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Abstract

It is well-known that the performance of POD and POD-DEIM methods depends on the
selection of the snapshot locations. In this work, we consider the selections of the locations
for POD and POD-DEIM snapshots for spatially semi-discretized linear or semi-linear
parabolic PDEs. We present an approach that for a fixed number of snapshots the optimal
locations may be selected such that the global discretization error is approximately the same
in each associated sub-interval. The global discretization error is assessed by a hierarchical-
type a posteriori error estimator developed from automatic time-stepping for systems of
ODEs. We compare the global discretization error of this snapshot selection on error
equilibration for the full order model (FOM) with that for the reduced order model (ROM)
to study its impact. This contribution also shows that the equilibration of the global
discretization error for the FOM is preserved by its corresponding POD and POD-DEIM
based ROM. The numerical examples illustrating the performance of this approach are

provided.
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Chapter 1

Introduction

Proper orthogonal decomposition (POD) is one of the most popular model order reduction
methods that has been widely used in data analysis, pattern recognition, optimal control
and inverse problem. The POD technique assumes the availability of the states (snapshots)

y(t;) at times {t;}7L, of the system:

Y Je) e,
y(0) = o,

where f(t,y(t)) is assumed to be linear or semi-linear. The snapshot POD consists in
choosing an orthonormal basis such that the mean square error between the snapshots
y(t;)'s and the corresponding [ — th partial sum is minimized on average, i.e., the POD-

basis is the solution of the following minimization problem:

l

minJ (¢, -+ 1) ZH?JJ Zy]a¢k)¢k||2,
k=1

subject to: (;,1;) = 0;; for 1 < 4,5 < L.



And it is well known that the solution of the above minimization problem is given by the

eigenvectors of the following self-adjoint operator:

m

Rp = <uylty), > ylty), (1.1)

Jj=0

Surprisingly good approximation properties are reported for POD based schemes in several
articles, see [20, 21] for example. However, POD scheme is not able to really reduce
the computational complexity for non-linear systems but on the contrary, it increases the
computational complexity in some sense. As a result, several other methods are developed
to overcome the difficulty of reducing the complexity of evaluating the non-linear term. For
example, the missing point estimation (MPE) proposed in [22]; the trajectory piece-wise-
linear (TPWL) approximation proposed in [23] 24]; and discrete empirical interpolation
decomposition (DEIM) proposed in [4]. Among those approaches regarding methods to
reduce the complexity of evaluating the non-linear term, DEIM is the most recent result
to deal with the non-linear term. DEIM approach employs a small selected set of spatial
grid points to avoid evaluation of the expensive L? inner products at every time step
that are required to evaluate the non-linearities and focuses on approximating each non-
linear function so that a certain coefficient matrix can be precomputed and, as a result,
the complexity in evaluating the non-linear term is proportional to the small number of
selected spatial indices. Hence, the reduced system from the procedure of DEIM considers
both a POD basis for the the state variables and a POD basis related to each non-linear

term.

On the other hand, one can deduce that both POD and POD-DEIM method require the



availability of the states (snapshots) y(¢;) at times {t;}7" of the discretized system and
for fixed [, a solid upper bound (state error) of J is given by the sum of eigenvalues of R
after [ — th index. This gives the rise to the interest of allocating the POD basis according
to the time sub-intervals such that the global state error is minimized. [I3] presents a
method for allocating the optimal locations of the POD basis for linear PDE by adding
new snapshots to the existing fixed snapshots, then proceed to solve the optimal locations

of newly added snapshots by minimizing the integral form of the global state error:

T l
I E0) = [ ottn) = Yo e at (12
0 i=1
where y"(t, ) is the FE solution of the reduced system based on the fixed snapshots plus

newly added snapshots. This approach is able to dramatically reduce the cost function

J(y",t,¢) but is also restricted to the linear systems.

In this thesis, we present the error equilibration in time approach to select the snapshot
locations in a different point of view. We select the locations such that the global discretiza-
tion error is approximately the same in each associated time sub-interval. This approach is
developed from the ideal of the automatic time-stepping method (ATSM), which employs
the a posteriori error estimation and an adaptive time step such that the change between
two successive error estimations is bounded by the given tolerance. Unfortunately, the
adaptive time step may become too small comparing to the mesh size when the solution
of the system changes rapidly and hence a super large amount of steps are expected to
occur. Different from ATSM, error equilibration in time deals with a fixed number of
steps and requires to allocate the snapshots such that each error estimator is of the same
order of magnitude in the associated sub-interval, i.e., it is the error estimator that is
adaptive. This contribution is organized as follows: Chapter 2 is devoted to the Galerkin

semi-discretization in space for evolution equations. The POD and POD-DEIM methods



are reviewed in Chapter 3. Global discretization error for the full order model (FOM) and
the reduced order model (ROM) are developed and studied in Chapter 4. In Chapter 5,

some numerical examples are presented.



Chapter 2

Evolution Equations and their

semi-discretization in space

We consider the semi-linear parabolic PDEs that can be written as the abstract evolution

equations according to:

{y'(t) + Ay(t) - f(t,y(t) =0, t€(0,T], (2.1a)

y(0) = o, (2.1b)

where ¢/(t) := dy/dt and A is a linear second order elliptic differential operator with
D(A) = H?(Q) N HE(Q), Q is a bounded polyhedral domain in RY (N = 1,2), with

boundary I' := 9f).

We further assume that:
T>0, yoe L*Q),

and

fec(o,1), L*()



satisfies the Lipschitz condition in the second argument, i.e.,

Hf(tvyl) - f(tva)HLQ(Q) < Lnyl - y2HL2(Q)7 Y1, Y2 € Lz(Q)v te [OvT]v (22)

for some constant Ly > 0. In particular, we assume A to be of the form:

o, Oy, = Oy
Ay = — E — Qi —) — E bl'—— , 2.
y 856] (ajax ) — axz Cy ( 3)
where b; € L>®(2), 1 <i < N, 0 < c¢(x) € L>®(Q), and a;; € L*(Q), 1 <i,j < N, such

that for some o > 0:

N
S ai(@)6g; > alél?, € RN, Vae .

ij=1

Moreover, we assume the coefficient functions to be such that —A — el is dissipative for

some € > 0 with D(A) C R(I — hA), where 0 < h < 1. Then, the solution operator of

(2TIa), (21D) is a non-linear semi-group (|7, [§]). In case f does not depend on y, (2.Ia)

represents a linear evolution equation whose solution operator is a strongly continuous

linear semi-group.

The computation of snapshots is done with respect to a spatially discretized system of
equations ([21al), (2.ID), for instance, the finite element method (|25, 26]). We define the
function spaces:

W(0,T) = H'((0,T), H~'()) N L*((0,T), Hy (),

W(0,T) = {y € W(0,T)|f(t.y) € L*(Q),t € (0,T)},

The finite element method is based on the variational formulation of (ZTIal), (2.1D) such



that for almost all t € (0,T) and v € HZ(Q), it holds:

0
<P > g1l To(y,v)— < f(ty(t)),v >r2@) =0, (2.4a)

ot
< y(0),v >r2(Q) =< Y0,V >12(Q)> (2.4b)
where the bi-linear form a(,-) : H}(Q) x Hg(Q) is given by:

N N
_ 9y Oy o /
a(y,v) = Z /Qaw Du; 9 dx + Z-Zl/ﬂbzvaxi dx + Qcyv dx (2.5)

ij=1

A function satisfying (2Zal), ([2.4D)) is called a weak solution of ([ZIal)), (2.IL). For the

existence of a weak solution, we refer to [5] 14]. In particular, under the previous assump-
tions on the operator A and the non-linear mapping f, the existence of a weak solution is

guaranteed.

For the finite element approximation of (2.4al) and (2.41]), we let {7,(£2)} be a shape regular
family of geometrically conforming simplicial triangulation of 2. We denote the set of nodal
points of Tp,(2) by N, () and set n = card(N,(R)). For T, € T,(Q), we refer to hy, as
the diameter of T, and set h = max{hz.|T. € T,(Q)}. We further refer to V;, C HZ(Q)
as the finite element space of continuous, piece-wise linear finite elements with respect to

Tn(2). Let Pi(T}) be the set of polynomials of degree no more than 1 on 7;., then:

Vi, = {on, € C(Q)|on|Ty € Pi(T}), T, € Ti(2), va|T = 0}. (2.6)

We note that dimV;, = n and V}, = span{@ll, oo, @i}, where gbﬁl stands for the nodal
basis function associated with the nodal point a;; € T5(2). Then the finite element

approximation of ([Z4al) and (24h) reads: Find vy, € CY([0,T],V},) such that for all



t € [0,7] and vy, € V}, it holds:

0

< %,Uh >r2(0) +a(Yn, vn)+ < f(Yn), vn >r20) = 0, (2.7a)

< yn(0), v >r2(Q) =< Yn,0: Vh >r2(Q) (2.7b)

We may identify the finite element function yp(-,t) with a vector y(¢) and denote by

M, A € R™" the mass and the stiffness matrix, respectively, such that:
y1,n(t)
y(t) = : s Yin(t) = yn(ain,t), ain € Th(Q),
yn,h(t)
M = (M ;) = (< ¢, &), >12(0)), 1 <,5 <,
A =(Aj) = (a(¢}, ¢3)), L<ij<n.
We further refer to yg as the vectors with components:
< Yn0, O >12(0)
Yo = )
< Yn,0, P >r2(Q)

and denote by f(¢,y) : R™ — R"™, t € [0,7] the non-linear map:

< f(t, Zyj,hﬁbfl)’ b >r2(0)

j=1
f(t,y) =

< f(t, Zyj,h¢hM), Ok >12(0)

j=1

Then, the finite element approximation (Z7al) and (2.7D]) can be equivalently written as



the following initial-value problem for a system of non-linear first order ODEs:

My'(t) + Ay(t) — £(t,y(1)) =0, e [0,T], (2.82)
My (0) = yo. (2.8b)
Since f is continuous and satisfies the Lipschitz condition in the second argument, due to

the Theorem of Picard-Lindelof ([6]), the initial-value problem (2.8a]) and (2.8b]) admits a

unique solution.

We consider (2.8al) and (2.8D) as the Full Order Model (FOM) for which we will describe

the application of the POD and POD-DEIM in the following Chapter 3.

