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Abstract

Variational principles for finding eigenvalues, and associated eigenvectors, for sym-
metric matrices and compact self-adjoint linear operators have been studied for some
time now (see [2] or [3], for instance). Here we shall introduce and study uncon-
strained variational principles for the eigenproblem of a pair of bilinear forms (a, m)
on a Hilbert space. Each functional in the one-parameter family of functionals has
well-defined first and second variations.

First variations characterize the critical points as eigenvectors of (a, m) with asso-
ciated eigenvalues given by specific formulae. Properties of the set of critical points,
that depend on the parameter value of the family of functionals, are given and sum-
marized by a bifurcation diagram. Second variations enable a Morse index theory
that characterizes the critical point as being associated with the j** eigenvalue.

The framework is quite general, but the assumption on (a,m) are appropriate
for the study of second-order divergence form elliptic problems in Hilbert-Sobolev
spaces, including problems with non-zero boundary data and indefinite weights. These

problems include Robin, Steklov and general eigenvalue problems.
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Chapter 1

Background and Motivation

1.1 Introduction

A primary purpose of eigenvalue analyses is to provide spectral representations of
solutions of linear systems. When these systems are described by symmetric matrices,
self-adjoint linear operators, or symmetric bilinear forms, the standard variational
principles for eigenvalues of these forms have been based on minimizing or maximizing
Rayleigh’s quotient. This is Rayleigh’s principle and it is essentially a constrained
optimization problem.

However, some unconstrained variational principles for matrices and compact,
self-adjoint, linear operators have been described in Auchmuty [2, 3, 4]. Following
this direction, in this work we shall describe a one-parameter family of unconstrained
variational principles for finding eigenvalues and eigenvectors of a pair (a, m) of con-
tinuous, symmetric, bilinear forms on a separable Hilbert space V. This framework is
appropriate for elliptic eigenvalue problems set in Hilbert-Sobolev spaces on bounded

regions, including problems with non-zero boundary data. The functionals involved



1.1 INTRODUCTION

in these principles have well-defined first and second variations which allow non-zero
critical points to be characterized as certain eigenvectors of the pair (a,m) and to be
characterized by their Morse index. More specifically, a non-degenerate critical point
associated to the j* eigenvalue of (a,m), counting multiplicities, will have Morse
index (7 — 1), provided the parameter is large enough. Thus, in this case, a minimizer
of the functional will be a critical point associated to the least eigenvalue A\; with zero
Morse index.

We begin in the next section with a discussion on bilinear forms and the (a, m)-
eigenvalue problem that we address in this dissertation. We also summarize some of
the spectral properties of the sequence of eigenvectors of the pair (a,m) defined by
the iterative construction given in Auchmuty [7], and recall some results from the
calculus of variations that we shall use throughout this work .

In Chapter 2 the Morse and null index of bilinear forms satisfying a Garding type
inequality are introduced along the lines outlined in Zeidler [10]. However, our work
here uses bilinear forms exclusively as opposed to the use of the corresponding linear
operators and associated dual spaces. The indices of these particular bilinear forms
are then shown to be finite, and in a certain sense invariant; we thus provide an
infinite-dimensional version of Sylvester’s law of inertia. However, before showing
all of these properties, we first give spectral representations of these special bilinear
forms, and also of those bilinear forms that are weakly continuous. Lastly, the case
where the bilinear form is a Hessian form (the second derivative) of a functional is
considered and a splitting of the corresponding quadratic form given.

Chapter 3 introduces the one-parameter family of unconstrained variational prin-
ciples and then properties of the functional ¢(.; i) are proved. The results enable the

existence of global minimizers of the variational problem, and first variations char-
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acterize non-zero critical points as certain eigenvectors of the pair of bilinear forms
(a,m), where the m-norm of these eigenvectors is a function of the parameter p and
the associated eigenvalue. We then describe the dependence of the set of critical
points on the parameter value p and provide a bifurcation diagram. Lastly, we show
how the functional ¢(.; 1) may be penalized to yield again unconstrained variational
principles, but this time for finding the second smallest eigenvalue Ay of the pair
(a,m). Though this penalization method may be generalized for higher eigenvalues,
we end the chapter by providing constrained variational principles for finding higher
eigenvalues.

We emphasize that up to this point only first variations of the functional ¢(.; u)
have been used in the work. It is only until Chapter 4 that we show ¢(.; 1) has well-
defined second derivatives, which allows us to use the work from Chapter 2 to evaluate
the Morse and null indices of critical points of the functional. These calculations in
turn provide further information on the bifurcation results given in Chapter 3. In
particular, we show that minimizers of the functional ¢(.; 1) have zero Morse index
and that non-minimizing critical points have Morse index being strictly positive. More
specifically, we show the Morse index of a critical point associated to the j*-distinct
eigenvalue is equal to the sum of the multiplicities of the (j — 1) previous distinct
eigenvalues.

The results proved up to Chapter 4 assume that the bilinear form m satisfies
m(v,v) > 0, or that it be strictly positive for non-zero vectors v € V. In Chapter
5 we consider the indefinite weighted eigenproblem, which is the problem where the

bilinear form m is not necessarily positive. That is, we consider the case where there



1.2 TERMINOLOGY AND ASSUMPTIONS

are vectors vy, vo in V' such that
m(vy,v1) < 0 < m(vg,va).

We show that our previous work applies to this case as well.

Chapter 6 is devoted to showing how our results applies to linear elliptic eigen-
value problems; we consider three classes of problems. The first type of problems
considered are Robin eigenvalue problems, and Steklov eigenproblems are studied -
which are problems with homogeneous equations where the eigenparameter appears
in the boundary condition instead of the differential equation. The last class of prob-
lems we consider are general problems where the eigenparameter appears both in the
differential equation and in the boundary condition. We note that the condition on
the boundary of the (bounded) region where the problems are defined is that it it be
composed of finitely many Lipschitz surfaces.

Also, we again emphasize that in all this work we make exclusive use of bilinear
forms and not of the associated linear operators. We point out too that some of the
results given here are related to results on unconstrained variational principles for

eigenproblems described by Auchmuty in [2, 3, 4, 5, 7] .

1.2 Terminology and Assumptions

1.2.1 Bilinear Forms and Eigenvalue Problems

In this work, V is a real, separable, infinite-dimensional Hilbert space with inner
product and norm denoted (.,.)y and ||.||y, respectively. The dual space of V is

denoted V* and is again a real, separable, infinite-dimensional Hilbert space with
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dual norm ||.|[«. The dual pairing between V' and V* is denoted (., .) so that the value
of a functional u* € V* evaluated at a vector u € V' is written (u*,u).

A bilinear form b: V' x V' — R is said to be symmetric provided b(u,v) = b(v, u)
holds for all u,v € V. The corresponding quadratic form Z(u) := b(u,u) is said
to be positive provided it satisfies #(u) > 0 for all uw € V', and strictly positive if
P(u) > 0 for all non-zero u € V; similarly, negative and strictly negative are defined
with inequalities reversed. The bilinear form b is said to be V-coercive provided there
exists a constant k > 0 such that Z(u) > k|ju||3- for all u € V.

When the bilinear form b is symmetric, we also have the following. The null space

of b is the subset N(b) of V' given by
N®b):={ueV :buv)=0, VveV}

If N(b) = {0}, then b is said to be non-degenerate; otherwise it is degenerate. Fur-
thermore, the vectors u,v € V are said to be b-orthogonal if b(u,v) = 0. A subset
E of V is said to be a basis of V when it is a maximal linearly independent set in
V' with respect to inclusion. A subset £ of V' is said to be a b-orthogonal basis of V'
provided it is a basis and any two vectors in £ are b-orthogonal.

Moreover, we say that b has finite rank M, with M € N, provided there are
M linearly independent functionals uj,...,u}, in V*, such that b has the following

representation:

M
b:Zuj-@u; (1.1)
j=1

That is, b has finitie rank if b(u,v) = Zj\il(uj,u)(uj,z)) for all u,v € V. It follows

from definition that a finite rank form is weakly continuous.
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In this work, we shall consider bilinear forms a : V xV — Rand m:V xV — R
subject to some of the following conditions:
(A1): af(.,.) is a continuous, symmetric, bilinear form that is V-coercive. That is,

there exist constants 0 < kg < k; < oo such that

Kollull} < a(u,u) < kyljul|? for all u e V. (1.2)

(A2):  mf(.,.) is a weakly continuous, symmetric, bilinear form on V.
(A3):  m(u,u) >0forallueV.
(A4):  m(u,u) > 0 for all non-zero u € V.

Define o, .# to be the quadratic forms on V associated to a, m, so that

o (u) := alu,u) and A (u) :=m(u,u).

When (A1) holds, the bilinear form a(.,.) defines an inner product

[, v]q = a(u,v) (1.3)

on V that is equivalent to the V' inner product. When m(.,.) satisfies (A2) and (A3),

then ||ul|, = /A (u) defines a semi-norm on V. A vector u € V is said to be
m-normalized provided it satisfies ||ul,, = 1.

We will study issues related to finding non-trivial solutions (A, u) € R x V' of

a(u,v) = Am(u,v) for all v € V. (1.4)

This will be called the (a, m)-eigenproblem. The number X is an eigenvalue of (a, m)
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if there is a non-zero vector u in V satisfying (1.4) and the associated u is called an
eigenvector of (a, m) corresponding to A\. When A is an eigenvalue, let E) be the set
of all u € V such that (1.4) holds. The number of linearly independent eigenvectors
of (a,m) corresponding to the eigenvalue A is called the multiplicity of \. When the
multiplicity of A is one, then A is said to be a simple eigenvalue.

When (A1)-(A3) hold, by taking v = u an eigenvector in (1.4), we see that every
eigenvalue A of (a,m) must be strictly positive. The iterative construction given
in Auchmuty [7] yields the following summary of spectral results about the (a,m)-

eigenproblem.

Theorem 1.1. Assume (a,m) satisfy (A1)-(A3). Then either there are
(i)  finitely many strictly positive eigenvalues Ay < Ay < -+ < Ay of (a,m) and a
corresponding m-orthonormal set of eigenvectors Ey == {e; : 1 < j < M}, or else
(ii) countably infinitely many strictly positive eigenvalues \y < Ay < -+ of (a,m),
with lim;_,o, A\; = 00, and a corresponding m-orthonormal set of eigenvectors £ :=
{ej:j>1}.

In both cases, these eigenvalues can be found iteratively and are repeated accord-
ing to their multiplicities. When (A4) also holds, then (ii) holds and £, is an m-

orthonormal basis of V.

Proof. The assumption on (a,m) are the assumptions for the bilinear forms in The-
orem 4.2 and 4.3 in Auchmuty [7]. From these theorems the desired conclusions are
obtained with a-orthonormality instead of m-orthonormality. For an eigenvector e

corresponding to an eigenvalue A > 0 of (a,m), we note that

ale,u) =0 if and only if  m(e,u) =0,
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which holds for all uw € V, allows a-orthogonality to be replaced by m-orthogonality.
Moreover, m-normalized eigenvectors are obtained from a-normalized eigenvectors by
taking é := A!/2e for an a-normalized eigenvector e corresponding to the eigenvalue

A ]

In view of this theorem, by taking W to be the a-orthogonal complement of the null
space N(m) of m, we see that when conditions (A1)-(A3) are satisfied, the following

a-orthogonal decomposition that we shall use in our analysis holds
V =N(m)®, W (1.5)

with the eigenvectors of (a,m) lying in W. The subspace W will be finite or infinite

dimensional accordingly as (i) or (4i) in the theorem hold.

1.2.2 Tools from the Calculus of Variations

Various results from the calculus of variations will be used in this work. Background
material may be found in Attouch, Buttazzo, Michaille [1], Blanchard and Briining
8], or Zeidler [10].

