sparse
vector was randomly generated, and then 100 matrices were randomly generated, and 100
noise vectors with varying norms were randomly generated. The results show a linear

relationship between the input noise and the recovery error.

Corollary 3.3.4. If the assumptions of the theorem 3.3.3 hold and x is s-sparse, then the

recovery algorithm results in x# such that

C
min ||lcz — 7 || 2__llell

< —_— .
le|=1 2= /AN -1 |2

Together with the random selection of normally, independently distributed entries as

in Proposition 3.3.2, we achieve overwhelming probability of approximate recovery.

Corollary 3.3.5. If ® € CM s q complex random matriz with entries whose real and
imaginary parts are drawn independently at random from a normal distribution with mean
0 and variance 1/(2d), with s, d, M and t > 0 chosen according to the assumption of
Proposition 8.3.2, then the error bound in the theorem 3.3.3 holds for each x € CM with a

probability bounded below by 1 — 2(%)286_#2.

If we are willing to accept nonuniform recovery, then the results from proposition 3.1.3

give a smaller coefficient for the linear bound on the error.
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Stability of compressive phase retrieval
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Figure 3.1: The L? distance between the signal recovered by the compressive phase retrieval
algorithm and the actual signal for a 20-sparse vector in dimension M = 512 with 120
measurements as a function of the maximal noise magnitude.

81



Theorem 3.3.6. Given © € CM and no,n1,m € R2V"1 let & € C*M pe a complex
random matrix with entries whose real and imaginary parts are drawn independently at
random from a normal distribution with mean 0 and variance 1/(2d), with s, d, M and
t > 0 chosen according to the assumption of Proposition 3.3.2. If wan_1 = e% and

Wy = e%, then for j from 0 to 6d —4 and k from 0 to d —1 let B € CON=3%d pe given by

Wik if0<j<2N—1,
Bip=1{ Wil | —(Wy_jwa)¥ f2N —1<j<4N -2,

wik | —i(wly_jwa)® ifAN —2<j<6N -3
and let € € RV=3 be given by

(10); if0<j < 2N —1,
G =9 (m)j—@n-1) if2N—-1<j<4N -2,

(M2)j—(an—2) if4N —2<j <6N —3.

Let r = sin((dfﬁ) and 0 < a < 1. If ||noll2 < V\/T d2||<I>:cH2 and x satisfies the

approximate sparsity requirement

then with probability bounded below by e~ — 2(%)236*&2, an approximation ¥ for x can
be reconstructed from the vector |B®x|? 4+ € (where | o |? is taken component-wise), such

that
& ell2

V2N =1 [ Hs(z)ll2 — Fzos(z)1

os(x)1 +

leox — 2|2 <

\[

where
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Cy = (1;:'0/32, and Cy = % Hw (C’,d—lg(l —oz))Hzx/Q with w and C from Theorem

2.6.3, and cy € C, with |co| = 1.

Proof. First, we note that & satisfies the fo-robust null space property of order s with

constants 0 < p < 1 and 7 > 0 with probability bounded below by 1 — 2(%)256*‘”2. In
] — 623 — 1+623 3

this case p = e and 7 V= :538—625/4 for any choice of dos < 4/v/41.

Consider the polynomial pe, € Py defined such that pg,(z) = EZ:1<$: ¢1)zF~1, where
¢ is the k-th row of ®. This polynomial has monomial coefficients that are precisely equal
to the coefficients of the vector ®x. Thus, the measurements (|BA3;]2 + e)j are precisely
the measurements needed to apply the 3-step phase retrieval algorithm to recover pg,. By
corollary 3.1.2 and proposition 3.1.3, for any choice of zg € T, all values ﬁp(zowé) are

greater than Hfl# with probability e . Thus,

4 V2d—1 }dl 1 V2d—1 1
min W 20)|? — —— > pl]f - Y————= > —=(1l-«a 2
{|p( d O)| m”ﬁonl o = d2Hp||2 m”%”l = d2( )HpHQ
for all j from 0 to d — 1 and we may use zp and m = d%(l — «) in theorem 2.6.2. When we

apply the theorem, we get p € Py such that

V2 Vlmol3 + mll3 + [In2ll3
2 V2N —1 pll2

- 1
= conlls < | (€. 51— )

If y is the vector of monomial coefficients of p, then

V2 el
5 V2N —1[|®zl2

- 1
Iy = cotla = 15 - opale < [[w (€, 51 )

Using this, we may apply Theorem 3.2.4 to show that the solution z# to

V2 lell2
2 V2N — 1] ®z]l2

1
in |7 bject t — cpAZ||2 < ¢, -1 -
arg min |l Z]]1 subject to ly — coAZ|2 < Hw ( ’d3( a))
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satisfies the random bound

1+ p)? (34 p)T V2 [€ll2
I U o) iy BEPT (0,41 -
leow =a™lls = Gy Zos@h + 5 o (€ ¢ "‘))“2mu¢>xlb
_ O, o O [ell2

Vs TV2N —1[[®xfls

To eliminate the random term | ®x||2 in the denominator, we use the robust null space

property to get

n@m>0m<mr\2%mg.

Thus,
c c [€ll2
Cox — ZII# <71 2
Ieor =Tl < R0t R = [l
SQU ( ) Cy H H2 .
NE VAN —1 @) - Zos@)

84



Appendix A

Appendix

A.1 A max-min principle for magnitudes

To ensure the stability of our phase retrieval algorithm, we need a lower bound on the
magnitude of any polynomial with a given degree and norm for some choice of d equally
spaced points on T. Obtaining the needed lower bound on the magnitude requires a few

lemmas and definitions.