10



Chapter 3

POD and DEIM

3.1 Galerkin POD for Evolution Equations

3.1.1 POD and SVD

In this chapter, we consider the singular value decomposition for a linear map from finite

dimensional Hilbert space V into another finite dimensional Hilbert space W.

Proposition 3.1. Let F : V. — W be a linear operator and dim(V) = m, dim(W) =
n, m < n. Then there exist non-zero real numbers o1 > g9 > -+ > o, orthogonal basis

{v}, of V and orthogonal basis {w};* |, of W such that:

F(vy) = opwy, and F*(wy) = opvy, fork=1,--- ,m.

Proof. For a proof we refer to Proposition 1 in [9]. O

Proposition B.1]implies the following corollary.

11



Corollary 3.2. Under the hypothesis of Proposition [31 we have:

F*F(wp) = otwy, and FF*(vy) = opvy, fork =1,--- ,m.

The Proper Orthogonal Decomposition (POD) can be formulated as a constrained mini-
mization problem. For that purpose, we consider the initial value problem (2.8al), (2.8bl)
and assume the availability of the snapshots {yo,y1, -, yam} C R", wherey; = y(t;) is the

finite element solution of (2.8al), (2.8D]) at time instance t;, where 0 < ¢; < T, 0 <7 < M.

For any [ € N, [ < n, we want to find the orthonormal basis {wk}ﬁgzl such that the
mean square error between the members of the ensembles and their [ — th partial sum is
minimized:

l

M
minJ(w, -+ ,wp) = Y _|ly; = Y < yjwk > wil]®
j=1

(P k=1

subject to: (wj,w;) = 6;; for 1 < 4,5 <1

The solution to problem P! is given in [J] as stated in the following corollary.

M
Corollary 3.3. Let Y : R" — R", such that Y (v) = Z < wv,ep > yg, where eg’s are
k=1
the canonical basis in R™. Let K = (k;;), 1 < 14,5 < n, kij =<yj,y; >, then the POD-
basis {wi}l_, are given by wy = ﬁY(vk), where the pair {\p, vk} solves the following

etgenvalue problem:

Kuvp = Moy, fork=1,--- L. (3.2)

The argumented minimal takes the form:

M
argmin(P') = Z Ak (3.3)

k=Il+1

12



It is clear that the POD-basis {wk}gg:l are the eigenvectors of matrix K and because that
the error between the ensembles and their corresponding [—th partial sum is bounded below
by the sum of the suqgared singular values after [ — th, the major advantage of POD is that

we can choose sufficiently small lower bound with the appropriately chosen dimension [.

The matrix V = [v1,v9, - - ,v;] € R"*is the so-called POD basis matrix, which is used to
reduce the order of the model by replacing y(¢) by Vy'(t), where y'(t) € R!. We multiply

VT to the equations and get:

dy'(t
VTMVyd—t() T VTAVY(1) — VTt V() = 0, (3.4a)

VIMVy(0) = VTy, (3.4D)

(B4a), [B.4h) are usually refered to as the POD based ROM. The vector Vy!(t) is the
POD approximation solution to the FOM (2.8a)), (2.8D). The following estimation for the

difference between the FOM solution and the ROM approximation solution holds true:

M

1
ly; = VYl < 1m = VVTI = (D M7 = Tpoa (3.5)
k=Il+1

The constant 7,4 is the so-called POD state error.

3.2 POD Discrete Empirical Interpolation (POD-DEIM)

We let N(u) = VT£(t, Vu) and assume that the non-linear function f(¢,y(t)) is continuous
differentiable in y, then the Jacobian of the non-linear term of equation [B.4al is of the form:

Jr(u) = =VTE,(t, Vu)V. (3.6)

13



In most circumstances, the evaluation of N (u) and the inverse of Jacobian J }?1 (u) at certain
u = yl(tj) are required to compute the solutions of the initial value problem (3.4al), (3.4Dl).
But the non-linear term N (u) has a computational complexity that depends on n, the
dimension of the original FOM. In [4], page 2743, the authors show that if there are ¢
components in the non-linear function f, then the computational complexity for evaluating
N(u) is roughly O(a(q) + 4nl), where « is some function of g, i.e., the computational

complexity of POD based ROM is not reduced at all for non-linear terms.

The same inefficiency occurs in the evaluation of Jacobian J #(u) when a solvers of Newton-
type is used because at each Newton iteration, besides the non-linear term N (u), the
Jacobian must also be computed with a computational cost which still depends on the

dimension of the FOM.

Ixn nxn

The computational complexity for evaluating B.7is roughly O(a(n) + 2n2l + 2ni% + 2nl) if

jf is dense, O(a(n) + nl + 2nl* + 2nl) if jf is sparse or diagonal (From [4], page 2743).

In order to reduce the computational complexity of N (u), an efficient way is to approximate
the non-linear function f(u) = f(¢, Vu) by its projection onto the subspace spanned by a set
of linearly independent vectors { Ny, Na, -+ , N, }, where N; € R™1 1 <4 <, such that
for matrix N = [Ny, Na,---,N;,] and coefficient vector c¢(u) the following approximation

holds true:
f(u) =~ Nc(u).

14



We use DEIM method to deal with the approximation of non-linear terms and choose

matrix P such that:
P =lep,epys e s6p,] C R where e, = [0,---,0,1,0,--- ,0]7 € R™*1,
and
PTf(u) = (PTN)e(u). (3.8)
Then, we have:

f(u) = Ne(u) = N(PTN) ' PT f(u) = N(PTN)" f(PTw). (3.9)

One can combine POD with DEIM, that is to say, POD can be used to reduce the linear
terms while DEIM is used to deal with the non-linear term. As for the projection basis
matrix IV, one can apply the POD method to the matrix whose columns are the non-linear
evaluations at different time instances, i.e., the non-linear snapshot matrix, then choose
the first [4 eigenvectors as the columns of matrix N. In [4], an algorithm has been provided
by the authors to compute the interpolation indices {p; id: ; for DEIM. The POD-DEIM

algorithm is listed in Algorithm[Il
We let f(u) = N(PTN)"LPT f(u). It is clear that f(u) is indeed an interpolation approx-
imation of the non-linear function f(u) in the sense that

P"f(u) = PTN(PTN) "' PT f(u) = (PTN)(P"N) ' P" f(u) = P" f(u)

The following lemma states the error between the f(u) and its approximation f(u).

15



Algorithm 1 POD-DEIM

INPUT: Non-linear snapshots {nj, -+ ,n,} C R™.

OUTPUT: Interpolation indices p = [p1,--- ,p,|T € R™

Apply POD to matrix [ny,--- ,n,;,] and choose the first [; POD basis as U € R"*!,

DEIM projection basis matrixU = [u1,--- ,uy,].

ol p1] = maz{[Uh[},

N =[w], P =lep], p=[p1],

fori=2:10;do
Solve (PTN)c = PTu; for c,
r =u; — Ng,
[lpl, pi] = max{|r[},
N « [N,u;], P+ [P,e,], p < [p,pil

end for

16



Lemma 3.4. Let f € R" be any vector function of dimension n, N € R be a given
DFEIM basis matriz. Then the DEIM approzimation of order g < n for f in the space

spanned by the columns of N is given by:
f=N@E'N) P,

where P = [ep,, €py, -+ s €p, ] withp = [p1,--- ,p,] be the output of Algorithm[. Moreover,

an error bound for f s given by:
1 = FIl < Coll(Tuxn = NNT)f[|, Cp =|(P"N)7"|]. (3.10)

Proof. We refer to the Lemma 3.2 in [4]. O

17



Chapter 4

Snapshot Location in POD

4.1 Error estimator for systems of ODEs

This section is devoted to the numerical solution of an initial-value problem for a system of
non-linear first order ODEs by the implicit Euler scheme and the estimation of the global
discretization error by a hierarchical type error estimator based on the implicit trapezoidal
rule. We first focus on general non-linear systems in R™ and deal with some modifications

for linear and semi-linear systems, then apply the results to the FOM (2.8al), (2.8D]).

4.1.1 General non-linear systems.

Given a function f : R x D —- R", D C R", yg € R", and T > 0, we consider the

initial-value problem

()= f(tyt), 0<t<T, (4.1a)

y(0) = o, (4.1b)

18



where y/(t) := dy(t)/dt. If f is continuous in both arguments and satisfies a Lipschitz con-
dition in the second argument, the theorem of Picard-Lindeldf [6] guarantees the existence
and uniqueness of a solution.

For the numerical solution we assume
O=tg<ti1i <---<tpyr:=T, M €N, (4.2)
to be a partitioning of the time interval [0, 7] with step sizes
Tm = tm —tm_1, 1<m<M, (4.3)

and we set 7 := max {7, | 1 < m < M}. We denote by y™ the approximation of

Y(tm),0 < m < M, by the implicit Euler scheme

Y =T [, y™) = ym_l, 1<m< M, (4.4a)
" = yo. (4.4b)

We note that at each time step (4£4al) represents a non-linear algebraic system which can

be solved by a Newton type method.

If the solution y of (ZTal),(&1R) satisfies y € C?([0, T)), the implicit Euler method (&.4al), (4.4h))

is convergent of order 1, i.e., there exists a constant C' > 0 such that
ly(tm) —y™|<C 7, 1<m<M.

We are interested in a computable quantity e™, called error estimator, that provides an
upper and a lower bound for the global discretization error y(t,,) — y™ in the sense that
there exist constants 0 < Cg < Cpg satisfying:

ly(tm) —y™| < Cr €™, (4.5a)

ly(tm) —y™[| =Cp ™. (4.5b)

19



An estimator for which (£5al) holds true is called reliable, since for a given tolerance

TOL > 0 the criterion
e <TOL (4.6)

assures that the global discretization error is of the same order of magnitude as TOL. It
is said to be efficient, if (£5D) is satisfied which avoids overestimation and thus prevents
waste of computational time.