Let .# : V — R be a given functional. The first variation of % at the point u € V
in the direction v € V is defined to be the following derivative

d
0F (u;v) := aﬁ(u + tv) o

provided this derivative exists. When 0.7 (u; v) exists for all v € V and is a continuous
linear functional in v, then .% is said to be Gateaux differentiable at u and the linear

functional v +— §.% (u;v) is the Gateauzr derivative of F at u. A point u € V is a
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critical point of F provided % is Gateaux differentiable at u and

0F (u;v) =0 for all v € V.

A number c is a critical value of F if there is a critical point u with .Z (u) = c.

The second variation of .% at u in the directions v, w € V is defined by

2

2F (u;v,w) = F(u+ tv + taw
( ) at28t1 ( ! 2 ) t1=t2=0

whenever this derivative exists. If 6%.% (u;v,w) exists for all v,w € V and is a
continuous bilinear form in (v, w), then .# is said to be twice Gateauz differentiable at
w and the bilinear form (v, w) — 6% (u; v, w) is called the Gateaux second derivative,
or Hessian form, of .F at u.

We point out that in contrast with most references dealing with the calculus of
variations (see, for instance, [1], [8], or [10]) which take the second variation of a

functional .# at a point u to be the derivative given by

2

d
2 . = —
0 F (u;v) dtﬂg (u+ tv) o

for a given direction vector v in V', provided this derivative exists, we opt for the
above definition of second variations since a goal of our analysis is to determine the
type (degenerate or non-degenerate) of a critical point of .#, and not merely whether

the critical point provides a local miniminum or not.



Chapter 2

Types and Morse Indices

Morse theory for infinite-dimensional spaces investigates the strong relations between
variational problems and topology. In this work, however, since we shall prove results
about the critical points of smooth unconstrained variational problems, our main
interest is only in the type of a critical point determined by the Hessian form of the
functional at the point.

We thus define the Morse index of bilinear forms satisfying a Garding type inequal-
ity, and use the theory of the Morse index along the lines outlined in Zeidler [10],
Section 37.27b. Here, in contrast to [10], the presentation and analysis uses bilinear

forms directly rather than the associated linear operators between dual spaces.

2.1 Spectral Representation of Bilinear Forms

In order to define the Morse index of bilinear forms, we first provide the following
spectral representations of two classes of bilinear forms. We show the Morse index of

the second class of bilinear forms is finite and invariant in a certain sense.

10
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2.1.1 Weakly Continuous Bilinear Forms

Consider first the class of weakly continuous bilinear forms on V' whose corresponding
quadratic forms are positive. That is, assume the bilinear form m satisfies (A2) and
(A3), and let the bilinear form a satisfy (Al). Take W as in the decomposition (1.5),
and let & = {e; : j € Jo} be a maximal a-orthonormal set in the null space N(m)
of m. Define J, to be the indexing set of an m-orthonormal basis of eigenvectors for
the subspace W. That is, J, is equal to {1,..., M} or N accordingly as (i) or (ii) of
Theorem 1.1 holds. That £ := & U{e; : j € J;} is an a-orthogonal basis of V' follows

from Corollary 4.4 and 4.5 of Auchmuty [7]. We then have the following result.

Theorem 2.1. Assume (a,m) satisfy (Al)-(A3). With the subspace W as in the

decomposition (1.5), and J, as above, we have

m(u,v) = Z A %a(ej, u)a(e;, v) for allu,v € V. (2.1)
JjeJy
Proof. By taking ¢; := /\;1/ er for an m-normalized eigenvector e; of (a,m) corre-

sponding to A;, we obtain an a-orthonormal basis E:=&U {€;:jeJy}for V. As

a(.,.) is equivalent to the V-inner product, an element u in V' then has an expansion

— 5. 0,
u-E cjej + g c;€;

jeds j€do

with ¢f = a(é;,u) for j € J;, and &) = a(e;,u) for j € Jy. Since m(e;,v) = 0 for

each 5 € Jy and all v € V', we have

m(u,v) = Z c;m(é;,v) = Z A 2a(ej, u)a(e;, v)

JjeJy JjeJ+

11
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for all u,v € V as desired. n

For j € J,, denote by ¢; the linear functional given by v — a(e;,v) for v € V.
Then ¢, is in V* for each j € J; by continuity of a, and the representation (2.1) for
m in terms of the a-inner product may be written in terms of the linear functionals
g;j € V*as

m = Z >\j_2€j & 8]' (22)

JeJ+
When (i) of Theorem 1.1 holds, then the cardinality of J, in the representation
(2.2) is finite and thus m is a finite rank bilinear form on V. Also, for different a-inner

products we have different representations of m.

2.1.2 Semi-coercive Bilinear Forms

The second class of bilinear forms that we shall now consider are those satisfying a
Garding-type inequality on V. Specifically, we consider bilinear forms b subject to
the following conditions:

(M1): b:V xV — R is a symmetric, continuous, bilinear form on V', and
(M2):  there is a bilinear form m satisfying (A2) and (A4), and there are constants

ko, ks > 0 such that
B(v) > kal|v||Z — ks (v) for all v,w € V. (2.3)

A bilinear form b is said to be semi-coercive on V provided it satisfies both (M1)
and (M2). The following theorem provides a spectral representation of semi-coercive
bilinear forms which will be used later when we evaluate Morse and null indices of such

bilinear forms. We point out that the proof of Theorem 1.1 is based on a constructive

12
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algorithm found in [7] that determines successive eigenvalues.

Theorem 2.2. Assume the pair (b, m) satisfies (M1) and (M2). Then there exists an

m-orthonormal basis € = {e; : j € N} of V' consisting of eigenvectors corresponding

to eigenvalues —oo < Ay < Ay < -+ of the pair (b,m), with lim; ., \; = oo, and
b(v,w) = Z Am(e;,v)m(ej, w) for allv,w € V. (2.4)
j=1

Proof. Consider the eigenproblem of finding non-trivial solutions (A, v) € R x V' of
b(v, w) = Am(v, w) forallw eV (2.5)

From (M2) we have ZB(v) + ks.# (v) > ks|v||3- for all v € V, i.e., the bilinear form
b := b+ ksm is V-coercive and thus satisfies the conditions of the bilinear form in
(Al1). Since m satisfies (A2) and (A4), it follows from Theorem 1.1 that there is an
m-orthonormal basis £; = {e; : j € N} of V' consisting of eigenvectors of (b, m)
corresponding to an increasing sequence of strictly positive eigenvalues M <A <-ee

with no accumulation point. That is,
bej, w) = \ym(e;, w) forall w e V

with m(ej, ex) = 0, for all j, k € N.
For each j € N set \; := Xj — k3. Then

blej, w) = A\;m(ej, w) (2.6)

holds for all w € V, so that taking & = &£, gives an m-orthonormal basis of V'

13



2.2 TYPE AND MORSE INDEX OF A BILINEAR FORM

consisting of eigenvectors corresponding to an increasing sequence of eigenvalues
—00 < A < A < -+ for the pair (b,m) with no accumulation point. The first
part of the theorem then holds.

Since £ is a basis of V, an element v in V has an expansion

o
v = Z m(ej,v)e;.
=1

Since b is continuous on V', we have
b(v,w) = mle;, v)blej,w) =Y Aym(ej, v)m(e;, w)
j=1 j=1

for all w € V. ]

As in the case of weakly continuous bilinear forms, the representation (2.4) for the
semi-coercive bilinear form b in terms of the bilinear form m may be written in terms
of functionals in V* as follows. For each j € N, let ¢; denote the linear functional
on V given by v — m(e;,v) for v € V. Then ¢; is in V* for each j as m is weakly

continuous on V', so that (2.4) turns into

b:Z)\jéj@éj. (27)
j=1

2.2 Type and Morse Index of a Bilinear Form

Let b: V xV — R be a symmetric, continuous, bilinear form on V. That is, b satisfies
assumption (M1). Recall b is said to be non-degenerate provided the null space N (b)

of b is equal to {0}; otherwise, b is said to be degenerate. The dimension of the null

14



2.2 TYPE AND MORSE INDEX OF A BILINEAR FORM

space of b on V' is said to be the null index of b on V' and denoted ig(b). It follows
from definitions that the null index i¢(b) of b is zero whenever b is non-degenerate.

Suppose the corresponding quadratic form Z of b is strictly negative on subspaces
W of V, with dim W < J for all such subspaces. Furthermore, suppose that among
these subspaces W there is a closed subspace W;, with dim W, = J. Then we say that
the Morse index of b on V is J, and denote this as i(b) = J. If no such subspace W
exists, then 4 is positive on V' and we say the Morse index of b is zero.

When b also satisfies (M2), the following results show that the Morse index and

null index of b are finite and independent of the choice of the bilinear form m in (M2).

Theorem 2.3. Assume the pair (b,m) satisfies (M1) and (M?2). Then

(i) the Morse indexi(b) of b is finite and equal to the number of negative eigenvalues
of (b,m) counting multiplicities,

(ii) the null indexio(b) of b is finite and equal to the multiplicity of 0 as an eigenvalue
of (b,m), and

(iii) b is non-degenerate if and only if 0 is not an eigenvalue of (b,m).

Proof. By Theorem 2.2, let £ = {e; : j € N} be an m-orthonormal basis of V
consisting of eigenvectors corresponding to an increasing sequence of eigenvalues

—00 < A1 < Ag < -+ with no accumulation point, of the pair (b,m). Let
W_ = span{e; : \; < 0} and W, =span{e; : \; = 0}.
As the \;’s form an increasing sequence of real numbers with no finite accumulation

point, the dimensions of W_ and W are both finite. From (2.4), for each v € W_ we

15
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have

b(v,v) = Z)\jm(v, e;)’ = Z Nym(ej,v)?

{7:A;<0}
by the m-orthogonality of the e;’s. Hence, the associated quadratic form 4 is strictly
negative on W_, and also from (2.4) we see that dim(W_) is maximal for subspaces
on which & is strictly negative. The first assertion then holds.
By the m-orthonormality of the eigenvectors e;’s it is easy to see that v € W if
and only if v € N(m), so the second assertion also holds. The last statement is also

direct.

2.3 Invariance of Indices

We show next that the Morse and null index of b are independent of the form m chosen
in (M2). This may be regarded as an infinite-dimensional version of Sylvester’s law

of inertia in finite-dimensional, real, linear spaces.

Theorem 2.4. Assume b satisfies (M1), and my,ms both satisfy (A2) and (A4).
Suppose both pairs (b,my) and (b, ms) satisfy an inequality of the form (2.3) with
my, mg in place of m. Then

(i) the number of negative eigenvalues (counting multiplicities) of (b,my) is equal to
the number of negative eigenvalues (counting multiplicities) of (b,ms), and

(i) the multiplicity of 0 as an eigenvalue of (b,my) is equal to the multiplicity of 0

as an eigenvalue of (b, ms).

Proof. Eigenvalues are counted with multiplicities. Denote by i(b;m;) the number of

negative eigenvalues of (b,m;). By Theorem 2.3 i(b;m,) is finite, and the dimension
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2.4 INDICES AND THE CALCULUS OF VARIATIONS

of any subspace W on which & is strictly negative satisfies

dimW <i(b;my).

Let W_ be the subspace of V' generated by eigenvectors corresponding to negative
eigenvalues of (b,msy). By Theorem 2.3 again, W_ has finite dimension, denoted

i(b; my), equal to the number of negative eigenvalues of (b, ms), so that

i(b;ma) < i(b;my),

as A is strictly negative on W_. Interchanging the roles of i(b; m;) and i(b; ms) gives
the reverse inequality so that the first statement holds.