Lemma A.1.1. Let (ak)z;(l) € Ce. For anyt € (0,1), there exists at least one n between

0 and d — 1 such that |a,| > |ja| "t~ - 1).

Proof. By way of contradiction, let |a;| < [la||12¢~7(t~1 — 1) for all j from 0 to d — 1. Then

d—1 d—1 d
lals =" lagl <D llaflit @ = 1) = a7 = 1) >t < [laly
§=0 j=0 I=1
This is a contradiction, so the claim holds. ]

Definition A.1.2. For n from 1 to d, recall that for any = € C¢, p, € P; such that

pz(z) = Z?;é szj. We define the n-th truncation of p, to be the polynomial p,, € P,
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such that py,(z) = Z?:_& z;z). Note that the d-th truncation of a polynomial is the
polynomial itself. Also note that even if a polynomial is nonzero, it may have truncations

that are zero polynomials.

To obtain a lower bound on the entries of a full vector originating from a polynomial, a
proper choice of basis is needed. It must be shown that there exists a choice of basis that
provides a lower bound on the distance between any basis element and any roots of any

truncations of the base polynomial.

Lemma A.1.3. For any polynomial p € Py, there exists a zy on the unit circle such

d— 1

that the linear distance between any element of {wdzo and any roots of any nonzero

truncations of p is at least sin(m)-

Proof. For any n from 1 to d, let N,, be the number of distinct roots of the n-th truncation
of p if that truncation is nonzero, and let N, = 0 if the n-th truncation of p is a zero

polynomial. Then the number of distinct roots of all nonzero truncations of p is

d d
(-
Z:: z::ln—l)— 5

Then for the set S = {ﬁwé! j =1,...,d and w is a root of a nonzero truncation of p},
we know |S| = Nd < M. If the elements of S are ordered by their angle around the

unit circle, then the average angle between adjacent elements is I%rl > 0 . and so there

@—na>
is at least one pair of adjacent elements that is separated by at least this amount. Thus,
if we let zy be the midpoint between these two maximally separated elements on the unit
circle, then the angle between zy and any element of S is at least (dfﬁ. Thus the linear

distance between 2y and any element of the set S is at least sin( 0 O

2
dff)d2 )-

With a lower bound on the distance between these roots and the chosen evaluation
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points, a lower bound on the minimum magnitude of any component of the reduced vector

can be obtained.

Lemma A.1.4. Let r < 1. For any x € C%, if there exists a zy on the unit circle such

d 1

that the linear distance between any element of {wdzo and any zeros of any nonzero

truncations of py s at least r, then for all j from 0 to d — 1

(d 1)d

( )

L
[pe(whz0)] > - ( 3 [l -
d—1

Proof. Let ng be the smallest n obtained by applying Lemma A.1.1 to z and t = 7.

Then

d—1\%™ [ /d—1\""! d—1\4" g4 1
| > °—- 71 4 = a-2 ari
!wol_llﬂfH1<2d> << Qd) ) ||w||1<2d> T

and for all j < ng

lzj| < ||z Ed_j E_l,l = ||z|| d_ldjﬂ
TS I Ty 2d — I#I T d—1"

(n— l)n
r lllx (%55

(I, + 1)

We prove, by induction on n from ng + 1 to d, that the n-th truncation of p, satisfies the

Let

d—
DT

m(ng,n) =

inequality |px7n(wézo)] > m(ng,n) for all j from 1 to d.
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For the base case n = ng + 1, we know that
U d—1\"" & d-1\"7 ) d+1
ool = 2= ol 2l () - 2 (%) )i
d—1\% " d d—1\') d+1
=l ( 2d ) oy < 2d ) d—1
l=d—ng+1
>z 1) () "7 den
=\ Tog 1— (&) ) d-1

2d
=||z| d-1\T 2
— I Tog d—1

and equality only holds if ng = 0. Then by the reverse triangle inequality

no—1
Pamo 1 (@20 = | D wi(whz0)F
k=0
no—1
> [[ano| = > I
=0

d—1\%"™ 2
>||z|ly 57 ]

(”O 1)'”0” || ( )d no 9

(I + 1))

d—1

=m(ng, ngp)

For the inductive step, assume that we have proven that |px7n(wflzo)| > m(ng,n) for

m(no,n)
rt4+1

a chosen value of n, and all j from 1 to d. Then we choose a threshold 7,, =
If the leading coefficient z,, of py n41 satisfies |x,| > 7,, then py 41 is clearly a nonzero
truncation of p;, so by using the factored form of py 1, for all j from 1 to d

n m(ng,n)r"

’pz,n+1(wézo)‘ > ‘xn‘rn > Tl 41
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On the other hand, if the leading coefficient satisfies |z, | < 7, < m(ng,n), then for all j

from 1 to d

) m(ng,n m(ng,n)r”
Poas1 (@20)] = mlno,n) — o] = m(no,n) — 1 = m(ng,n) — i) _ mino,n)

r 41 r+1
Either way, for all 5 from 1 to d,
(n=1)n ~ _ dfno 2
- ol ()T g
Wi - m(no,n)r" _ 3 1 nein 4+ 1
’px,n—l—l( d 0)‘ = Tn+1 (szno(rk—“l)) ( 0 )

Thus, by using the fact that the d-th truncation of a polynomial is the polynomial itself,

for all j from 1 to d,

(d=1)d _1\,d—n, (d=1)d _1\d
; G T = L N G ="
|px(wd20)|2m(n0’d)_ d—1 i = d—1,
(I + 1) (s + 1)
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