Let us assume that §™,0 < m < M, with §° = yq are approximations of y(t,,) which

improve on y™ in the sense that for some constant 0 < ¢ < 1 it holds
ly(tm) = 3" < q ly(tm) —y™[, 1 <m <M. (4.7)
We define ™ = ¢ — y"™ and choose ™ := ||n™|| as an estimator. The triangle inequality
ly(tm) = y™ (| < ly(tm) — 3™ + €™ < q [ly(tm) —y™[ + €™

infers reliability of the estimator according to

1
I(t) = 9" < 5= ™ (43)

whereas the other direction of the triangle inequality
ly(tm) =y | = €™ = lly(tm) = 9" + €™ = €™ — q [ly(tm) — y™|

implies efficiency of the estimator by means of

e < lylt) — ™. 4.9
Tr¢°¢ < y(tm) —y™|| (4.9)

A natural candidate for providing ¢ is the implicit trapezoidal rule

P T ™) = 977 T (™, 1<m<M, (410m)

9’ = yo, (4.10b)

20



which is known to be convergent of order 2 provided y € C3([0,T)), i.e.,
ly(tm) —y™| < C 1 1<m< M.

Hence, for sufficiently smooth y and sufficiently small 7 the so-called saturation assumption

(#7T) can be expected to hold true.

4.1.2 Linear and semi-linear systems.

In the linear case, the right-hand side in ([@Tal) is given by f(t,y) := —Ay+ f(t), where we

assume A € R™" to be regular and f € C([0,T]). Then, ([@Ial),([dID) reads

y'(t) +Ay(t) = f(t), 0<t<T, (4.11a)

y(0) = yo. (4.11b)

At each time step, the implicit Euler scheme requires the solution of the linear system
(I + TmA)ym = ym—l + Tmf(tm)’ 1<m<M (4'12)
whereas the trapezoidal rule takes the form

Tm o\ ~m T o\ am—
(I + 5 A" = (I = - A)j Y

2
+ 2 (f(bmer) + f(tn)), L<m < M. (4.13)
We rearrange terms in (£13)):
U+ 7 A" = 5+ A" = "7 + Do) + () (414)

If we replace §™, 9™~ on the right-hand side of (@I4]) by y™, y™ ! respectively, then

subtract (A12]) from (@.I4]), we obtain

(I + T )™ = T (AQ™ = y™ 1) = fltm) + F(tm-1)):

21



Hence, the error estimator can be computed as follows
m Tm — m m—
e = T+ 7 A) (A" = ™) = () + S (tn) ) (4.15)

In the semi-linear case, the right-hand side in (£.Ial) reads f(t,y) := —Ay + f(y), where

A € R™™ is regular and f € C(D). The initial-value problem (&Ial),(f1D) takes the form

y(8)+ Ay(t) = f(ty(t), 0<t<T. (4.162)

y(0) = o, (4.16D)

and the implicit Euler scheme reads
(I 4 T A)y™ = T f (b y™) = y™ 1, 1< m < M, (4.17)

whereas the trapezoidal rule takes the form

Tm

(I + A" = L (f b1 ™) + s ™)

= (I %”A)gm—l, 1<m< M. (4.18)

We use a slightly modified trapezoidal rule by replacing f(t;,_1,9™ ') with f(tm,y™), i.e.,
we use 3" from the implicit Euler scheme as a predictor and the trapezoidal scheme as a

corrector:

(I + A" = 2 (f (b y™) + F s §™)) = (L= A (4.19)

and rearrange (4.19) as:

(0 T )™ = S5 e y™) 4 (b, 7)) = 977+ FEAG™ =977 (4.20)

Subtracting (AI7) from (4.20]), we obtain:

Tm

5 (S F (b y™) + f b, ™) = gty 4

Tm A~ m—
— A" -y 1). (4.21)

(I + 1 A)n™ — 5
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We rewrite (4.21]) as:

~ an— _ T ~ _
(I+TmA)77m—Tmf(tm,ym):ym 1_ym 1+_mA(ym_ym 1)

2
= (™) + b T™)): (4.22)

If we replace ™!, ™ by y™ !, y™ on the right hand side of (#22) and note that §™ =

n™ + y™, we obtain the equation for n™:

Tm m m—
(I + T 0™ = Ton f (g™ + 0™) = - AQ@™ —y™ )

=T f (s y™), 1<m < M. (4.23)

The error estimator € then can be computed from the norm of n™.

Remark 4.1. By replacing ¢* with 3¢, for i = m —1 and m in (@&I4) and ([@22)), we actually
assume that the initial values for the implicit Euler scheme and the modified trapezoidal

scheme are the same. This can be done by taking ygfjgl = %(gjm_l +y™1) as the initial

value for both schemes.

Remark 4.2. Instead of the implicit Euler scheme (£.I7]) we may also use the semi-implicit

Euler scheme:

(I + 1, A)y™ = ymfl + Tmf(ymfl), 1<m< M, (4.24)

which has the advantage that no non-linear system has to be solved. In this case, the

estimator is given as follows
m _ Tmy (g A)THAY™ -yt ™) = fym! 4.25
" = I+ 7mA) W™ =y" )+ f") = f™ ) (4.25)
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4.2 Equilibration of the error in time

The a posteriori error estimation described in section [£.]] provides the possibility of com-
puting an adaptive selection of time instants t,, € (0,7),1 < m < M — 1, such that in
each time sub-interval [t,,_1,t,,] the global discretization error €™ is bounded by a certain
portion TOL of ||y"™||. In order to enforce ||Z—: || < TOL, the length of each time step must
be adaptive and as a result, the number of time steps M is not fixed but dependent on the

behaviour of the solution.

A different point of view is to prescribe a fixed number of time steps and choose the
time instants ¢,,,1 < m < M — 1, such that in each time interval [t,,—1,%,,] the global
discretization error ||y(t,,) —y™|| is of the same order of magnitude. Since we do not know
the exact solution, as a substitute for ||y(¢,,) —y"|| we use the error estimator . In other

words, the goal is to find t,,,1 < m < M — 1, such that

e ey, 1< m#m <M. (4.26)

M
m=1

The vectors {n™ can be computed by applying Newton’s method to (£.23]) for a semi-

linear system. In this section, we assume that f(¢,y(t)) is semi-linear, continuous in ¢ and

satisfies the following Lipschitz condition in the second argument:
1FCowr) = fCoa2)ll < Lylley — aaf| (4.27)
We consider the semi-discretized systems (2.8al), (2.8D):

My'(t) + Ay(t) — £(t,y(t)) =0, t€[0,T],

My(0) = yo.
We discretize the above initial value problem in time by the implicit Euler scheme and the
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modified trapezoidal rule with an implicit Euler predictor, respectively and solve for y™

and 1™ by Newton’s method.

For y™, we solve the following equation:
(M + 7, A)y™ — T f (tr, y™) — y™ L = 0. (4.29)

For n™ = y™ — y™, we solve:

(M + 7 A)"™ = Tinf (b, y™ +0™) — %”A(ym —y" ) + T (b, y™) = 0. (4.30)
We define the relative error e, = [e}nel, . ,e%l]:
em
e 1<m< M. (4.31)

rel max{e™:1<m< M}’

Then, the goal of the error equilibration in time is to find the distribution of time instances
{0 =to,t1,--- ,tar—1,tar = T} such that the error estimators {e™}M_, are approximately

m=1

the same, i.e., the difference between the error estimators are bounded by the given toler-

ance TOL:
1-TOL < ey <1
As T ¢”___ so the error equilibration in time can be formulated as a con-
maz{e™} mean{e™}

strained minimization problem of variance as follows:

N I
minJ(t,y,y) = i > et - i I (4.32)
=1 =1

(4.33)
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subject to:

e =1n"l, 1<m<M, (4.34a)
n"=y™ =3y", (4.34b)
(M + 70 A)y™ — T f (b, y™) —y™ 1 =0, 1<m< M, (4.34c)
(M + 7 A" = T (b ¥ +1™) = ZEA(Y™ —y™ )
(+ Tof (b, y™) =0, 1<m< M, (4.34d)
where the vectors ?, 7, §> are given by:
t1 y! y!
T I IR R
tm yM yM

The TOL can be used as a stopping criteria for the evaluation of cost function J. In
this work, we provide an algorithm based on the bi-section method. For any given time
partitioning, we compare each € with the mean value of the error estimators, then extend
or shrink the length of the time sub-interval [t,,_1,%,,] accordingly. In order to update
several time sub-intervals simultaneously, we collect the total length that we cut off from

the sub-intervals which need to be shrunk, then distribute it to the sub-intervals which need

m

to be extended accordingly to the corresponding ratio of The detailed algorithm is

e
mean ”

listed in Algorithm

4.2.1 Newton’s method for full order model (FOM)

In this section, we apply Newton’s Method to equations ([£.29]), ([430) and consider the

existence and uniqueness of the Newton iterates.
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Algorithm 2 Equilibration of error in time

INPUT Tolerance TOL, P° = {0 = tg,t1, -+ ,tar—1,tn = T}
OUTPUT Time instance P* = {0 = ¢, t},--- ,t3,_1,th; = T'} for equilibration of error
Initialization: e..; = [1,1,--- ,1], TOL, flag = 1.
while flag > TOL do
0. Compute time step length At,, =t,, —t;m—1, 1 <m < M.
1. Compute {y™}M_, from (@29).

2. Input {y™}IM_, to (@30) and compute {n™}M

m=1"*
m=1

3. Compute e,¢; from {n™}M_, according to [@31)), flag = maz{e e}
M

4. Compute the average of the error estimator é = % Z e,
i=1

5. Computeamzl—eim, 1<m< M.
6. Compute Aty = Z o At;, At_ = — Z a;Atj, where Sy = {m : a,, > 0}.
i€S+ JGS-cy-

7. At = min{Aty, At_}.
while A¢ > 0 do

Loop 1.1 j = 1 where j € S¢;

Loop 1.2 At; = At; — min{—a;At;, At};

Loop 1.3 At = At — min{—a;At;, At}; j =7+ 1;
end while
while A¢ > 0 do

Loop 2.1 4 =1 where i € S4;

Loop 2.2 At; = At; + min{a;At;, At}

Loop 2.3 At = At + min{a;At;, At}y; i =4+ 1;
end while

m

8. P= {tm]tm:ZAti 1<m<M}; P'« P.

i=1
end while
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We introduce the map F : R" — R" as follows:

F(z) = M+ 1A)x — 1 f (i, ) — g(tm)- (4.35)

At time instance t,,, 1 < m < M, where 0 =tg < t; < --- < tpy =T, y™ and ™ are

solutions to F(z) = 0 with different g(t,,), where g(t,,) is given by:

My™1, for computing y™
g(tm) = (4'36)
mA(y™ —y™ ) = Tuf (tm,y™), for computing n™

y™ can be solved by Newton’s method with initial value 2 = y™~!, so does ™ with initial

value z0 = 0.