The second statement holds as any vector v in the null space N (b) of b satisfies

b(v, w) = 0m(v,w) for all w €V,

regardless of the form m satisfying (M1) and (M2). O

2.4 Indices and the Calculus of Variations

When . : V — R is a twice Gateaux differentiable functional on V' the definitions
and terminology given in previous sections correspond as follows for critical points of
Z. A critical point u of .% is said to be degenerate or non-degenerate accordingly
as the Hessian form 6%.% (u;.,.) is degenerate or non-degenerate. Furthermore, the
Morse index and null index of a critical point u of .% are defined as the Morse index

and null index of §2.% (u; ., .), and are denoted i(u) and iy(u), respectively.
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2.4 INDICES AND THE CALCULUS OF VARIATIONS

In Morse theory, the splitting of the quadratic form corresponding to the Hessian
form of a functional at a non-degenerate critical point plays a crucial role. For this
investigation we thus consider the following splitting of a (Hessian) bilinear form

which yields the corresponding splitting of the associated quadratic form.

Corollary 2.5. Assume b satisfies (M1), (M2) and is non-degenerate. Then there
are bilinear forms b_ and by on V with the following properties:
(i) b_ and by are continuous and symmetric, with b_ having finite rank equal to the

Morse index of b, and satisfy
b(v,w) = b, (v,w) —b_(v,w) for all v,w € V. (2.8)

(ii) The corresponding quadratic forms B_ and B, are both positive, convez func-

tionals on V', with %B_ weakly continuous, and satisfy
B(v) = By(v) — B_(v) forallveV. (2.9)

Proof. Let m be a bilinear form satisfying (M2). From Theorem 2.3 we have that
a subspace of maximal (finite) dimension on which 4 is strictly negative is spanned
by £_ :={e; : 1 < j <i(b)}, where i(b) is the Morse index of b and the e;’s are m-
orthonormal eigenvectors corresponding to strictly negative eigenvalues \; of (b, m).

Define the bilinear form b_ : V' x V' — R by

(b)
b_(v,w) = — Z Am(v, e;)m(w, e;). (2.10)
j=1
Then b_ has finite rank i(b), and the identities (2.4) and (2.10) imply that the bilinear
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2.4 INDICES AND THE CALCULUS OF VARIATIONS

form b, := b—0b_ is continuous and symmetric on V', so that the first assertions holds.

From (2.10), we see that the quadratic form %_ corresponding to b_ is a positive,
convex functional on V' that is weakly continuous. It follows from (2.4) and (2.10)
that the quadratic form %, coresponding to b, also is a positive, convex functional

on V. Therefore, the last statement holds. O
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Chapter 3

Weighted Eigenvalue Problems

In the previous chapters, eigenvalue problems and representation theorems for bilinear
forms, and concepts of Morse theory to be used in this work were introduced, as well as
related notation. In this chapter, our interest is in describing and analyzing certain
unconstrained parametrized functionals whose critical points yield eigenvalues and
eigenvectors of the pair (a,m) of bilinear forms. It is shown that the functionals are
minimized precisely at eigenvectors of the pair (a,m) corresponding to the smallest
(strictly) positive eigenvalue A;, when the parameter is strictly bigger than A;. In this
case, the m semi-norm of the minimizers and the minimum value of the functional

are related to Aq.
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3.1 THE LEAST EIGENVALUE )\,

3.1 Unconstrained Variational Principles for the
Least Eigenvalue

Let (a, m) be a pair of bilinear forms satisfying (A1), (A2), and consider the functional
¢ .V x (0,00) = R given by

1 2

G (u; ) = alu,u) — pm(u,u) + §m(u, u) (3.1)

The variational principle here is the unconstrained problem (P,,) of minimizing ¢(.; u1)

on V and finding

a(p) = inf G (u; p). (3.2)

The following theorem gives properties of the functional ¢(.; 1) that are used to

provide results for this variational principle.

Theorem 3.1. Assume (Al), (A2) hold and 4 (.; ) is defined by (3.1). Then

(i) 9(.;p) is continuous, coercive and weakly l.s.c. on 'V, and

(i) 9(.;p) is Gateaur differentiable on V' with first variation at w in the direction
v given by

09 (u; v; ) = 2a(u, v) + 2[m(u, u) — pm(u,v). (3.3)

Proof. The quadratic form &7 (u) := a(u,u) is continuous on V' as for fixed u € V

and u, € V with ||u,, — u||yy — 0, the identity

a(Up, uy) — a(u,u) = a(u, — u, uy, — u) + a(u, —u,u) + a(u, u, — u) (3.4)
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3.1 THE LEAST EIGENVALUE )\,

gives
|\ (u,) — o (u)| < kyl|un — ull¥ + 2k Jullv|jun —ully  — 0 as n — 00.

It follows that ¢(.; p) is continuous on V' as m is weakly continuous on V.
The weak continuity of m and the continuity of the function ¥ (z) = —ux + %12

defined on R, implies the composition
1 2
—pm(u,u) + ém(u, w)

is weakly continuous on V', hence weakly [.s.c. on V. The quadratic form o7 is weakly
l.s.c.on V as & continuous and convex on V| and we then get that ¥(.; u) is weakly
[.s.c.onV.

Since ¥(z) = —pz + 2% > —’5‘2 for all z € R, as ¥ = p is the unique minimizer

for ¢» on R, and since the bilinear form a(.,.) is coercive on V' we obtain
s
G (u; ) 2 kollully ==

which implies 4 (+; i) is coercive on V. Thus (i) holds.

Fix u,v € V. Then for ¢ # 0, we have for the quadratic form .# (u) := m(u,u)
M (u+ tv) = M (u) + 2tm(u,v) + >4 (v).
Thus limy_,o A (u + tv) = 4 (u) and
d
OM (u;v) = — M (u+tv)| = 2m(u,v).
dt t=0
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3.1 THE LEAST EIGENVALUE )\,

Similarly, 6.7 (u;v) = 2a(u,v). As ¥(x) = —pz + 12? is a polynomial of degree two,
the composition yo.Z (u+ev) is a polynomial of degree four in ¢, so that we can apply
the classical chain rule to compute the first variation of ¢(.; ) and obtain equation
(3.3) for any u,v € V.

For fixed u € V the first variation 0% (u; .; ) = 2a(u, .) + 2[m(u, u) — plm(u,.) is
the sum of two continuous linear functionals on V. Hence 69 (u;.; ) is continuous
and linear on V for each u in V', showing that ¢(.; 1) is Gateaux differentiable on V/,
and therefore (i7) follows.

]

From Theorem 1.1 there is a smallest strictly positive eigenvalue A\; of (a,m)
when (A1)-(A3) hold, so Theorem 3.1 now yields the following results about the

unconstrained problem (P,,).

Theorem 3.2. Assume (A1)-(A3) hold and 9 is defined by (3.1).

(i) 0 is the unique critical point of 4G (.;pu) when p < X\, and 0 and the points
(11— \;)Y2e are the critical points of G(.; 1) when pn > Ay, where e is an m-normalized
eigenvector corresponding to the eigenvalue \; in the interval (0, ).

(i) The critical values of 4 (.; ) are 0 for any value of p > 0, and 0 and —5(p—X;)?
when > Ay and \; is in the interval (0, p).

(i)  The minimizer(s) of 9(.;p) on'V are 0 when p < A1, and (u — A\1)*%e when
> A1, with e an m-normalized eigenvector of (a,m) corresponding to A;.

()  The value of the problem (P,) is ap) = 0 when p < Ay, and a(p) = —2(u—\1)?

when (> A1.
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3.1 THE LEAST EIGENVALUE )\,

Proof. By (it) of Theorem 3.1, a critical point @ € V' must satisfy
a(i,v) = [p—m(a,a)|m(a,v) for all v € V. (3.5)

The point 0 always is a solution to (3.5) for any value of . Equation (3.5) implies a
non-zero critical point @ of ¥(.; i) is an eigenvector of the pair (a, m) corresponding
to a strictly positive eigenvalue \; = p — m(@, @).

Substituting such a critical eigenvector u for v in (3.5) gives
a(, @) = [p—m(@, a)|m(a,a) = X;j(p— Aj)
which implies A\j( — A;) > 0 as a(.,.) is coercive. Thus \; < p, or that
0< A <p.

Therefore, the only critical points of ¢(.; 1) are the point 0 and weighted eigenvectors
of the pair (a,m) corresponding to eigenvalues in the interval (0, u). Also, when
1 < Ai, we see that 0 is the unique critical point of ¢(.; 1), so that the first assertion
follows.

From (7) of Theorem 3.1, ¢4(.; ) attains a finite infimum on V' which by (ii) of
that theorem must occur at a critical point, making the infimum a critical value. For
a non-zero critical point @ of ¢(.; u) corresponding to an eigenvalue \; € (0, ) we

have that

s ) = (o= NP+ 5 (= )P = =5 (= )

is a critical value of ¢(.; ). Thus when p < Ay, the infimum is given by a(p) = 0 as 0
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3.2 BIRFURCATION OF CRITICAL POINTS OF ¥4(.; u)

is the only critical point of 4 (.; i) in this case. When p > Aq, then the last expression
for 4 (@; 1) shows that the smallest critical value is a(p) = —35 (1 — A1)? which occurs

1/2

at any point (u — A)'/“e with e an m-normalized eigenvector corresponding to A;.

Assertions (i), (#i7) and (iv) then hold. O

Given p € (0,00), Theorem 3.2 shows that the unconstrained variational problem
(P,) of minimizing ¢(.; 1) can be used to find upper and lower bounds on A as stated

in the following result.

Corollary 3.3. Assume (A1)-(A3) hold and & is given by (3.1).
(i) If a(p) =0, then u < ;.
(i) If there exists 0 € V with 4 (0;u) < 0, then

A= inf [u /229w ) ] G (3.6)

9 (w;p)<0

Proof. The first assertion follows from (ii7) of Theorem 3.2. When there exists 0 € V
with ¢ (0; ) < 0, then —3 (1 — A1)? = o) < 4(0; p), which follows also from part

(i) of the previous theorem, gives the second assertion. ]

3.2 Birfurcation of Critical Points of ¥(.; i)

Also from Theorem 3.2 we will see that as the parameter p in ¥(.; 1) increases past
an eigenvalue of (a,m), the set of critical points of ¥(.; 1) gains a new set of critical
points which bifurcates from the origin. This will follow from the following theorems
which also provide a number of topological properties of the sets of critical points.

To make this more precise, we first we make the following definitions.
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3.2 BIRFURCATION OF CRITICAL POINTS OF ¥4(.; u)

We shall now write the j* distinct eigenvalue of (a,m) as S\j and the multiplicity
of \; as mj, so that

5\1<X2</~\3<"'

and 5\1 = )\; and 5\2 > Ao when A; has multiplicity m; > 2.
For an eigenvalue :\j, with 0 < S\j < 1, let E; be the eigenspace corresponding to

); and define the set C()\;; u) by
COi) = {u € By lull, = o — Ay}, (3.7)

When (A1)-(A3) hold, Theorem 1.1 shows that each eigenspace E is finite-dimensional,
and there are only finitely many eigenspaces corresponding to eigenvalues in a given

interval (0, ). It follows then that the sets C'(A;; u) lie in finite-dimensional sub-

spaces of V. Moreover, the topological structure of the set C(\;; p) is related to the

multiplicity of S\j as described in the next theorem.

Theorem 3.4. Assume (Al)-(A3) hold and that the sets C'(\;; 1) are given by (3.7).
(i) If\; € (0,p) is a simple eigenvalue of (a,m), then C(\j; p) consists of exactly
two points.

(ii) If \; € (0,p) is an eigenvalue of (a,m) of multiplicity m; > 2, then C(\j; ) is

diffeomorphic to an (m; — 1)-dimensional sphere.

Proof. If the eigenvalue \; € (0, ) is simple, then C'(\j; ) = {£(u — A;)*/?e} where
e is an m-normalized eigenvector of the pair (a,m) corresponding to \;, so (i) holds.