We observe that the non-linear function F'(z) inherits the Lipschitz condition from f in

the sense that:

| (1) = F(z2))|| < Lp|[(x1 — 22|, 21,22 € RY, (4.37)

where the Lipschitz constant Lp is given by:

Lp= ||M + TmAH + TmLf. (4.38)

The following two lemmas will be used in the proof of theorems thereafter.
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Lemma 4.3 (Banach perturbation lemma). Let A, C' € R"™™™ and assume that A is

invertible with ||A||~! < a. If||A - C| < B8 and a8 < 1, then C is also invertible and

1 o
< : 4.
I = =5 (4.39)

Proof. We refer to ([1]), Page 45. O

Lemma 4.4 (Neumann lemma). Let A € R™*™ and ||A|| < 1. Then (I — A) is invertible

and

1

I-A) < ———.
I )l < T 4]

(4.40)

Proof. We refer to ([1]), Page 45. O
It is clear that if f is continuous differentiable in its second argument, then F' is also
continuous differentiable with regular Jacobian:

F'(z) =M + T A + 1 fl (i, ) © € R™*™ (4.41)

And it follows from the Banach perturbation lemma(@3]) that F’(z) is invertible for suffi-

cient small 7,,,. Hence, we may solve F'(x) = 0 by Newton’s method:

F'(a*) Ak = —F(ab), (4.42)

P =P L ALk k>0. (4.43)

The existence and uniqueness of the Newton iterates at each time step is provided by the

following theorem:

29



Theorem 4.5. Let F' : D C R™ — R" be continuously differentiable on the domain D.
Assume that its Jacobian F'(x) is invertible for some initial guess xo € D and that the

following conditions hold true:

[|F'(2°) 1 F (2] < am, >0, (4.44)
|F'(2°) " (F'(y1) = F'(y2))Il < vmlly1 = yall,  v1,y2 €D, (4.45)

1—+v1—-2h

B(xovpm) c D, Pm =
Tm

(4.47)

Then, for the sequence {x*}ren of Newton iterates the following hold true:

(i) F'(x) is invertible for all Newton iterates ¥, k € N.

(ii) The sequence {x*}ren is well defined with 2% € B(xo, p) and x* k200, o quadrati-

cally, where F(z*) = 0.

(i4) x* is unique in B(zq, pm) J(D B0, pm)), where pp, = H1=2h ler;%

Proof. We refer to the Theorem 2.1 in ([3]). O

This theorem states that Newton’s method is quadratically convergent provided the initial
iterate g is situated in a sufficiently small neighbourhood of the solution x*, the so-
called Kantorovich neighbourhood. Otherwise, the convergence of Newton’s method may
be achieved by appropriate globalization techniques such as a damped Newton method

combined with a so-called monotonicity test for which we refer to ([3]).
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4.2.2 Newton’s method for the POD based Reduced Order Model (ROM)

We denote the POD basis matrix by V € R™*!, then the implicit Euler method for POD

based ROM reads:

(Mrom + TmArom)Y:Zm - TmVTf(tma VY:Zm) - y%;nl = Oa Yrom € Rl’ (448)

whereas the POD based ROM for ™, € R is given by:
(Mrom + TmArom)ngm_vaTf(tm’ Vy:?)m + V’r}:’})m)
Tm

— I Ao (5 — ¥t ) + TV E (b, VY Phy) = 0. (449)

Let f(t,2) : [0,T] x R} = [0,T] x R such that:

f(t,z) = VT, V). (4.50)

Then, the reduced non-linear function F R = R! reads:

A ~

F(z) = Myom + TmArom)T — T (tm, ) — grom(tm), € R!, (4.51)

where Mo, = VIMV, A,om = VTAV, y7 = VTy™ and function g,om () is given by:

Mmmy;’gfnl, for computing y.? .
grom(tm) = (452)
o (iem — yo Uy — mf (tm, y7,,), for computing 7,

We observe that F' also inherits the properties of F'.

Theorem 4.6. If F' is continuously differentiable in D C R™, then F is also continuously

differentiable in D = {x € R': V& € D} and its Jacobian is given by:

F'(x) =VTF'(Vz)V, zeD. (4.53)
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Proof. For z € D, we can deduce from [50)-(@52) that:
F(z)=VTF(Vz). (4.54)

So, if F' is continuously differentiable, F is also continuously differentiable and its Jacobian

follows directly from (£54]). O

Now, we consider Newton’s method for ROM.

Theorem 4.7. Let I be continuously differentiable in v € D C R™ with Jacobian F' and
Fl(z) = VIF'(z)V, © € D. Assume that F'(z) satisfies the affine covariant Lipschitz

condition:

|F' () (F'(y1) — F'(y2))l € Ymlly1 — y2ll,  ¥1.¥2 € D, 7 > 0, (4.55)

Then, VI F'(2)~V is an approzimate inverse of F{,(z) in the sense that:

VIF (2)7'V = F{,(z) "' D, (4.56)
where
D=1 -VIF (2)(Iny — VVD)F'(z)7tV. (4.57)
In particular, if it holds:
(I, = VVDYF'(2)7V|| < q(||[VTF'(x)]|) "L for some 0 < g < 1, (4.58)

where I, denotes the n x n identity matriz, then we have:
1
1FY ()M < 7 IIVEF () VL (4.59)
—q
Moreover, assume that y € D satisfies:

||z — Vy|| < CR}, where Cpr = %_q\]VTF'(x)_IHHVTF'(x)H. (4.60)
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Then it holds:

o 1 _ _
1 (y) ] SquVTF'(w) WA = Cprlle = vyl (4.61)

Proof. As F'(z) is regular, F{,(z) is also regular. Note that VIV = I}, so:
F(x)VIF (2) 'V = VI F (2)VVTF (2)"'V
=1, -VIF (2)Iy - VVDF'(2)"'V
— D,
Under the assumption (£58]), D; satisfies:
1 = Dyl = VT F'(2)(In = VVT)F'(2)"'V|
< Iy = VVF' @) 'V IVIF ()| < g < 1.
As a consequence of Neumann’s Lemma (£4]), D; is invertible and:
Fy(z) ' =VTF(2)"'vD
which implies that V' F'(z)~1V is an approximate inverse of F},(z).

Moreover, by the Banach perturbation Lemma (4.3)):

. 1 1
|| < < ,
1—||, =Dy ~1—g¢q

1D = [I(L = (I = Dy)) (4.62)

it follows that (£359) is true.

We use the Banach perturbation lemma (£3) to prove @EI). Let S = F{ (z), E =

F'(y) — Fl,(z), where x € D,y € D. Note that ||[V|| <1 as V is the POD basis matrix.

Then:
Bl = [[VT(F'(z) = F'(Vy)V|]

< VEF @)|[|F' (2) " (F' () = F'(Vy)ll <AIVIF (@)l]]lz = V|-
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Hence,

I1S~1 Bl < [[VIF' ()~ 'V D ||| ]|
v .
STz q||VTF'($) HIVIF (@)|lllz = vyl

= Cpllle = Vyll < 1.

As a consequence of the Banach perturbation lemma ([@3]), S+ E = F (x) is invertible

and:

17 (@) = 1S + B < —S 1
<To5E)

VTR @Y
[~ Crllz — V]

1 _ _
= 1—_qHVTF’(w) @ = Cpllz = vyl

Remark 4.8. For the POD based ROM, the assumption (£60) in Theorem (&7]) can be
expected to hold true provided ||y — V'z|| is sufficiently small, which can be easily seen

from:
|z = Vyll < llz = VVTa|| + [VIlly = V|| = Tpoa + [ly — V| (4.63)
The existence and uniqueness of the Newton iterates at each time step t,, of Newton’s

method for the POD based ROM is provided in the following theorem:

Theorem 4.9. Assume that for F' : D C R"™ — R" the assumptions in Theorem [{.5]

hold true and ({{-58) in Theoren{Z.7] is satisfied for x = mg. Let 2° = VTa%. Then, for
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F:DcR - R the following hold true:

|1E (#0) " F(0)|| < éum, (4.64)

1 (20) " (F'(y1) = E'(y2))|| < Amlly1 = y2ll, y1,52 € D, (4.65)

where the constants are given by:

R 1 _ iy
am:quVTF'(UCo)HHVTF'(wo) W1 = Cprllwo = Vol )™ (aum +€em),  (4.66)

Ym = 1—jq||VTF’(SC0)||IIVTF'(:Co)_lVII(l — Cprlwo — Vio||) 7, (4.67)
and €, is given by:

em = [ (o) || (VT (9(tms yim) — 9(tm, VIm) )+

(VM + 7 M|+ 7 L [[VT D |20 = Vo), (4.68)

Similar to Theorem [{.0, if we further assume:

1—1—2h,,

3 E(il())ﬁm) C -ﬁ) where ﬁm - ~
Ym

hin = Gmm <

(4.69)

DO |

Then, for the sequence {i¥}ren of Newton iterates, the following hold true:

(i) F'(z) is invertible for all Newton iterates &%, k e N.

(ii) The sequence {#*}ren is well defined with 3% € B(xg, pm) and &* koo, g quadrati-

cally, where F(3*) = 0.

(i4i) 2* is unique in B(Zo, pm) (D B(Z0, pm)), where pp = %ﬁ
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Proof. By the definition of F' given in (&51):

F(jo)ilp(jo) = F@O)il(vT((M + T A)V20) + Tinf (tim, VEo) — g(tm, VIm))

= F(iO)_lvT( ((M + TmA)CCO + Tmf(tma SC()) - g(tma ym)) + g(tm’Ym) - g(tm’ Vym) -
1

(M + 7, A) (w0 — Vo) + Ton (£ (tm, 20) — £(tm, V20)) > (4.70)
2

Under assumption (£44]) in Theorem (A5]) and (£58) in Theorem (A7) the term 1 on the

right hand side of (£70) can be estimated as follows:

||F(j0)71VT((M + TmA)xO + Tmf(tma SC(]) - g(tmaYm)) + g(tmaYm) - g(tma Vym)”
= [|F(20) VT (F'(20) F' (w0) " F'(20)) + g(tm: Ym) — 9(tm, VIm) ||
< 11B0) I (aml VT @l + [V (0t Y) = 9t V)]

1 _ _ -
fqllVTF'(:co) HIVEE (o)l (1 = Cprlwo — Vizo|[) ™

(m + IV F' @) 1M1V (9(tms Yim) = 9(tms VIm)I) (4.71)

IN

The term 2 on the right hand side of (L70]) can be estimated according to (A58]) in Theorem
AT

||F’(:c0)_1VT<(M + TmA) (20 — VZ) + Ton(F(tm, 20) — F(tm, Vﬁ:o))> I
— 1 - A~
S 1T qHVTF’(wo) YIIIVEF (w0)]|(1 = Cpr||lwo — Vido)-

VIV + 7 A)[| + T L) llzo — V| (4.72)

Combine the results in (£70), (£71) and (4.72), we can obtain [£.641
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In order to prove (L.6H]), we assume that yi,y2 € D. Then:
1 (30) " (F' (y1) = F'(y2))|| = [|1F (20) "'V (F (Vy1) = F'(Vya))||
< [ (&0) VT F (a0)[|ly1 — yell

< I VT (20) Y[V F (w0)]|(1 = Cvllao — Viol)llyr — vl

S1-4
= Jmlly1 — y2ll
Results (i) — (i4i) are the consequence of Theorem (4.5]). O

4.2.3 Newton’s method for the POD-DEIM based ROM

Throughout this section, we assume that f(¢,y) is continuously differentiable on its second
argument, then f(¢,y) : [0, 7] x R™ — R" is also continuously differentiable on y. Moreover,
we assume that f, satisfies the affine invariant Lipschitz condition for y = xo. Then f(¢,y)

also satisfies the affine invariant Lipschitz condition as follows:

ny(t7x0)_1(fy(t7YI) - fy(t7y2))H S FYnyl - y2H7 Yi,¥Y2 S D. (473)

For DEIM , we perform SVD to the non-linear snapshot matrix, then reduce the complexity

of the non-linear term by replacing f with f such that:
f=N(PTN)IPTE, (4.74)

where P € R™¥!, N € R™*! are matrices introduced in Section (3.2).

To obtain the implicit Euler solution y/;* and the solution difference 7}* of the DEIM based

FOM, we compute a zero of the following function by Newton’s method:

Fi(z) = M+ 1 A)x + T f (tn, ) — g(tm), x € R", (4.75)
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where g, (t,,) is the same as in (£.30]).

Correspondingly, we solve a zero of the following function for the POD-DEIM based ROM:

Fy(z) = Myom + TmAvom)T + T VIE (b, VE) = grom(tm), x € R, (4.76)
where gpom (t,) is given in ([A52]).

Similar to the previous sections, we are interested in the properties of Fy and F,. First
of all, ([A7H) clearly shows that Fj(x) is continuously differentiable provided f(t,y) is

continuously differentiable with respect to y. The Jacobian of Fy(z) is given by:
Fi(z) = M+ 1A + 7, N(PTN)'PTf,(t,2), z€R"™ (4.77)

Therefore, for z € R!, as Fy(z) = VI Fy(Va), Theorem [@6) implies that Fj(z) is also

continuously differentiable and its Jacobian is given by:
Fi(2) = Myom + TmnAvom + 1 VEN(PTN) T PT f,(t, V2)V. (4.78)
The following theorem provides the invertibility of £ ().

Theorem 4.10. If the non-linear map Fy(x) for the DEIM based ROM satisfies the
assumptions of Theorem (f7), then the non-linear map Fy(x) for the POD-DEIM ROM

is continuously differentiable in D c R™ with its Jacobian given by:

EN&) = VI(M + 1A + 1y E (b, VE))V, &€ D, (4.79)
where D = {i : Vi € D}.
Further, if © € D satisfies:

1
||z — Vil < oo for some x € D, (4.80)
F/
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where Cpr = %_quWfCD| \VIF (@) V||| £y (tm, x0)]|, then FEy is regular and invertible and

the following holds:

. _ 1 . o
1 Ea() 7| SrqllVTFé(w) VI - Cpllz - Vi)~ (4.81)

Proof. We follow the proof of Theorem (7)) and introduce Fy (x) : D — R™! such that:
Fjy(z) =VTFj(x)V. (4.82)
Then VT F)(2)~V is an approximate inverse of F)},(z) in the sense that:
Fyy(@)VTFy(2)'V = VI Ej(2)VVT Fj(z)'V
=1, -V Fjy(z)(In — VVT)Fj(z)"'V = Dy,.
From (£62]) in the proof of Theorem (4.7)), HD;}H < qu and:
. 1 _
| Fgv ()7 < quVTFé(w) il (4.83)
On the other hand, the difference between Fé(nﬁ) and F) |, (x) can be estimated as follows:
1Fa(@) = Fay ()l = VT (F3(VE) = Fy(x) V]|
= [l V" (8 (tm, VE) = £ (tm, )V |
< Tl (VI[N (PTN) TP £y (tm, w0) fy (tm, 0) ™

(fy(tm, V) = fy(tm, 2))[[[V]]

< T Cp| fy (b o) || |2 — V|- (4.84)

Similar to the proof of Theorem (£.1), we combine (£.83)) and (4.84]), then apply the Banach

perturbation Lemma to prove (£.81]). O

The existence and uniqueness of Newton iterates at each time step for the POD-DEIM

based ROM is provided in the following theorem.
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Theorem 4.11. Assume that for Fy : D C R™ — R" the assumptions of Theorem ({.5)
are satisfied and that condition (£.60) in Theoren{.7] holds true for x = xo. Then, for

non-linear map Fy the following hold true:

|1 Eg(d0) ™" Fulo)l| < i, (4.85)
|1 E5(30) ™ (Fy(y1) — Ey(y2))|l < Amllyr —y2ll,  y1.y2 € D, (4.86)

where the constants are given by:

~ 1 _ T
Om = 1—_qHVTFé(wo)HHVTFé(wo) W1 = Cprllwo = Vo)™ am +em),  (4.87)

~ 1 _ T .
Vm = 1—_q||VTFc'z(~’Co)||||VTFé(SCo) WA = Cprllw = Vo)™ (ym + &), (4.88)

where €, €, are given by:
em = VT Egwo)|| ™ (I1VT (9t Yn) = 9t VI
+ 7 Cp||(In = NNTYE (b, 20)|| (VT (M 4 7nA)|| + 7nCp L) |20 — VﬁcOH), (4.89)

ém = Ty Cpl |V Fa(wo)l|THI(In = NNT) fy (tm, z0)|- (4.90)

Similar to Theorem ({.9), if we further assume:

~ ~

S 1 =
hin = Qi Ym < 2 B(&o, pm) C D, (4.91)

_ 1=V1-2hy

where P, = %
m

Then, for the sequence {i*¥}ren of the POD-DEIM based ROM Newton iterates, the fol-
lowing hold true:
(i) Fc’l(x) is invertible for all Newton iterates 2*, k € N.

(ii) The sequence {#¥}ren is well defined with 3% € B(#&o, pm) and &* koo, g quadrati-

cally, where Fy(#*) = 0.
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(iii) &* is unique in B(Zo, pm) J(D (N B(Zo, pm)), where pp = 1+\/5Y1—2fzm_

Proof. Similar to the proof of Theorem (@), we can estimate C’l(fco)_lﬁ’d(fco) as follows:
Fyli0) ™ Falio) = Falio) 'V (M + 7, A)V i + 7 N(PTN) " PTE(ty, Vo)
- g(tma Vym)) (4'92)

= Faa0) "V (M + 70 A)0 + Tinf (b 0) = 9ltms Ym) + 9ltms ) = 9{tm, Vm) )

term (1)

— (M + 7A) (w0 = Vo) + T (£t 30) = (PTN) ' PTE(tm, 0)) )

term (2)

— T N(PTN)Y 2P (£ (ty,, 20) — £(tm, Vo)) )

term (3)

Now we estimate the term (1)-term (3) separately.

By the conditions in Theorem (A7) and (L8] in Theorem @I0), the term (1) can be

estimated as follows:

Hpé(i'O)_lvT((M + 7—m‘A)xO + Tmf(tm7 xO) - g(tma YW)> + g(tma YW) - g(tma Vym)”
= [|Fj(&0) "V (Fj(x0) + g(tms Ym) — 9(tm, VIm)) ||
= |[E5(20) " VT (Fj(o) Fy(wo) " Fi(w0) + g(tms Ym) — 9(tm: VIm))||

1E4G0) 1 (ol VT Eg)l| 4+ 11V (9Ctm, ¥m) = 9t VIm)I)

IN

IN

1 _ _ e
1—_q||VTFé(SCo) VIV Fy(wo)l| (1 = Cprlfarg — Vol )™ (am+ (4.93)

VT E o) [~V (9tms Ym) = 9lbms VI )
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Similar to the term (1), the term (2) can be estimated as follows:

1E3(0) VT (M + 7 A) (0 = Vo) + T (E(tm, 20) = N(PTN) ™ PTE(tyn, 30)) ) |
1 _ N N—
= fqllVTFé(xo) VI = Cpllzo — Vol )"
(IV7 (M + 70 A) (w0 = Vido) + Tn(E(tm, 20) = N(PTN) T PTE(t, ) ))
1 T -1 _ A -1
< 7 IV Falwo) VI = Cprllwo = Viaof|) ™ (4.94)
(VM + 7 A)|lllzo = Vol + 7 Cpl [V [[1(Ix = NNT)E(tm, zo)|-

Under the assumption that condition (£.60]) in Theorem .7 holds true, we can use Lemma

B4) in Section (3.2)) to estimate the term (3):

1E)(0) VT (7 NPT NPT (£ (b, 20) — (b, Va)I| < 7| (o)~
IN(PTN) ™ PT||L ko - Vol

<

rCoLA[VTE (20) VIIIVTII(L = Crollao — Violllao — Vol (4.95)

Combining the results (£.93), (#94), (£95)), we obtain:
A 1A, 1 _ .
[1Fa(@0) ™" Fado)l| < 1—_q||VTF'(l“0) WA = Cpllzo — Viol))-
(am”VTF'(ﬂ?o)H + (VM A+ 7 A)| + 7o L[V Do — V|

+ HVT(g(tm, ym) - g(tmv V}A’m)H + TmCDH(IN - NNT)f(tma xO)H)?

which proves (£.85]).
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(£R6]) can be proved in a similar way:

Fia0) ™ (Filyr) = Fay2)) = Eglao) ™ (VT (M + 1 A)V(y1 = y2)+
T VIN(PTN) P (fy (b, V1) = fyltms Vy2))V)
- é(i'O)_l (VT(M + TmA)V(YI - yQ)V + vaT(fy(tmv V}’1) - fy(tm7 VY2))V—

TV T ((Fytans V1) = £yt V) = N(PTN) T PT (£, (b V) = fyltm V)V )

= Fy(ao) " (VI (F'(Vy1) = F'(Vya)V (4.96)
term (a)
= 7V (Iy = N(PTN) " PT)(fy (b, V1) = fy b, V2))V ).
term (b)

We estimate the terms (a) and (b) separately.