If S\j is an eigenvalue of (a,m) of multiplicity m; > 2, let {e;,ej11,...,€jpm -1}
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3.2 BIRFURCATION OF CRITICAL POINTS OF ¥4(.; u)

be an m-orthonormal basis of the eigenspace E;. A calculation then shows that

C(Ajip) = {u eViu= cheﬂk,l with Zci = 5\]} :
k=1 k=1

which is diffeomorphic to an (m; — 1)-dimensional sphere. Thus (4¢) holds. O

The next theorem shows the bilinear form m provides an additional orthogonality

relationship between the sets C'(\;; ).

Theorem 3.5. Assume (A1)-(A3) hold and that the sets C(\j; 1) are given by (3.7).
(i) Two sets C(S\i; i), C(S\j; w) corresponding to distinct eigenvalues i, S\j € (0, p),
are m-orthogonal. That is, if u; is in C’(:\i; p) and w; is in C’(S\j; W), with i # j, then
m(u;, uj) = 0.

(ii) Ifu; € C(\s;p) and u; € C(\j; ), with i # j, then

s = wsll = /20 = (G + Ay). (3.8)

Proof. The m-orthogonality of the eigenspaces I; gives the first assertion. To obtain

the second one, we see that for u; € C(\; 1) and u; € C(\j; p) we have
= (u=2)"Pe;and  wy=(n—A)' e

for some m-normalized eigenvectors e;, e; corresponding to A;, A;, respectively. It

then follows that

s — w12, = m(us, w;) — 2m(uz, wy) +mlug,ug) = (= N) + (= N;) = 21— (A + ),
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3.2 BIRFURCATION OF CRITICAL POINTS OF ¥4(.; u)

as desired. O

Now let

cw = | CGyn). (3.9)

o< <p
When (A1)-(A3) hold, part (i) of Theorem 3.2 says C'(p) is the set of non-zero-critical
points of 4(.; ). Since each set C (:\j; ) lies in a finite dimensional subspace of V/,
as noted above, consequently so do the sets C'(u) for any value p in (0, 00).
As a consequence of the above results, the set of critical points of 4(.; 1) may be

described as follows.

Corollary 3.6. Assume (Al)-(A3) hold, ¢ is given by (3.1), and the set C(u) is
given by (3.9). Then the set C(p) is closed and bounded, consisting of a finite number
of connected components and finitely many discrete points. In particular, if each
eigenvalue S\j in (0, 1) is simple, then C(u) consists of 2M points in V', where M is

the number of eigenvalues in (0, ).

Thus, for fixed p in (0,00), the above results show that C(u), the set of non-
zero critical points of ¥4(.; i), is the disjoint union of finitely many finite-dimensional
spheres C' (S\j; 1), the spheres being pairwise m-orthogonal.

When the parameter p increases, the number of critical points may increase. The
following Figure 3.1 is a schematic bifurcation diagram for the critical points of 4 (.; u).

In the figure,
C;={(\j+s,57%):5>0ec E;}

is the bifurcation branch of the set of critical points corresponding to the j** distinct

eigenvalue ;\j of (a, m); the sphere C(S\j; 1) is thought of as a point on the branch Cj.
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H””m

Figure 3.1: Bifurcation diagram for ¢(.; )

From Theorem 3.2 we see that 0 is a critical point for any value of x, and it is the
unique critical point when p < A\;. As pu increases through an eigenvalue S\j, a new
sphere C' (;\j; ) of critical points emanates from the origin and moves along the branch

C;. That is, each sphere of non-zero critical points, centered at the origin, persists

and expands in V' as the parameter p increases, without any further bifurcations.

3.3 The Second and Higher Positive Eigenvalues

Theorem 3.2 of the previous section shows that when p > A;, the value a(u) of the
unconstrained problem (P,) yields the least eigenvalue A; of (a, m) and the minimizers
are associated eigenvectors. Our interest now is in obtaining variational principles for
the second eigenvalue (consequently higher eigenvalues) and associated eigenvectors.
In the first subsection, a penalization of the functional ¢4(.; ) will be described which
yields unconstrained variational principles for the second eigenvalue Ay of (a,m).
This may be compared to the contrained variational principles given in the second

subsection.
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3.3 THE SECOND AND HIGHER POSITIVE EIGENVALUES

3.3.1 A Penalization Method for Finding )\,

Suppose that we know an m-normalized eigenvector e; corresponding to the first
eigenvalue \; of (a,m). Let 7, called a penalty parameter, be a positive real number

and let ¢, : V' x (0,00) — R be the functional defined by
G (u; 1) =G (u; ) + 7m(eq, u)? (3.10)

where ¢ is the functional given by (3.1).

Consider the problem (P, ;) of minimizing %, (.; ) on V and finding
alp,T) = in‘f/%T(u; 1). (3.11)
ue

This is again an unconstrained variational problem.
A calculation similar to that as in the proof of Theorem 3.1 yields that this

functional has first variation at w in the direction v given by

09, (u;v; ) = 2{a(u,v) + [m(u,u) — p] m(u,v) + 7m(ey, u)m(e,v)} (3.12)
Thus a vector u € V' is a critical point of ¥4, (.; u) provided it satisfies

a(u,v) = [p —m(u,u)] m(u,v) — rm(ey, u)m(er,v) for allv € V. (3.13)

Note that a critical point @ of ¢(.; 1) will be a critical point of 4, (.; ) for all 7 > 0
provided it also satisfies m(ey,a) = 0.
Theorem 3.2 shows that 0 is a minimizer of the functional ¢¥(.; u) for values u in

the interval (0,\;]. This will now translates into the following result for ¢,, which
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3.3 THE SECOND AND HIGHER POSITIVE EIGENVALUES

shows that when the least eigenvalue \; is simple, the zero vector is always a critical
point of this penalized functional and is a minimizer for a larger range of values of
the parameter p. Further results about the unconstrained variational principle (P, ;)
are also summarized in the next theorem which show that the non-zero minimizers
are eigenvectors associated to the second eigenvalue of the pair (a,m). First, let

e :=min{A; + 27, Ao }.

Theorem 3.7. Assume (A1)-(A3) hold, the sets C(\;; ) are given by (3.7), and Y,
is defined by (3.10).

(i) If0 < p < pe and A is a simple eigenvalue of (a,m), then 0 is the unique
minimizer of 9.(.; ) on'V and the value of the problem (P,) is a(p, 7) = 0.

(i) If w > pie, T > Ao — A1 and A is a simple eigenvalue of (a,m), then the
minimizers of 4.(.; i) on V are the vectors in the set C'(\g; 1) and the value a(u,T)

of the problem (P, ) satisfies

01, 7) = —5 (= 3o)? > —3 (1 — M) = alp). (3.14)

(i5i) If u > pe and A is an eigenvalue of multiplicity my > 2, then the minimizers
of 9.(;; 1) on V are the vectors u in the set C(le;u) that also satisfy m(ey,u) = 0.

In this case, the value of the problems (P, ) and (P,) are the same and is given by
1 1\2
(. 7) = o) = 3 (u— M) (3.15)
Proof. Note that as the penalty parameter 7 is positive, we have
G (uyp) > 9 (u; ) for all (u,pu) € V x (0,00).

31



3.3 THE SECOND AND HIGHER POSITIVE EIGENVALUES

Evaluating %, (.; 1) at a critical point u; = (u — A;)"%e of 4(.; ), with e an m-
normalized eigenvector of (a, m) in B gives %, (u;; ) = — 1 (u—X;)2+7(u—X;)m(er, e)?
which becomes

L =X 47— N) if mle,e) =1,
(o ) = s =) +7(p— M) (e1,€) =1 (3.16)

(1 —A))? if m(eg,e)=0.

When p < g, the only possible non-zero critical points u; of ¢(.; ) are the points
uy in Ey. From (3.16), we see that when A is simple, the corresponding critical value

of 4.(.; ) at uy satisfies
1 - -
Gr(usp) = =50 =M)"+ 7(n = A1) >0

as jt < M\ + 27, so that a(p, 7) = 0 and () holds.

The inequalities p > p., 7 > Ao — A imply p > 5\2, when ) is simple. Thus the
points uy, us are critical points of ¥4(.; 1), and consequently of ¥, (.; ), in this case.
When ; is simple, by adding p — A1 to both sides of the inequality p — Aoy < w— Al
we get

20— (A1 4+ X)) < 2(n— M),

With 7 > 5\2 — 5\1, we then obtain

(= A1) = (1= X2)® = [Aa = M2 — (A1 + X)) < 27(i — o),
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Rearrangement then gives
1 X9 1 X .9 ~
G (ug; p) = _Q(M — )" < _§(M — M)+ 7(p = A1) =G (was ),

from (3.16), so that the vectors uy in C'(Ay; ) are minimizers of %,(.; u), and (i)
holds.

When p > p. and A1 is non-simple, from (3.16) we see that the corresponding
critical value of %, (.; 1) at any critical point wy = (u — M\ )"2e of 9(.; ), with e € E,

and m(ey,uy) = 0, satisfies

1 < 1
G (urs ) = —§(M - A1) < —§(M = X)) =G (ug; )

for any critical point u; in C'(\;; 1), 7 > 2. Also from (3.16)
1 <, .
Gr(uis ) < —5(p = M)"+7(u =)

for any value of 7, so that (i7i) now follows. O

Theorem 3.7 shows that when )\ is a simple eigenvalue of (a,m), 7 > Ay — Ay, and
[ > [, then the minimizers of ¢4, (.; u) are eigenvectors of (a, m) corresponding to the
eigenvalue \y. That is, this penalized functional provides an unconstrained variational
problem whose minimizers yield the second eigenvalue and associated eigenvectors,
and we point out that the difference between the value of the penalized problem (P, )
and that of (P,) is a function of the difference d := Ay — A\; between the first two

eigenvalues of (a,m), in the case \; is simple.
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3.3.2 Constrained Variational Principles

Suppose now that we know a finite sequence &; := {ej, ey,...,e;} of m-normalized
eigenvectors corresponding to the first J successive, smallest, strictly positive eigen-

values A\; < Ay < --- < \j of (a,m), which obey

m(ei,ej) = 6ij for 1 S Z,] S J. (317)

Let V; :=span &;. Then there is a penalized functional similar to ¢, with the prop-
erty that when p and 7 are sufficiently large, the minimizers of the functional will be
eigenvectors of (a,m) that are m-orthogonal to V;. This yields unconstrained varia-
tional principles for higher eigenvalues. Instead of writing down such unconstrained
problems, we consider the following constrained variational principles so that a com-
parison may be made.

Define W, to be the m-orthogonal complement of V;. That is, let

Wy={ueV:m(ue)=0 V1<j<J} (3.18)

and consider the problem (P,(/)) of minimizing the functional ¢(.; ) given by (3.1)

restricted to the subspace W; and finding

ay(p) = inf G(u;p). (3.19)

ueWy

Minimizers of this variational principle will be eigenvectors of the pair (a,m) corre-
sponding to the next smallest strictly positive eigenvalue of (a,m), when these exist.

The results about this constrained variational principle are as follow.
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Theorem 3.8. Assume (A1)-(A3) hold, and 9, W, a;(1) are given by (3.1), (3.18),
(3.19), respectively. If there exists w € W; with m(w,w) > 0, then there is another
positive eigenvalue Ajq1 of (a,m), with Aji1 > Ay, and a corresponding eigenvector
e wn Wjy. In this case,

(i) the value of the problem (P,(J)) is ay(p) = 0 when p < Ajyq, and oy(p) =
—%(,u — Asi1)? when p > Ay, and

1/2

(1t) the minimizers of (P,(J)) are 0 when p < Aji1, and (p — Aj41)"?e when

> Aji1, with e an m-normalized eigenvector in W corresponding to Ajiq.

Proof. When such a w € W exists, Theorem 4.2 of Auchmuty [7] gives the existence
of a next smallest eigenvalue \;;; > A;, and corresponding eigenvector e in W.

By (i) of Theorem 3.1, the functional ¢(.; 1) is continuous, coercive and weakly
l.s.c. on the closed subspace W;. Hence, ¢(.; 1) attains a finite infimum on W;.

Let € W; be a minimizer of ¢(.;u) on W;. For v € W, we always have
u+tv € Wy for any t € R as W is a subspace of V, so part (ii) of Theorem 3.1
implies the function ¢(t) = 4(a + tv; ) is a differentiable function with ¢ = 0 a

critical point. By definition of first variation we then have

. d
59 50 = - 0(0)],_, = 0

holding for each v € Wj.

By the Lagrange multiplier rule, the minimizer @ of ¢(.; u) on W satisfies

J
09 (u;v; ) = Zﬁjm(a, v) for allv e V.
j=1
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3.3 THE SECOND AND HIGHER POSITIVE EIGENVALUES

Thus, for v € V; we obtain 0% (u;v; u) = 0 as @ € W;. Hence,
09 (w;v; 1) =0 for all v € V,

so that @ is a critical point of ¢(.; 1) on V. Since w € W, the desired results follow

as in the proof of Theorem 3.2 O

As in the end of the Section 3.1, the constrained variational principle (P,(J))
can be used to find both upper and lower bounds on A;.q; this is given in the next

corollary whose proof is similar to that of Corollary 3.3.

Corollary 3.9. Assume (A1)-(A3) hold, and 4, W, and o (1) are given by (3.1),
(3.18), and (3.19), respectively.

(i) If oay(p) =0, then p < Ajja.

(i1) If there exists © € W, with 4(0; ) < 0, then

Aji1 = g(ing . [,u— vV =29 (v; ,u} — /=29 (0; ). (3.20)
G (v;p)<
veW
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Chapter 4

Morse and Null Indices of Critical

Points of ¥4(.; u)

We point out that the results obtained in Chapter 3 were all based on an analysis
which relied only on first variations of the functional ¢4(.; ). In this chapter, the func-
tional ¢(.; ) is shown to be twice Gateaux differentiable on V' and then an analysis
based on second variations will enable a Morse index theory and the identification of
the type of a critical point for 4(.; u).

In particular, it is shown that a critical point of ¥ (.; u) associated to an eigenvalue
A of (a,m) is non-degenerate if and only if A is simple. Furthermore, the Morse index
of the critical point is related to the number of eigenvalues that are less than .
This may be compared to the Courant-Fischer-Weyl min-max results for variational
methods associated with Rayleigh quotients.

Consequently, these results supplement those previously presented in Section 3.2

on the bifurcation of critical points of the functional ¥(.; ).
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4.1 MORSE AND NULL INDICES

4.1 Morse and Null Indices

To enable a Morse index theory, the following formula for the Hessian form of ¢(.; u)

will needed; the result complements Theorem 3.1.

Theorem 4.1. Assume (Al), (A2) hold, and 4 (.; 1) is given by (3.1). Then 4(.; )
1s twice Gateaux differentiable on V' with second variation at u in the directions v, w

gien by
6°G (u; v, w; p) = 2a(v,w) + 2[m(u, w) — p]m(v,w) + 4m(u, v)m(u, w). (4.1)
Proof. Fix v € V and consider the functionals %1, %5, and %3 defined on V' by
Fi1(u) =2a(u,v), Fo(u)=2[m(u,u) —p], and F3(u)=m(u,v).
For u,w € V| a computation then gives
071 (u;w) = 2a(v,w), dF(u;w) = 4m(u, w), and d0F3(u; w) = 2m(v, w).
This, the classical product rule and definitions of first and second variations give

2

0
2 . —
Y (u; v, w) —atzdtlg(u + tv + taw)

09 (u + tyw; v)}

t1=t2=0

:a_tg[
=071 (u;w) + 2[m(u,u) — p]6.F5(w; w) + [0.%2(u; w)|m(u,v)

to=0

=2a(v,w) + 2[m(u,u) — p]m(v,w) + 4m(u, v)m(u, w),

as (3.3) holds, so that we obtain (4.1). Here we have suppressed the parameter p at
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4.1 MORSE AND NULL INDICES

certain places. It then follows that ¢(.;p) is twice Gateaux differentiable on V' as

each term of the Hessian §°%(u; ., .) is a continuous bilinear form on V. n

When (A1) and (A2) hold, Theorem 4.1 shows the Hessian 0% (u; ., .; u) of 4(.; p)
in (4.1) satisfies (M1). The next result shows the Hessian also satisfies (M2) at
critical points of 4(.; 1) provided (A1)-(A4) hold. Thus, in this case, the Hessian is
a semi-coercive bilinear form on V', so the results of Theorem 2.3 may be used.

As we started doing so in Section 3.2, we denote the eigenvalues of (a,m) by A,
when counting multiplicities, and the distinct eigenvalues by S\j. The multiplicity of
the j® distinct eigenvalue \; of (a,m) is denoted m;. Moreover, we now let o(a,m)

denote the set of distinct eigenvalues of (a,m) and is called the spectrum of (a,m).

Theorem 4.2. Assume (Al)-(A4) hold, and ¢ is given by (3.1).
(i) 0 is a non-degenerate critical point of 9 (.;u) if and only if u ¢ o(a,m). The

Morse and null indez of 0 are, respectively,

0 if u< A 0 if péolam)

Zﬂj<umj if > A mj if sz\j-

(ii) When u, = (u — A\i)Y2e is a non-zero critical point of 4 (.; 1), with e an m-
normalized eigenvector associated to M € (0, 1), then wuy is non-degenerate if and
only if N\ is a simple eigenvalue of (a,m). The Morse and null index of uy are,

respectively,

| 0 if k=1, |
i(ug; p) = and  dg(ug; ) = my — 1. (4.3)

Siimy if k>1,
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4.1 MORSE AND NULL INDICES

Proof. By Theorem 1.1 there is an m-orthonormal basis £ := {e; : j > 1} of V
consisting of eigenvectors corresponding to strictly positive eigenvalues Ay < Ay < - -+
of (a,m), counting multiplicities.

Taking v = 0 in (4.1) yields

624 (0; v, w; p) = 2a(v, w) — 2um(v, w) (4.4)

for all v,w € V. Denote this Hessian form by ho(u), so then ho(p) is seen to satisfy
(M1) in Section 2.1.2 as it is a sum of continuous, symmetric bilinear forms on V.

When w is set to be equal to v in (4.4) we get

ho()(v,v) = 2ko||v[l} — 2u. (v)

by the coercivity of a(.,.), where .# (v) := m(v,v). Thus the Hessian ho(u) of 4(.; p)
at the origin satisfies a Garding type inequality of the form (2.3), i.e., it satisfies (M2)
in Section 2.1.2. The results in Theorem 2.3 then apply to the pair of bilinear forms

(ho(/vb)v m)

By taking v = e; in (4.4), with e; € £, we obtain

ho(p)(ej, w) = 2(A; — p)m(ej, w)

for all w € V, so that £ := {e; : j > 1} is an m-orthonormal set of eigenvectors for
the pair (ho(p), m) corresponding to the eigenvalues 2(\; — p1). By Theorem 2.3, the
Hessian form ho(p) is non-degenerate if and only if A; — p # 0 for all j > 1. Hence,
0 is a non-degenerate critical point of ¢(.; i) if and only if u is not an eigenvalue

of (a,m). Also from Theorem 2.3, the Morse index of 0 is equal to the number of

40



4.1 MORSE AND NULL INDICES

negative eigenvalues 2(\; — p), counting multiplicities, of (ho(x),m), and the null
index of 0 is equal to the multiplicity of 0 as an eigenvalue of (ho(u), m). This yields
the quantities in (4.2), so that (i) holds.

1/2

Taking u in (4.1) to be a non-zero critical point ugx = (1 — A\¢)"/?e corresponding

to an eigenvalue \j, € (0, 1) and e an associated m-normalized eigenvector gives
0% (wpy; v, w; 1) = 2a(v, w) — 2 (v, w) + 4m(ug, v)m(ug, w) (4.5)

for all v,w € V. Denoting this Hessian form by hg(u), we thus have that hy(u)

satisfies (M1) in Section 2.1.2. By setting w = v in (4.5) we obtain
T (1) (v, 0) 2 2kol[vl3 — 204 (v)

by the coercivity of a(.,.). The Hessian hy(u) of 4(.; u) at a non-zero critical point

uy, therefore satisfies (M2), so that the results in Theorem 2.3 may be applied to the
pair (hg(u), m).

Without loss of generality we may assume the eigenvector e in uy is e = e, for
some eigenvector e; € £ associated to the eigenvalue \; = M. Taking v = ¢; in (4.5)

gives

hi(p) (e, w) =2(N; — Aj)mlei, w) +4(p — Aj)diym(e;, w)
A — Aj)m(e,w) ifi=jy

This shows &£ is an m-orthonormal set of eigenvectors for the pair (hg(p), m) corre-
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4.2 MORE ON THE BIFURCATION OF CRITICAL POINTS

sponding to the eigenvalue 4(p — A;) plus the eigenvalues 2(\; — A;) for i # j. By
Theorem 2.3, the Hessian form hy () is non-degenerate if and only if A\; — A; # 0 for
all i # j. Thus, u; is a non-degenerate critical point of ¢(.; i) if and only if A; is a
simple eigenvalue of (a,m). Also from Theorem 2.3 the Morse index of uy is equal
to the number of negative eigenvalues 2(\; — A;) of (hy(x), m), which is precisely the
number of eigenvalues, counting multiplicies, of the pair (a, m) which are strictly less
than \; = M. Furthermore, the null index of u; is equal to the multiplicity of 0 as an

eigenvalue of (hy(u), m), which is precisely (my — 1). Assertion (i7) then holds. [

4.2 More on the Bifurcation of Critical Points

As we shall now see, for each distinct eigenvalue S\j of (a,m), Theorem 4.2 character-
izes the points belonging to the set C’(S\j; 1).
From Theorems 3.2 and 4.2, when p > \q, we see that points u; in the set C'(Aq; p)

are minimizers of ¢4(.; 1) with Morse and null index, respectively,
i(up;p) =0 and io(ur; p) = my — 1.

Considering the bifurcation diagram in Figure 3.1, we have that these indices are
invariant as C'(A1; 1) moves along the branch €. That is, for any value of u > A,
the Morse index is the same for all points in set C'(A; 1); the set C'(Ay; ) is considered
a point on the bifurcation branch ;. The same is true for null indices. Thus, when
A1 is a simple eigenvalue, i.e., m; = 1, then the set C(Ay;pu) will consist of two
non-degenerate critical points of ¢(.; u) with zero Morse index.

When p > S\j, where S\j € o(a,m) and j > 2, each of the points u; on the sphere
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4.2 MORE ON THE BIFURCATION OF CRITICAL POINTS

C (S\j; 1) is a saddle point of 4(.; 1) with Morse and null index, respectively,

7j—1

i(ujsp) = ka and io(us; ) = mj — 1.
These indices are invariant as C' (S\j; 1) moves along the branch C;. That is, for any
value p > 5\]-, the Morse index and null index are the same for each of the points in
the set C’(S\j; w). As in the case for C'(A\; i), when S\j is simple we see that the set
C (S\j; ) will consist of two non-degenerate critical points of 4(.; i), but, in this case,
with Morse index equal to the number of eigenvalues strictly less than S\j, counting
multiplicities.

For the trivial branch, part (i) of Theorem 4.2 shows that when p = ); the null
index of 0 is iy(0; u) = my;, so that the origin will be a degenerate critical point of
g(,S\J) for any /N\j € o(a,m). As u passes through 5\]-, that is, :\j << :\j+1, an
(m; — 1)-dimensional sphere in V' bifurcates from 0 and the null index of 0 is zero,
while the Morse index of 0 is equal to the number of eigenvalues strictly less than g,
counting multiplicities. In other words, as u passes through a distinct eigenvalue :\j,

the Morse index of the origin 0 increases by m;.
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Chapter 5

Indefinite Weighted Eigenproblems

So far in this dissertation, we have considered the (a,m) eigenproblem in the case
where the functional .#, that is, the quadratic form associated to m, is positive on
the entire space V. In this chapter we shall show our analysis extends to the case
where . is allowed to take both positive and negative values, so we will generally
require the bilinear form m to satisfy the following condition:
(A5): There exist vy, vy € V such that . (vy) < 0 < .4 (vs).