Assume that 20 € D satisfies the condition in Theorem (@) such that ||z — V0| <

CF’ :
Then from (48]]) in Theorem (£I0]), term (a) can be estimated as follows:
1E3a0) ™ (VI (F (V) = F'(Vya)V ) |
= || Ey(@0) " (VT F' (20) F' (w0) " (F'(Vy1) — F'(Vya))|
< Yol [E5(0) VT F (20) [IVy1 — Vel
< TV Eieo) VIV F (@o)ll(1 = Cpllzo = Viol) iy = yall. - (497)

Similarly, the term (b) can be estimated by using condition (£.60) in Theoremld.7 and
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Lemma (34) in Section (3.2)), as shown below:

I E(&0) VT (I = N(PTN) T PT)(fy (bms VY1) = fyltm, Viy2))V ]

< | E30) (v = NPTN)PT)(fy (b, V) = fytm, V)|

< 72 VI Eiwo) VI = Cprlz = Viol) ™

1Ly = N(PTN) Py (b, 20) £y (s 70) ™ (Fy(ts V1) = Fotm, Vr2))|
< T CplIVT Fifao) " VII(L = Cflzn - Vol

1Ty = NNT) £, (tans 50) 1| fy (b 20) ™ (Fy (b VY1) = fy b, Vo))

Tm _ . _
= 1__qCD’Yf||VTFé($0) W1 = Cpr||mo — Vo)~

(In = NNT) fy(tm, 20)[|[[Vy1 — Vyal|

Tm - X _
< T CorfIVT o) VI = Crllo = Vol ™" (4.98)
T = NNT) oyt o) llys = v

Combining ([£97)) and (£98]), we obtain (Z30). O

4.3 FError equilibration for the POD and the POD-DEIM

based ROM

So far, we have examined the existence and uniqueness of the Newton iterates for both the
FOM and the ROM . Now, we are in a position to show that the error equilibration of
the FOM is inherited by its ROM. That is to say, if 0 = tg < t1 < -+ < tpy = T is the

time partitioning such that the error estimators for FOM satisfy:

e e, 1<m#m <M,
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then the error estimators for ROM e

m s are also of the same order of magnitude, provided

certain conditions are satisfied.

We consider the POD based ROM first and assume that F(z) satisfies the assumptions
in Theorem (45) and (£7) so that Newton’s method generates a unique solution at each

time step.

We recall that at each time instance t,,,
e = ™| = 15" ~ 3™
and 1™ is solved by Newton’s method from the following equation:
F(z) =M+ 1,A)x — 1o f(tm, ) — g(ty) =0, x € D,
with initial value 20 = 0.

On the other hand, the error estimator for the POD based ROM reads:

m m —_lsm _ m
erom - HnromH - Hyrom yromH7

and 7,7 . is solved by Newton’s method from:

F(:&) = (Mrom + TmArom)i - Tmf(tmai) - grom(tm) =0, z¢€ ﬁ,

with initial value 2% = 0.

From (3.5)) in Section ([B.1]), we know that there exists a constant C' > 0 such that:

1™ = Vilemll = 1™ =3™) = V(¥iom — Trom)l|
<™ = VYol + 113" = V§iomll < CTpod; (4.99)
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n
where Tpoq = ( Z )\1)% is the POD state error.
1=l+1

Therefore, the equilibration of error is preserved by the ROM if the POD state error 7p,q

is sufficient small.

Theorem 4.12. Assume that F(x) satisfies the assumptions in Theorem ({.5) and ({.7)
for initial value x = 0. Let us further assume that: 0™ = CTpod(em)_l <1l forl<m< M.
Then, let €™ =e(1 —€™), 0 < €™ < 1 and ri, = maz(pm, pm| 1 < m < M), where pm, pm

are the Kantorovich radii for the FOM and the POD based ROM respectively, the following

18 true:
(ri) H(1 = ™)1 = d™)e < % <rp(l—em 1= e (4.100)
Proof.
7™ = Vgem!l 2 110" [| = IVamll 2 (0™ 1] = llnremll = €™ — efom

From (£99]), we can get:
om > " = || = 1lh|| > " (1 = L),

rom —
em

By Theorem (43]) and (£9), we have:

et < pm, 1<m<M.

rom —

Hence,
e%m N gm(l B CTpOd(em)_l) > 6(1 — Em)(l - CTpod(em)_l) (4 101)
erom pt N o
and
o', (1 = Clpon @) 7) = A= COpoal ™ 71 (1)

€rom Prm Tk
The inequality (£.I00]) follows directly from (AI0I)) and (£I02). O
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Remark 4.13. For the constant e in Theorem (4.12]), we can take the average value of the
M

error estimators, i.e., e = % Z e™. If the error equilibration is satisfied for {e™}, 1 <

m=1

m < M, then €™ < 1 holds true.
A similar result can be derived for the POD-DEIM based ROM. We first apply Theorem
@I to Fy(x) with initial value # = 0 in the following corollary:

Corollary 4.14. Assume that Fy(x) satisfies the assumptions of Theorem ({{.9) and ({4.7)

for x =0. Then, for POD-DEIM non-linear map Fd(az), the following hold true:

jo)

my

|E£3(0) " F(0)]] <
1E£2(0) " (Fa(y1) = Fay2)ll < 9lly1r = y2ll, yi.y2 € D,
where the constants are given by:
Gm = a(l+el)); Am == (1 +eR);
(1 (2

where, a, v, €n’, €n’ are given by:

—1 —
o = IV OV E) 7V oy,

1 _
V= TQHVTFc/l(O)HHVTFc/l(O) Vllm,

1

W = ————[VTE,0) VIV (g(t — g(tm, V3

€m ms>Ym ms m s
a@ IV FOT VIV (gltm: ym) = gltm, VIm)
7€

o = ZE SIVTEO) VI Iy = NNT) fy b, O]

Let us further assume:
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Then, the sequence {i*} of the POD-DEIM based ROM Newton iterates is well defined
with {#*} € B(0, py,) and &* LNy R quadratically, where Fy(i*) = 0. 2* is unique in

B0, ) UD N B0, ), where fy, = V12,

TYm

Moreover, if we let h = oy, p= 1=V i=2h ML, then the following hold true:

v
(14 €eM)p < pm < 2(1 + €. (4.103)

Proof. On one hand, as 0 < ay < &mYm:

ﬁm ’Yl_\/l_2am’?m_7(1_V1_2&m&m)(1+\/1_2a7)

p _'AYm 1—=+vV1-=2ay Ym 2ay
v 2OA‘m’A)’m (1)
> ——=1 .
=G 20y M

On the other hand, as & ym < % < 1, we have:

ﬁm <ll_(1_2am’?m) :2am7(1+ \/1_20"7) <9

p Am 1 —+/1—=2av 2ary

The proof for the rest of the results follows directly from the proof for Theorem (ZI1). O

(1+ ¢y,

From (34 in Section ([B:2]) we can deduce that there exists a constant C'p > 0 such that:
™ = Vool = 1y™ =3™) = V(¥ om — Trom)ll
<™ = yrom) [l + 15" = ¥romll < Cp7p, (4.104)

n n
where 7p = ( Z Ak + Z sk)% is the POD-DEIM state error.
k=1+1 k=l+1

Theorem 4.15. Assume that F(x) satisfies the assumptions in Theorem ({.5) and ({.7)
for initial value x = 0. If we further assume that: §™ = Ctp(e™)~ ' < 1 for1 <m < M

and let €™ =e(1 — €M), 0 < €™ K 1, rp, = maz(pm, p| 1 < m < M). Then, the following

18 true:
1-— 1-— 2r.(1 m
QoA ¢ Gom o 2nllten) (4.105)
2rp(1+ €) efom  (L—em (1 —dm" e



Proof. By (£103)) in Corollary ([4.I4]), (£I05) can be proved in much the same way as in

the proof of Theorem (A.I12). O

4.4 Snapshot location based on optimization

In [13], the authors consider the linear case of the evolution equation. They show that
instead of taking the FE solution at fixed time instances Y = [y(tg,x), - ,y(tar, )] as the
POD snapshot matrix, one can use a different POD snapshot matrix Y;,.,, by adding some
new snapshots {y(t1,z), -+ ,y(tz,z)} to the existing snapshot matrix Y. Then, POD can
be performed to the new snapshot matrix Y,e,. The elements of {y(t1,x), -+ ,y(tz,x)}
can be the same as the elements of Y, that is to say, if y(tx, z) = y(t;, z), where 1 < k < k,
1 <i < M, then we double y(t;, z) in the snapshot matrix Y, otherwise the new snapshot
is added to Y according to its time instance t;,1 < k < k in order to construct the new

snapshot Yj,eq-

With the new snapshot matrix Y., the authors proceed by solving the optimal location
of the additional snapshots, i.e., solving for the time instances ¢, 1 < k < k such that the

following cost function is minimized:

l

T
J(yl,t_,gb):/o ly(t,2) — Syt )] . (4.106)

i=1

where y(t,x) and y'(t,z) are the FE solution of the FOM and the POD based ROM
based on the new snapshot matrix Y., respectively. y(t,z) = [y(t1, ), - ,y(t;, z)]7,
v = Wt 2), -yt (t, )]t £ = [t t5)T and ¢ = [¢1,- -+ , ¢y is the matrix whose

columns are POD basis functions.

As we have shown in section B.I] that the POD basis functions are the solutions of an
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eigenvalue problem, the authors suggest that we can define the self-adjoint operator R for

computing the POD basis functions based on the new snapshot matrix as follows:

R(t)¢ = Ao, (4.107a)
M k

RO =Y <yltj,),0>y(tj,x) + Y <ylly,x), ¢ > y(ty, o). (4.107b)
j=0 k=1

On the other hand, as y'(t;) = y'(t;,z)’s are the FE solutions to the POD based ROM,

so we also have the following constrains:

dy'(t)
dt

+Aly' () =f(t), 0<t<T, (4.108a)

y'(0) = yb. (4.108b)
Where the vectors y} and f!(t) are given by:

< Yo, P1 > < f(t),¢1 >
JO = ) fl(t) =
< Yo, P1 > < f(t), o1 >

And the coefficient matrix:
Al = ((AL)) € R with AL, =< Agj, ¢; > .

Moreover, recall that the POD basis functions are orthonormal and ¢ € (0,7, so we also

have:

il =1, 1<i<l, 0<f<T1<i<k. (4.109)

With constrains (£I07al), (4.107h), (£I08al), (4.108h) and ([@I0J), the optimal location of

the additional snapshots can be formulated as a non-linear minimization problem of the cost
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function J(y',%,¢) and can be solved by the SQP (Sequential Quadratic Programming)-
type algorithm with BFGS updates based on the second order sufficient optimality con-
ditions given in their paper. In our numerical example, a linear evolution equation is
also examined and both the error equilibration method and the optimal location method

invented by Kunisch/Volkwein are performed for comparison.
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Chapter 5

Numerical Results

5.1 Linear parabolic equations

The first example is taken from [I3] and features a solution that exhibits a rapid change

only in the initial time interval.

Example 1. Let Q := Q x (0,T), where Q = (0,1)?, and ¥ := T x (0,T), where I" := 9.

Consider the following parabolic initial-boundary value problem

0
a—i—cAerB-Very:f in @,

9
e tqy=g on¥,
on

y(~0)=4° inQ,

where the source terms f, g, the coefficient function ¢, and the initial data y° are chosen
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according to:

[ 4, x = (z1,72), (z1 —0.25)% + (3 — 0.65)? < 0.05, t € [0,T],

f(:C,t) = )
0, otherwise
.
1, z=(z1,1), 0<ax; <1, t€]0,T],
0,z =(l,z2), 0 <zy <1, te€0,T],
g(z,t) = ;
0,z =(0,z2), 0 <zy <1, te€0,T],
-1,z =(21,0), 0 <z <1, t€[0,T]

x1,1), 0<zy <1, t€0,T],
, 0<xo <1, tel0,T],
x1,0), 0 <z <1, t€0,T],

(
Q(:C’t) = (
(
(

0, z=1(0,29), 0<ax2<1, t€]0,T]

y2(z) = sin(mzy)cos(mz), = = (z1,22) € Q.
Further, we choose T'= 1, ¢ = 0.1, and 8 = (0.1, —10)7".

We discretize the spatial domain €2 by a uniform grid with mesh size h = 4—10 and construct
a simplicial triangulation by right isosceles. As a result, the degree of freedom for the
spatial discretization is 412. Further, we utilize piecewise linear FE ansatz functions and
solve the discretized system by the implicit Euler method with a fixed time step length
At = 2—10. The FE solutions y(¢,x) at time instances t = [0, 0.15, 0.5, 0.75, 1] are shown

in Figure 5.1

5.1.1 Error equilibration in time

In this numerical example, we consider the error equilibration in time. We take TOL =

le — 2 as the tolerance for the error estimators e and apply Algorithm [2] introduced in
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)

T2

FE solution at ¢t =0

FE solution at ¢ = 0.15

FE solution at t = 0.75

SRS
S

0.4

1 T2 0

0.4

Ty ) 0

FE solution at ¢ = 0.05

0.4

Zy

FE solution at ¢t = 0.5

0.4

xy

FE solution at t =1

)

Ty T9 0

Zy

Figure 5.1: Example 1: Implicit Euler FE solutions at different time instances
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Plot of 21 time instances for error equilibration

1 T T T T T T | ‘
- ¢ -Time instance ',
08H =~ -x=0.15 N
1
1
L !
0.6 :
= 1
1
0.4 [
1
1
0.2 ! i
________________________________________________ :,.__
e e e — - A= = ® = = = 4= =& — "
-+ e e B — = = = — == — § = = -? - ‘ ‘ : ‘

2 4 6 8 10 12 14 16 18 20
7th time instance

Figure 5.2: Example 1: 21 time instances for the error equilibration for FOM

section to the FOM with initial time partitioning Py = {t; = jAt,0 < j < M}, where
M = Alt. We observe that the finite element solution does not change significantly from
t = 0.15 to t = 1. Therefore, if we denote the set of the time instances for the error
equilibration by P., = {0 = tg, t1,---, tao = 1}, then one can expect to see that most of

the elements in P, are located in the initial sub-interval [0, 0.15], as shown in Figure [.2]

Now we use the implicit Euler FE solutions to construct the POD snapshot matrix Y =
[v(0,2),y(t1,z), - ,y(t2, x)], then apply the POD method to the FOM with | = 6, 10, 14,21
POD basis, respectively. The singular values for POD snapshot matrix Y is plotted in Fig-

ure 5.3l The first 6 POD basis functions are shown in Figure (5.4l

By Theorem in Section [4.3] the error estimators e, for POD-based ROM is also
expected to be of the same order of magnitude, provided they are computed from the time
partitioning that satisfies the error equilibration for the FOM. That is to say, if we let the
el e, be the relative errors for FOM and ROM, respectively, as introduced in (£31]).

Then, for sufficiently small POD state error 7,,4, we have:
e <TOL, if ey <TOL (5.2)
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Plot of singular values for POD snapshot matrix
T

10 T T T T T T
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10 ! ! ! ! ! ! ! ! \ ?--e
2 4 6 8 10 12 14 16 18 20

ith singular value

Figure 5.3: Example 1: Singular values {o; ?il for the POD snapshot matrix.

We take [ = 6, 10, 14, 21 as dimensions for the POD-based ROM and compute the
error estimators for ROM accordingly. The behaviour of the error estimators for ROM
and FOM are plotted in Figure 5.5H5.8. A table containing the average and the standard

deviation of the error estimator under different POD dimension [ is provided in Table .11

POD dim FOM =6 =10

n({e™}) £o(e™) | 2.855¢ —1+£7.333¢ —4 | 5.53¢ — 1 +3.171e — 1 | 2.852¢ — 1 + 3.53¢ — 2

POD dim FOM =14 =21

u({e™}) £o(e™) | 2.855e —1+7.333¢ —4 | 2.849¢ —1+4.6e —3 | 2.855e — 1+ 1.5e — 3

Table 5.1: Example 1: Mean (pu({e"})) £ standard deviation (o(e™)) of the error estima-

tors under POD dimension [

We can see from Figure 5.5 that for the ROM with dimension [ = 6, €]} .’s are completely

different from e™’s because of the large POD state error 7,,q as shown in Figure (.3

However, as we increase the POD dimension [, the relative error €], will decrease. Figure
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Figure 5.4: Example 1: The first 6 POD basis functions
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Error estimators for the FOM
T

and the ROM with dimension [ =6 (out of 30%)
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Figure 5.5: Example 1: Error estimators e™

POD dimension [ = 6.
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Figure 5.6: Example 1: Error estimators e

POD dimension ! = 10

m m
and e
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Error estimators for the FOM
T
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and the ROM with dimension ! = 14 (out of 70%)
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Figure 5.7: Example 1: Error estimators e™ and e’
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Figure 5.8: Example 1: Error estimators e and €7,

POD dimension [ = 21.
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shows that for sufficiently large POD dimension [, {e™}_, and {e™ }M_, are almost

the same.

5.1.2 Comparison of two strategies for snapshot location

In this numerical example, we compare the error equilibration method with the approach

for computing optimal snapshot locations introduced in Section 4l We use the same

1

spatial discretization as in Section 7?7, but change the time step to At = 1,

i.e., the initial
time partitioning is set to be Py = {t; = 1%1, 0 < j < 14}. We first compute the time
partitioning P, = {0 = to, t1,-- -, t14 = 1} for the error equilibration, the result is plotted

in Figure B.1.21

Now, we fix the POD dimension to be [ = 3 and take off ¢1, ---, t4 from FP.,. We use the
rest 11 time instances as the fixed locations for POD snapshots and compute the optimal
locations for 4 additional time instances t = [f1,%2,3,%4]7 by solving the minimization
problem that has been introduced in Section (£4]). For initial guess of the additional snap-
shot locations, we take to = [0.03,0.05,0.08,0.1]7 The optimization is computed by SQP

algorithm with BFGS updates using matlab function ’fmincon’ according to the following

settings:

options=optimset( 'Display’ , 'iter’ , 'Algorithm’ ,’sgp’ , 'TolX ...
le-9, 'TolFun’ ,(le-7, ’'TolCon’ ,(le-6, ’'Diagnostics’ ,'on’ ...
'MaxFunEvals’ ,1074, ’'Maxlter’ , 1074, ’'GradObj’ ,’on’ ,...

‘LargeScale’ , ’off );

The optimal locations are t* = [5.21e — 003, 8.98¢ — 002, 2.34e — 002, 1.74e — 002]7. #’s are

60



0.8

0.6

0.4

0.2

Plot of 15 time instances for error equilibration

T T
- ¢ -Time instance

Figure 5.9: Example 1: 15 time instances for the error equilibration for FOM.
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Figure 5.10: Example 1: 11 fixed time instances (blue), the deleted 4 time instances and

the optimal locations for 4 additional time instances (red).

plotted together with the fixed snapshot locations in P, in Figure 5.I0l The values of the
cost function J(y, t, qg) under different time partitioning are also listed in Table From
Figure[5.10] we can see that the optimal locations of the POD snapshot (Kunisch/Volkwein
approach) are close to the locations computed by means of the error equilibration. Table
(B2) shows that the evaluation of the cost function for the optimal snapshot locations

(Kunisch/Volkwein approach) is smaller than that of error equilibration in time but there

H---x=0.15 i
1
]
L s
]
1
1
L ; |
1
]
- 1 -
______________________________________________ ::O———
e —— == - =T
R A T Stk et el . ‘ ‘
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11 fixed time instances and 4 addtional snapshot locations

7th time instance

* Fixed time instance for error equilibration
o Optimal location for addtional snapshots
+ Time instances been taken out

+ O

. [ o ®

o

8 10

ith time instance

is no significant difference between the two costs.
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Time partitioning P, to t*

Cost J(y,1,¢) | 1.1629 | 1.3107 | 1.1224

Table 5.2: Example 1: Values of J for the time partitioning of error equilibration P,

initial additional locations ¢y and optimal locations t*

5.2 Non-linear parabolic equations

As examples for non-linear parabolic problems we choose two initial-boundary value prob-

lems for semi-linear second order parabolic partial differential equations.