An eigenproblem for (a, m) where a and m satisfies (A1), (A2), and (A5) will be

called an indefinite eigenproblem.

5.1 Eigenvalues \{ and \; Closest to the Origin

Assume we have an indefinite eigenproblem for (a,m). Results in [7] show there
are sets of positive and negative eigenvalues for the pair (a,m). Thus we let A\ be

the least, strictly positive eigenvalue of (a,m) and A the greatest, strictly negative
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5.1 EIGENVALUES A\ AND A\ CLOSEST TO THE ORIGIN

eigenvalue of (a,m), so that the eigenvalues of (a, m) satisfy
KA KA <0< AT SN <

These exist from Theorem 3.1 of [7].

Consider the problem (P(u)) of minimizing the functional ¢(.; 1) defined by (3.1)
on V and finding the value a(u) given by (3.2). As the results in Theorem 3.1 hold
when conditions (A1) and (A2) are satisfied, they remain valid when (A5) also holds,

and the analogue of Theorem 3.2 is as follows for the unconstrained problem (P(u)).

Theorem 5.1. Assume (A1), (A2), and (A5) hold, and ¢4 is defined by (3.1). Let
A\ be the least positive eigenvalue of (a,m).

(i) 0 is the unique critical point of 4 (.; 1) when 0 < u < A, and 0 and the points
(n—=A)2e are the critical points of 9 (.; 1) when > Xf, where e is an m-normalized
eigenvector corresponding to the eigenvalue /\;-Ir in the interval (0, ).

(ii) The critical values of 9(.; ) are 0 for any value of p > 0, and 0 and —%(u—)\j)z
when p > AT and X} is in the interval (0, ).

(i) The minimizers of 4(;p) on V are 0 when 0 < p < Af, and (u — \J)Y%e
when p > A, with e an m-normalized eigenvector of (a, m) corresponding to .
(i1i)  The value a(p) of the problem (P(p)) is of the same form as that of (P,) for all
values of i € (0,00). That is, a(u) = 0 when 0 < p < A, and a(p) = —2(u— AT)?

when p > M.

Proof. As in the proofs of Theorem 3.2 we see that a critical point u of ¢(.; i) satisfies
a(u,v) = [p—m(u,u)|m(u,v) for all v € V. (5.1)
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5.1 EIGENVALUES A\ AND A\ CLOSEST TO THE ORIGIN

Thus 0 is always a critical point, and non-zero critical points u are eigenvectors corre-
sponding to eigenvalues A = u — m(u,u). By the coercivity of a(.,.), the eigenvalues
of (a,m) are non-zero. If A = AT is a strictly positive eigenvalue of (a,m), then put

v=uwuin (5.1) to find
au, u) = [ —m(u, u)lm(u,u) = A" (= A")

which implies AT (u — AT) > 0 as a(.,.) is coercive on V. This shows AT < u. From
(5.1), we also see that if u an eigenvector associated with a positive eigenvalue A* of
(a,m), then m(u,u) > 0.

If A = A\~ is a strictly negative eigenvalue of (a,m), then substituting a corre-
sponding eigenvector u for v in (5.1) gives A\~ (u — A7) > 0, again, by the coercivity
of a(.,.). This implies u < A~, which then implies 4 < A\~ < 0 < pu, a contradic-
tion. Therefore, the only possible non-zero critical points of ¢(.; u) are eigenvectors
of (a,m) corresponding to strictly positive eigenvalues A; that are strictly less than
i, and then (i) holds as in the proof of Theorem 3.2.

Also as in Theorem 3.2, minimizers of ¢¥(.; u) exist and are critical points. There-
fore, when p € (0, A{], we conclude from the above work that 0 is the only critical
point of ¢(.; ) with value zero. When u > Al the non-zero critical points of 4(.; 1)
are the points (u — )\j)l/ 2e with e an m-normalized eigenvector corresponding to
the j smallest, strictly positive eigenvalue AT (counting multiplicities) of (a,m) less
than p. By considering the corresponding critical values, assertions (i), (i), and

(1v) then follow. O

For an indefinite eigenproblem, the negative eigenvalues A; of (a,m) are precisely

the positive eigenvalues of (a, —m). Thus negative eigenvalues of (a, m) may be found
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5.1 EIGENVALUES A\ AND A\ CLOSEST TO THE ORIGIN

by considering the problem (P_(x)) of minimizing ¢¥_(.; ), with u > 0, defined by

G (u;p) == a(u,u) + pm(u,u) + %m(u, u)? (5.2)

and finding

a_(p) == inf G_(u; p). (5.3)

ueV

The following results about this unconstrained problem for finding the greatest neg-

ative eigenvalue of (a, m) follow from the previous theorem.

Corollary 5.2. Assume (Al), (A2), and (A5) hold, and 94 is defined by (5.2). Let
A7 be the negative eigenvalue of (a,m) closest to zero.
(i) 0 is the unique critical point of G_(.;u) when 0 < u < —A7, and 0 and the

points (4 A;)'?

e are the critical points of 4_(.;u) when p > —\[, where e is
an eigenvector of (a,m) corresponding to the eigenvalue \; in the interval (—pu,0)
satisfying m(e,e) = —1, .

(it)  The critical values of 9_(.;p) are 0 for any p > 0, and 0 and —3(u + A7)
when 1> =Xy and A; is in the interval (—p,0).

(iii)  The minimizer(s) of 9_(.;u) on 'V are 0 when 0 < p < =\, and the vectors
(1t + X)) Y%e when > —\], where e is an eigenvector of (a,m) corresponding to \]
satisfying m(e,e) = —1.

(iv) The value a_ () of the problem (P_(u)) is a—(p) = 0 when 0 < pp < —A7, and

a-(pu) = —5(u+ A7), when p> =7
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5.2 MORSE AND NULL INDICES FOR THE INDEFINITE CASE

5.2 Morse and Null Indices for the Indefinite Case

For indefinite eigenproblems, we shall evaluate Morse and null indices of critical points
of functionals associated to these problems by restricting the domain of these functi-
nals to a certain subspace of V. In particular, we shall consider the restricted domain
to be the closed subspace generated by the collection of eigenvectors of (a,m).

Consider the following decomposition
V=V, & Wo, V- (5.4)

given by Corollary 4.5 of [7] in the case of an indefinite eigenproblem for (a,m), i.e.,
when conditions (A1), (A2) and (A5) hold. Here @, indicates an a-orhogonal direct
sum, V, is the closed subspace of V' generated by the eigenvectors £, := {e;r cj € Jy}
associated with strictly positive eigenvalues )\;L of (a,m), V_ is the closed subspace
of V' generated by eigenvectors £_ := {e; : j € J_} associated with strictly negative

eigenvalues A; of (a,m), and V5 = N(m) is the null space of m. Now let
W=V, @, V. (5.5)

be the closed subspace generated by the eigenvectors of (a,m), and let o, (a,m) and
o_(a,m) denote, respectively, the collection of distinct strictly positive and strictly

negative eigenvalues S\;F and :\; of (a,m). Thus the spectrum o(a, m) becomes
o(a,m) =oy(a,m)Jo_(a,m) (5.6)
the union of its positive and negative parts. Also let m;“ and m; denote, respectively,
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5.2 MORSE AND NULL INDICES FOR THE INDEFINITE CASE

the multiplicity of the j**-distinct strictly positive and strictly negative eigenvalue 5\;,

A; of (a,m). The analogue of Theorem 4.2 is as follows.

Theorem 5.3. Assume (Al), (A2), and (A5) hold, the subspace W is given by (5.5),
and 9 - W x (0,00) — R is defined by (3.1).
(i) 0 is a non-degenerate critical point of 4 (.; i) if and only if u & oy (a,m). The

Morse and null index of 0 are, respectively,

, 0 if p< A , 0 if péop(a,m)
i(0; ) = and ip(0; p) = :

Ysraumy if p> A mi if p=X
(5.7)

(ii)  When ui = (u — \)Y%e is a non-zero critical point of 9(.; p), with e an m
normalized eigenvector associated to S\,j € (0,u), then u is non-degenerate if and
only if 5\;“ is a simple eigenvalue of (a,m). The Morse and null index of u; are,

respectively,

0 if k=1
i(uf s p) = and io(u;p) =mi — 1. (5.8)

Siimioif k>1

Proof. Define the bilinear form |m|: W x W — R, the absolute value of the bilinear

form m, as follows. For an eigenvector e corresponding to the eigenvalue A, let

m(e,e) if A>0

Iml(e, e) :=
—mf(e,e) if A <0

and extend the definition of |m/| to the entire space W using the bilinearity of m. We
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5.2 MORSE AND NULL INDICES FOR THE INDEFINITE CASE

note that for all w € W,

Am|(e,w) if A >0,

ale,w) = dm(e,w) =

Al fm|(e,w) if X <O.

Thus, the eigenvalues of (a, |m|) are the eigenvalues of (@, m) in absolute value. More-

over, the quadratic form || associated to |m| is strictly positive on W and
M (u) < | A|(u) for all uw € V.

Denote the Hessian form §2%(0;.,.; ) of 4(.;u) : W — R at 0 by ho(p). Then we
have

ho(11) (v, v) = 2a(v,v) — 2um(v, v) > 2kol[v][? — 2ulm| (v, v)

for all v € W, so that ho(u) satisfies (M1)-(M2) on W with respect to the bilinear

form |m|. Taking e € &, for v in ho(p)(v, w) yields

and by taking e; € £_ for v instead we obtain

ho(p)(ej  w) = 2([A7 | + p)|m|(e;, w).

A similar argument as in the proof of Theorem 3.2 now yields (i) as £, UE_ is a set
of eigenvectors for the pair (ho(u), |m|).

When ul = (u—AF)"?e is a critical point of (; i) corresponding to A € (0, ),
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5.2 MORSE AND NULL INDICES FOR THE INDEFINITE CASE

the Hessian form h;(u)(.,.) == 6°%(u]; ., s ) of 9(.; ) at u; satisfies
hi(p)(v,v) = 2a(v,v) — 25\;’m(v, v) > 2kollv||3 — 25\;’|m|(v,v)

for all v € W. Thus h;(p) satisfies (M1)-(M2) with respect to the bilinear form |m|.
Without loss of generality, suppose e = ¢, for some e, € £, N E5+ Taking e € &,
for v in h;(p)(v, w) yields

Ap = X)lml(er w) i i=k

20\ — 5\;“)|m|(ej,w) if i#k.

Taking v = e; instead results in
hi(p)(e; ,w) = 2005 |+ Af)ml (e, w).

Hence, &4 U E_ is a set of eigenvectors for (h;(u), |m|), and a similar argument as in

the proof of Theorem 3.2 now yields (i?). O

With an appropriate substitution of positive signs with negative signs, one obtains
a similar result for the functional ¢_(.; ) : W — R defined by (5.2).

Moreover, higher positive, respectively negative, eigenvalues of (a,m) may be
found using penalty methods for ¥(.; i), respectively 4_(.; ), as done at the end of
Chapter 3.
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Chapter 6

Applications to Linear Elliptic

Eigenvalue Problems

In this chapter, the methods and analyses presented in this dissertation will first be
used to obtain results for sequences of Robin eigenfunctions and eigenvalues of second-
order, divergence form, elliptic systems. Then Steklov eigenproblems are considered,
which are problems where the eigenparameter appears in the boundary equation
instead of the differential equation. Finally, general linear elliptic eigenvalue problems,
where the eigenparameter appears both in the differential equation as well as in the
boundary equation, are discussed. The analysis of such problems demonstrates the
advantages of using bilinear forms instead of the associated linear operators and
dual spaces. Some of the eigenproblems considered here are problems as studied in

Auchmuty [7] where the analysis there is based on constrained variational principles.
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6.1 Notation for the Applications

In order to discuss the particular applications, we introduce the following notation
and terminology. For the following sections, (., .) will denote the usual Euclidean inner
product on RY | and |.| the corresponding Euclidean norm. A region Q is a non-empty
connected set in RY and o, do, respectively represent Hausdorff (N — 1)-dimensional
measure and integration with respect to this measure. The following conditions on

the region 2 enables the use of trace results in Auchmuty [6].

(B1):  Qis a bounded region in RY and its boundary 9 is the union of a finite

number of disjoint closed Lipschitz surfaces; each having finite surface area.

When (B1) holds, there is an outward unit normal v at ¢-a.e. point of the bound-
ary 0f2. Definitions and terminology of Evans and Gariepy [9] will be used here, except
for surface measure o as given above. Functions will take values in R := [—o0, 00],
and derivatives should be taken in a weak sense. The gradient of the function wu is
denoted Vu.

Let LP(2), L1(0S), do) be the usual real Lebesgue spaces on 2 and 92 with norm
|-|l, and [].||4.00, respectively. Let H'(Q) be the real Sobolev space on ) that is a real

Hilbert space with the standard H!-inner product

[u,v]; := /Q [u(x)v(x) + Vu(x) - Vu(x)|dx.

The associated H'-norm is denoted ||.||;.2. In the applications, we shall work exclu-

sively in the case where V' is the Hilbert-Sobolev space H* ().
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The region €2 is said to satisfy the Rellich- Kondrachov theorem provided the imbed-
ding of H'(2) into LP(2) is compact for 1 < p < pg for ps = 2N/(N—2) when N > 3,
or ps = oo when N = 2.

The region  is said to satisfy the L2-compact trace theorem provided the trace
map of H'(Q) into L?(99,do) is compact. Here we shall always require that the

region ) satisfies

(B2):  Q is a region such that (B1), the Rellich-Kondrachov theorem, and the

L?-compact trace theorem hold.

6.2 Robin Eigenvalue Problems

Consider the problem of finding non-trivial solutions (A, u) of
Lu(z) := —div(A(z)Vu(z)) + c(z)u(z) = Amo(z)u(z) on (6.1)

subject to

(A(z)Vu(z)) - v(z) + b(z)u(z) = 0 on 012, (6.2)

where ¢, mq, b are given functions and A a given matrix-valued field. Here we shall

require the following conditions on these coefficients.

(B3):  A(z) := (a;;(z)) is a real, symmetric matrix whose components are bounded,

Lebesgue-measurable functions on 2 and there exist constants 0 < ko < k3 such that

Ralé < (A@)E,€) < ksle?  forall € e RY,z € Q. (6.3)
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(B4): ¢>0and c e LP(Q) for some p > N/2 when N > 3, or p > 1 when N = 2.
(B5):  be L>®(00) with b > 0 g-a.e. on 0f2, and

/ cdx + / bdo = by > 0. (6.4)
Q o0

(B6):  mg € LYQ) for some ¢ > N/2 with mg positive on Q and [mgl[; > 0.

When b = 0, this is the Neumann eigenproblem for the formal operator L on €2;
otherwise, it is called the Robin eigenproblem.
We consider the weak form of the boundary value problem (6.1)-(6.2), which is

the eigenproblem of finding non-trivial solutions (A, u) € R x H'(2) satisfying

/QKAVU) -V + cuv)dx + /

buvdo = )\/ mouvdx for all v € H'(Q). (6.5)
1) Q

The associated bilinear forms for this eigenvalue problem are, with u,v € H(Q),

a(u,v) == /Q[(AVU) - Vv + cuv|dx + /m buvdo (6.6)

m(u,v) = /Q mouvdz. (6.7)

When (B2)-(B6) hold, Lemma 7.1 and Theorem 7.2 of [7] show the pair (a, m) above
satisfies conditions (A1)-(A3) in Section 1.2.1 of this work, with V' being the Hilbert-
Sobolev space H'(2). The cited theorem also gives the existence of an increasing
sequence of strictly positive eigenvalues A := {); : j € N}, counting multiplicities,
and an associated sequence £ := {e; : j € N} of m-orthonormal eigenfunctions (after

a renormalization) for the pair (a,m) in (6.6)-(6.7). Thus there is a least strictly
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positive eigenvalue A; of (6.5), and a corresponding eigenvector.

The functional for this problem is Z : H'(Q) x (0,00) — R with

R (u; 1) = /Q[(AVu) - Vu + (¢ — pmo)u®ldz + /an bu*do + % {/Q mouzdx] 2 . (6.8)

The unconstrained variational principle here is the problem (R,) of minimizing the
functional Z(.; 1) on H'(Q) and finding the value

a(p) uegll(m%(u,u) (6.9)

Theorem 4.1 in our Section 3.1 now turns into the following result that provides the

properties of Z(.; i) needed for the analysis of this unconstrained problem.

Theorem 6.1. Assume (B2)-(B6) hold, and Z(.; 1) is given by (6.8). Then
(i)  Z(.;n) is continuous, coercive and weakly l.s.c. on H (),
(i1)  A(.;p) is Gateauz differentiable on HY () with first variation at u in the direc-

tion v given by

592 (us v 1) — 2/

[(AVU).Vv+cuv]dx+2/ buvdo +2 [/ mou%;p—g} /mouvdx.
Q o0 Q Q

(6.10)

Proof. As discussed above, the pair of bilinear forms (a, m) satisfy (A1)-(A3). Hence
assertion (i) follows just as in the proof of Theorem 3.1, and a computation shows

the first variation of Z(.; u) at u is given by (6.10). O

This yields the following results about the unconstrained problem (R,), whose

proof is similar to the proof of Theorem 3.2.
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Theorem 6.2. Assume (B2)-(B6) hold, and % is given by (6.8).

(i) 0 is the unique critical point of Z(.; ;) when p < Ay, and 0 and eigenfunctions u,
corresponding to the eigenvalue A; € (0, 1) of (6.5) that satisfy [, mou?dx =/ —Aj,
are the critical points of Z(.; u) when p > ;.

(i1)  The critical values of Z(.; 1) are 0 for any value of p > 0, and 0 and —3 (u—X;)?
when p1 > Ay and A; is in the interval (0, p).

(ii1)  The minimizer(s) of Z(.; ) on HY(Q) are 0 when p < Xy, and the eigenfunc-
tions uy corresponding to A\ that satisfy fQ moutdr = g — Ay when > \;.

(iv)  The value of the problem (R,) is a(p) = 0 when p < Ay, and the value is

a(p) = —3(p — A1)? when pu > Ay

As in Section 3.3, the following unconstrained variational principles can be used
to obtain the next successive smallest eigenvalue Ay and corresponding eigenfunctions
of the Robin eigenproblem (6.5).

Suppose that we know an eigenfunction e; corresponding to the first eigenvalue

/ moeldr = 1
Q

That is, suppose we know u; as in the theorem and consider e; = (u — A)~2u;.

A1 of (6.5) that also satisfies

Consider the problem of (R, ) of minimizing, over H'({2), the penalty functional
Zr (i jt) given by

%o (s 1) = R p) + 7 { /Q moeludx] 2 , (6.11)

where Z is as in (6.8), and of finding

a(p,7) = Lanf Rr(u; 1) (6.12)
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Again, this is an unconstrained problem, and a calculation similar to that taken for
obtaining first variations of the functional ¢(.; p) in Section 3.1 yields that the first

variation of Z,(.; 1) at u in the direction v is given by

0% (u;v; ) = 6% (u; v ) + 27’/ moeludx/ moeivde, (6.13)
Q Q

where 0% (u;v; ) is as in (6.10).
Let . := min{\; + 7, A\2}. Denote the distinct eigenvalues of (6.5) by M < X <
-+, and let m; denote the multiplicity of the j™ distinct eigenvalue of (6.5). The

results from Theorem 3.2 now translate into the following for the functional Z..

Theorem 6.3. Assume (B2)-(B6) hold, and % is defined by (6.11).

(i) If0 < pu < pe and My is a simple eigenvalue of (6.5), then 0 is the unique mini-
mizer of %y (.; 1) on H'(QY) and the value of the problem (R, ;) is a(u,7) = 0.

(i1) If 1> pre, T > do— Ay and Ay is a simple eigenvalue of (6.5), then the minimiz-
ers of Z.(.; ) on HY(Q) are eigenfunctions Gy corresponding to Ay that also satisfy

[y moti3de = p — No. In this case, the value a(u,T) of the problem (R,.,) satisfies

011, 7) = —5 (11— 2)’ > ). (6.14)

(iii) If i > pe and M1 is an eigenvalue of multiplicity m, > 2, then the minimizers

of Z, (. ;1) on HY(Q) are the eigenfunctions uy corresponding to Ay that satisfy

/ mousds = p — M and / moeiusdr = 0. (6.15)
Q Q

In this case, the value of the problems (R, ;) and (R,) are the same: o(p, 7) = a(p).
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Proof. Lemma 7.1 in [7] shows m is strictly positive on an infinite dimensional sub-
space of H'(Q), so that the proof is similar to that of Theorem 3.7 as the pair of
bilinear forms (a, m) satisfy (A1)-(A3). O

As described in Section 3.3.2, there is a penalized functional similar to %, for
finding higher eigenvalues and eigenfunctions when one knows a finite sequence of
this data, or alternatively, one may use contrained variational principles such as those
provided in that section for finding such eigenvalues.

Up to now, the analysis of the Robin eigenproblem has relied merely on first
variations of the Robin functional Z(.; 1) in (6.8). To initiate a Morse index theory for

2 (.; i) the next lemma shows that the functional has a well-defined second derivative.

Lemma 6.4. Assume (B2)-(B6) hold, and Z(.;u) is given by (6.8). Then Z(.; 1)
is twice Gateauz differentiable on H'(Q) with second variation at u in the directions

v,w € HY(Q) given by

82 R (w; v, w; 1) = 2a(v, w)+2 [/ mou’dr — u} /movwdac+4/ mouvd:v/ mouwdz
Q Q Q Q
(6.16)
where a(.,.) is defined by (6.6).
Proof. The steps taken in the proof of Theorem 4.1 give (6.16) so that Z(.; u) is twice

Gateaux differentiable on H'(2) as each term in (6.16) is a symmetric continuous

bilinear form on HI(Q). O

In order to describe the degeneracy of critical points of Z(.; 1) and to compute
their Morse and null index, we shall require the weight function my in (B6) to also
obey

/Qmou2dx >0 for all non-zero u € H'(Q). (6.17)
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That is, we shall require the bilinear form m in (6.7) to also satisfy (A4). When
this holds, taking b in (M1)-(M2) of Section 2.1.2 to be equal to the Hessian form
(v,w) > 02%Z(u; v, w; ) defined by (6.16) allows us to use Theorem 2.3 to obtain the
following results. Recall we are denoting the distinct strictly positive eigenvalues of
(6.5) by A < A < ---, and now the collection of all such eigenvalues is called the
spectrum of the pair (a,m) and denoted o(a,m). Also, the multiplicity of the ;™

such eigenvalue 5\]- is denoted by m;.