5.2.1 Example 2: Error equilibration in time

Let @ := Q x (0,T), where 2 = (0,1) and ¥ :=T x (0,7"), with I := 99Q. Consider the

following semi-linear parabolic initial-boundary value problem:

W Ayt =T mQ, (5.32)
y=0 onX, (5.3b)
y(-,0) =0 in Q, (5.3¢)

where the right-hand side f is given such that:

ye = (1 — 2)3t*(1 — t)* arctan(60((z — 2)2 +(t+ —)2)% —1)

is the solution to F.3al5.3c

It is obvious that y(t,z)? is Lipschitz continuous if y(t,z) is bounded, i.e., the solution to
system ((5.3al))-((E3d)) exists globally. On the other hand, it has been shown in Theorem

5.2 in [27] that the solution exists globally if the initial value is bounded above by the
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Exact solution Implicit Euler solution

y(t, x)
y(t, x)

Figure 5.11: Example 2: Exact solution and the implicit Euler FE solution for FOM .

first eigenfunction of —A. As our initial value is 0, so the solution exists globally and is
bounded. Therefore, (¢, z)? is Lipschitz continuous and conditions in Theorem (&3] are

satisfied. So, the newton’s method applies to system ((5.3al))-((53d)).

With T = 1, we uniformly discretize the interval 2 with mesh size h = 1—%8 and denote
the grid points by {0 = 29 < z; < --- < w198 = 1}. Then we utilize piece-wise linear FE
functions and discretize the PDE in time by the implicit Euler method with fixed time step
length At = 4%. The exact and the implicit Euler solutions are displayed in Figure G111
As in previous example, the tolerance for error equilibration is taken to be TOL = le — 2,
then we apply Algorithm ] from Section (£.2]) to the FOM with initial time partitioning
Py = {t; = %,0 < j < M}. Figure 5.I1] shows that the finite element solution does
not perform any significant change along the time interval [0, 1]. Therefore, different from
Example 1, the time instances for error equilibration for Example 2 are expected to be
distributed all over the entire time interval [0, 1], as shown in Figure We use the

implicit Euler FE solutions as the snapshot matrix to compute both the POD and the
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Plot of 40 time instances for error equilibration
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Figure 5.12: Example 2: 40 time instances for error equilibration for non-linear FOM .

POD-DEIM basis functions and singular values. To visualize the solution of the ROM, we
take [ = 3, 12 as the dimensions for both the POD based ROM and the POD-DEIM based
ROM, respectively. The singular values of POD snapshot matrix and DEIM non-linear
snapshot matrix are plotted in Figure 513l and Figure 514l The solutions of the POD and
POD-DEIM ROM are shown in Figure and Figure We also provide the first 6

POD basis functions and DEIM basis functions in Figure (. and Figure [B.11

Figure shows that when the POD dimension [ is small (3 out of 40), the solution of
POD based ROM might be inaccurate. This may result in the large difference between
the error estimators for the FOM and the ROM. To examine the behaviour of the error
estimators of ROM, we take POD dimension [ = 12, 20, 28, 40 and compute the error
estimators for the ROM according to the locations given by the error equilibration of the

FOM. The error estimators are shown in Figure B.T95.2T]

Figure B.I95.2T] show that as the dimension [ increases, the error estimators for the ROM
tend to ’converge’ to within the interval bounded by the given TOL. The average of the

error estimators and their standard deviation under different dimensions ! are listed in

Table B3l
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Singular values for POD snapshot matrix
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Figure 5.13: Example 2: Singular values {0;}42, for POD snapshot matrix.

Singular values for DEIM non-linear snapshot matrix
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Figure 5.14: Example 2: Singular values {0;}1°, for DEIM non-linear snapshot matrix.
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POD FE solution with { = 3 basis functions POD FE solution with I =12 (30%) basis functions

y(t, =)

y(t, =)

Figure 5.15: Example 2: Implicit Euler FE solution for POD based ROM with dimension

I =3 (Left), 12 (Right).

POD-Deim FE solution with ! = 3 basis functions POD-Deim FE solution with I =12 (30%) basis functions

y(t,z)

y(t,z)

Figure 5.16: Example 2: Implicit Euler FE solution for POD-DEIM based ROM with
dimension [ = 3 (Left), 12 (Right).
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Figure 5.17: Example 2: Plot of the first 6 POD basis functions
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Figure 5.18: Example 2: Plot of the first 6 basis functions for DEIM
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Figure 5.19: Example 2: Error estimators e™ and e]?  for the ROM with dimension
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Figure 5.20: Example 2: Error estimators e™
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Figure 5.21: Example 2: Error estimators e™
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Figure 5.22: Example 2: Error estimators e™ and e}, for the ROM with dimension [ = 40

w({em}) £ o(em) POD POD-DEIM FOM
1=12 3.6287¢ — 4+ 1.0639¢ — 4 | 3.6314e — 4+ 1.0940¢ — 4 | 3.707¢ — 4 & 5.0249¢ — 8
=20 3.6290¢ — 4+ 6.7517e — 06 | 3.6417¢ — 4 & 6.9064e — 5 NA
1=28 3.6945¢ — 4 + 5.9643¢ — 07 | 3.7026¢ — 4 % 1.9100¢ — 06 NA
I =40 3.6963¢ — 4+ 6.0801¢ — 07 | 3.6963¢ — 4 + 6.0801¢ — 07 NA

Table 5.3: Example 2: Average of the error estimators (u({e"})) and its standard deviation

(o(e™)) for

the ROM with dimension .

5.2.2 Example 3: Error equilibration in time

In this numerical example, we use the same settings as in equation (B.3al) but change the

non-linear term to y® and consider the error equilibration in time accordingly, i.e., we

consider the following equation:

ot

Ay+y®=f inQ,
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Singular values for POD snapshot matrix
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Figure 5.23: Example 3: Singular values {0;}%; for POD snapshot matrix.

Similar to Example 2, we compute the time instances for error equilibration in time for
the FOM. Then, we solve the equation (5.4al)-(5.4d) by implicit Euler method with a fixed
time step length At = 4—10 and use the solutions as the POD snapshot matrix to compute

the error estimators for the ROM with POD dimensions [ = 12, 20, 28, 40.

As the solution of (5.4al) is the same as that of (5.3al), the plot of solutions and the singular
values of POD snapshot matrix are omitted. The singular values of POD snapshot matrix

and DEIM non-linear snapshot matrix are plotted in Figure (5:23]) and (5.24])

Compared to the singular values of POD snapshot matrix, the singular values of DEIM
non-linear snapshot matrix are much smaller and are dominated by that of POD snapshot
matrix. Therefore, the error estimators of POD based ROM are overlapped with that
of POD-DEIM based ROM, as shown in Figure (5.25)-(2.28). However, DEIM method
can significantly reduce the computing time for solving the ROM. Table (5.4]) shows the

average computing time for solving the two different types of ROM based on two different
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Singular values for DEIM non-linear snapshot matrix
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Figure 5.24: Example 3: Singular values {Ji}?gl for DEIM non-linear snapshot matrix.

discretization in time for a given time partitioning.

Implicit Euler | Modified Trapezoidal

POD 16.926 40.4198

POD-DEIM 5.0544 12.8544

Table 5.4: Example 3: Average computing time for solving types of ROM for equilibration

time instances

The average of the error estimators and their standard deviation under different dimensions

[ are listed in Table (5.5]), which shows how the error estimators of ROM converge to within

the tolerance as we increase POD dimension.
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Figure 5.25: Example 3: Error estimators e™ and €] . for the ROM with dimension [ = 12
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Figure 5.26: Example 3: Error estimators e™ and e for the ROM with dimension [ = 20
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x10* e™ for the FOM and the ROM with dimension [ = 28
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Figure 5.27: Example 3: Error estimators e™ and €] . for the ROM with dimension [ = 28
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Figure 5.28: Example 3: Error estimators e™ and e = for the ROM with dimension [ = 40
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POD

POD-DEIM

FOM

=12 4.9751e — 4 £4.1643¢ — 5 | 4.9751e — 4 £4.1643¢ — 5 | 6.2455¢ — 4 £8.7215e — 7
=20 6.0040e — 4 £ 1.4586e¢ — 5 | 6.0040e — 4 = 1.4586¢e — 5 NA
=28 6.2310e —4 £1.2263¢ — 6 | 6.2310e — 4 £ 1.2263¢ — 6 NA
=40 6.2432e — 4 £8.8220e — 7 | 6.2432e — 4 £ 8.8220e — 7 NA

Table 5.5: Example 3: Average of the error estimators (u({e"})) and its standard deviation

(o(e™)) for the ROM with dimension .
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Chapter 6

Conclusions

So far, we have developed an approach for determining the optimal snapshot locations for
time dependent parabolic PDEs from the ideal of automated time stepping, the so-called
error equilibration in time. The goal of this approach is to determine the time instances
such that on each time sub-interval the error estimators are almost of the same order of
magnitude. Different from the automated time stepping, the total number of time steps
in this method is fixed and the length of each time sub-interval is adaptive according to
the corresponding error estimator. This error equilibration approach can be formulated as
an optimization problem about the variance of the error estimators and a bi-section type
algorithm is provided. This approach applies to both FOM and ROM. The property of
error equilibration in time for FOM is preserved by the POD and POD-DEIM based ROM
provided the dimension of the ROM is large enough such that the POD or POD-DEIM
error is sufficiently small, as shown in numerical examples 1, 2, 3. Moreover, as stated
in Theorem and [£.T5] if the error estimators for ROM are computed from the time

instances such that the error estimators for FOM are equilibrated, then they are bounded
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by some constants. This result is shown in Figure (5.3), (5.6), (5.19), (5.20), (5:25) and

(B26). Although the error estimators for ROM do not located within the given tolerance

for equilibration TOL, they are bounded above and below.
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