Theorem 6.5. Assume (B2)-(B6), (6.17) hold, and Z(.; u) is given by (6.8).
(i) 0 is a non-degenerate critical point of Z(.; ) if and only if p & o(a,m). The

Morse and null index of 0 are, respectively,

0 if p< A, 0 if p¢ola,m),
i(0; ) = and  io(0; 1) =

Zj\j<u m; Zf > 5\17 m; Zf n = 5\]
(6.18)

(i) When ty, is a critical point of Z(.; 1) associated to i, that is, Gy is an eigen-
function of (6.5) associated to A\ that satisfies fQ motads = p — N, then Uy, is non-
degenerate if and only if N is a simple eigenvalue of (6.5). The Morse and null index

of uy are, respectively,

0 i k=1,
(T p) = and  dg(Ug; ) = my — 1. (6.19)

Siimy if k>1,

Proof. As mentioned above, when the function mg also satisfies (6.17) the Hessian
form 62%(u; ., .; 1) in Lemma 6.4 satisfies (M1) and (M2), and the proof of Theorem

4.2 gives the desired results. O]
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If we instead assume that the coefficient function mg in (6.7) satisfies

(B7):  my € L*(Q) and there is a constant ks such that mo(z) > k4 > 0 for all

points x in €.

then the results in Theorem 6.5 also follow as the bilinear form m again satisfies (A2)
and (A4) in this case. We point out that Theorem 7.2 in [7] shows that in this case
the sequence of eigenfunctions of (6.5) forms a basis of L*(2).

From the above results, the bifurcation diagram in Figure 3.1 can be used for the
Robin eigenproblem to obtain a bifurcation description of the functional Z(.; ) in
(6.8) as discussed in Section 3.2 and also in Section 4.2.

We point out that results obtained here for Robin eigenproblems parallel with
most results obtained in [4] Section 8 for linear second-order elliptic boundary value

eigenproblems with homogeneous Dirichlet condition.

6.3 Steklov Eigenvalue Problems

In this section, results analogous to those obtained in the previous section will be
described for Steklov eigenproblems, where the Steklov eigenproblem is that of finding

non-trivial solutions (A, u) of
Lu(z) := —div(A(z)Vu(z)) + c(z)u(z) =0 on ) (6.20)

subject to

(A(z)Vu(z)) - v(z) + b(z)u(z) = Ap(z)u(z) on Of). (6.21)
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Here L is a formal operator on €2, and we shall require the function p : 9Q — (0, 00|

and the boundary 0f2 of €2 to satisfy

(B8):  pe LU0, do) with p > pg > 0 o-a.e. and ¢ > N — 1, 09 satisfies (B2)

and the trace map of H'(Q) into LP(99Q, do) is compact for p < Q%V__Ql) when N > 3

(p < oo when N = 2).

We consider the weak form of the boundary value problem (6.20)-(6.21), which is

the eigenproblem of finding non-trivial solutions (\,u) € R x H(Q) satisfying

/Q (AVu) - Vo + cuvlda + /

buvdo = )\/ puvdo for all v € H'(2). (6.22)
o0 o0

The corresponding bilinear forms are a : H*(Q2) x H'(Q) — R defined by (6.6) and
m: HY(Q) x H(Q2) — R given

m(u,v) = /ag puvdo. (6.23)

When (B8) holds, Lemma 8.1 and Theorem 8.2 of [7] show the bilinear form m
in (6.23) satisfies (B2) and (B3), and they also give the existence of an increasing
sequence of strictly positive Steklov eigenvalues {\; : j € N}, with lim; ,., \; = o0,
and a corresponding sequence £ := {e; : j € N} of eigenfunctions of (6.22). Thus,
there is a least positive eigenvalue \; and a corresponding eigenvector of (6.22).

The functional for this problem is . : H'(Q2) x (0,00) — R with
1 2
S (uyp) = /[(AVU) - Vu + cu®]dz +/ (b— pp)udo + = {/ quda} (6.24)
Q o0 2 oo
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The variational principle here is the unconstrained problem (S,,) of minimizing .%(.; u1)
on H'(Q2) and finding

— inf Z(u ). 6.25
a(pe) el (us ) (6.25)

The following theorem summarizes the properties of this unconstrained variational

problem and functional . (.; u).

Theorem 6.6. Assume (B3)-(B5) and (B8) hold, and .7 (.;u) is given by (6.24).
Then the following hold.

(i) (. p) is continuous, coercive and weakly l.s.c. on H'(£2).

(it)  L(.;p) is Gateauz differentiable on H'(Q) with first variation at u in the di-

rection v given by

0.7 (u;v; ) —2/

[(AVu)- Vv+cuv]dx+2/ buvdo +2 / pudo — ,u} / puvdo.
Q L) Gl)

oN
(6.26)

¢

0 if n<M\
(i1)  The value of the problem (S,) is given by a(p) = .

—%(M M) i op> N\
(iv)  L(.;p) attains its infimum on HY(QY). When u < Ay, the minimizer of & (.; )

is 0, and when p > Xy, the minimizers of ./ (.; p) are eigenfunctions 4 corresponding
to A1 with faQ pildo = — \;.
Proof. When (B8) holds, the bilinear form m in (6.23) satisfies (A2) and (A3) from

Lemma 8.1 in [7], and the assumptions here imply the bilinear form a in (6.6) satisfies

(A1). The results follow as in Theorem 3.2 O

Successive Steklov eigenvalues and eigenfunctions may be found using variational
principles as explained for the case of the Robin eigenproblem. Here we show how

some constrained variational principles look like.
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Assume that the first k£ eigenvalues are 0 < A} < Ay < -+ < A\ and that &, =
{e1,€9,... €} is a corresponding family of p-orthonormal eigenfunctions of (6.22),
ie.,

/ peie;do = 6;; for 1 <1i,5 <k. (6.27)
B

To find Agyq, let
Wy, = {u c H'(Q): / pejudoc =0, 1 <7< k} (6.28)
G)
Consider the variational problem (S, x) of minimizing .%(.; ) on W}, and finding

ap(p) = inf L (u;p). (6.29)

ueEWy

Theorem 6.7. Assume (B3)-(B5), (B8) hold, and . (.; ) is given by (6.24). Then

(i) the value of the problem (S,) is given by

0 if < Mgt
Oék;(M) =

—%(M — M) i > M

(i1)  the minimizers @ for the problem (S, ) are

0 Zf % S )\k+17

=g}
I

(b= Xex1) e if > A,

with e € Wy, an eigenfunction of (6.22) corresponding to A1 with fm pe2do = 1.

Proof. Lemma 8.1 in [7] shows the bilinear form m is strictly positive on an infinite
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dimensional subspace of H'(Q), so there is w € W}, with [,, pwdo > 0. The proof is

then just as in the proof of Theorem 3.8. n

The next lemma, whose proof is similar to that of Theorem 4.1, allows for a Morse

index theory to be developed for the functional .#(.; ) in (6.24).

Lemma 6.8. Assume (B3)-(B5) and (B8) hold, and .#(.;u) is given by (6.24).
Then (.; ) is twice Gateaur differentiable on H(QY) with second variation at u in

the directions v,w € H'(Q) given by

82 (u; v, w; i) = 2a(v, w) + 2[/ puldo — ,u] / pvwdo + 4/ puvda/ puwdo
o9 o9 o9 o9
(6.30)
where a(-,-) is defined by (6.6).

When (B8) holds, we have the a-orthogonal decomposition
H'Y(Q) = Hy(2) @4 N(L),

where N (L) is the subspace of all H'-solutions of the equation Lu = 0 on €, i.e.,
u € N(L) provided
a(u,v) =0 for all v € Hy(S2).

From Theorem 8.2 in Auchmuty [7], the Steklov eigenfunctions of (6.22) form a p-
orthonormal basis of N(L), the a-orthogonal complement of H}(2). To provide a
Morse index theory for the Steklov eigenproblem, we therefore restrict the domain of
the pair of bilinear forms (a, m) to the closed subspace N(L) of H'(Q).

As we have done so previously, the distinct strictly positive eigenvalues of (6.22)

are denoted A; < Ay < ---, the collection of all such eigenvalues is the spectrum of
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(a,m) and denoted o(a,m), and the multiplicity of the j distinct eigenvalue is m;.

Theorem 6.9. Assume (B3)-(B5) and (B8) hold, and .7 (.; ) : N(L) = R is given
by (6.24).
(1)  Then 0 is a non-degenerate critical point of #(.;p) : N(L) — R if and only if

w ¢ o(a,m). The Morse and null index of 0 are, respectively,

0 if p<h 0 if p¢ola,m)
i(0; ) = and  io(0; 1) = :

E;\j<um]’ if u>5\1 m; if MZS\]
(6.31)

(i)  When @i is a critical point of (1) : N(L) — R associated to Ny, that is, iy,
is an eigenfunction of (6.22) associated to A\ that satisfies fm puido = p — i, then
u 1s non-degenerate if and only if N is a simple eigenvalue of (6.22). The Morse and

null index of Uy are, respectively,

0 if k=1
(T ) = and  ig(Ug; ) = my — 1. (6.32)

Sisimy if k>1

Proof. When H'() is replaced by N(L), the results of Theorem 6.6, Theorem 6.7
and Lemma 6.8 hold for the functional .%(+; 1) : N(L) — R defined by (6.24) as N (L)
is a closed subspace of H'(€) and the Steklov eigenfunctions of (6.22) are in N(L).
Moreover, the bilinear form m in (6.23) is strictly positive on N (L), so that Theorem

2.3 gives the desired results as in the proof of Theorem 4.2. O

As in the Robin eigenproblem, Figure 3.1 and the bifurcation results at the end of
Section 3.2 and Section 4.2 apply to the Steklov eigenproblem, where the schematic

diagram is on the space (0,00) x N(L) instead of (0,00) x H'(Q).
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6.4 (eneral Eigenvalue Problems

The general eigenproblem to be studied in this section is that of finding non-trivial

solutions (A, u) of
—div(A(z)Vu(z)) + c(z)u(x) = Amg(x) on {2 (6.33)

subject to

(A(z)Vu(x)) - v(z) + b(x)u(x) = Ap(z)u(z) on Of). (6.34)

Here the eigenparameter is in both the differential equation and boundary condition.
For discussions, analysis, and applications of these problems see Auchmuty [7] and
references cited there.

The weak form of (6.33)-(6.34) is the eigenproblem of finding non-trivial solutions
(A, u) € R x HY(Q) satisfying

/Q (AVu)-Vo-+cuv]da+ /

buvdo = )\[/ mouvdx+/ puvda} for all v € H' ().
) Q o0

(6.35)
The associated bilinear forms are a : H'(Q2) x H*(2) — R as in equation (6.6) and

m: HY(Q) x HY(Q2) — R given by

m(u,v) —/mouvdx+/ puvdo. (6.36)
Q 20

When (B7) and (B8) hold, the bilinear form m satisfies (A2) and (A4) as seen in
Lemma 9.1 of [7]. Then Theorem 9.2 of [7] gives the existence of an m-orthonormal

basis of H'(Q2) (after a renormalization) consisting of eigenfunctions £ = {e; : j € N}
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of (6.35), and an associated increasing sequence of strictly positive eigenvalues {J; :
j € N} when the assumptions of that theorem are satisfied.

The functional for this problem is . : H*(Q) x (0,00) — R given by

1 2
L(u;p) = /[(AVU)-Vu+(c—um0)u2]dx+/ (b—pp)uido+= {/ m0u2dx—|—/ quda}
Q o0 2 Lo o9
(6.37)
The variational principle (£,) is to minimize £ (.; ) on H*(Q) and to find

alp) = inf L(u;p). (6.38)

u€H(Q)

Results for this unconstrained variational principle and properties of the functional

Z(-; u) are summarized as follow.

Theorem 6.10. Assume (B2)-(B8) hold, and £ (.; ) is given by (6.37). Then the
following hold.
(i) ZL(;p) is continuous, coercive, and weakly l.s.c. on H'(Q). (i1) ZL(;n) is

Gateaur differentiable on H'(Q) with first variation at u in the direction v given by

0.L (u;v; p) = 2a(u,v) + 2 [/ mou’dx —|—/ puldo — u} {/ mouvdz +/ puvda]
Q o9 Q o9
(6.39)

where a(.,.) is defined by (6.6).

0 if <X\
(i1)  The value of the problem (L) is given by a(p) = .

—5(p =) if p>N
(iv) ZL(.;p) attains its infimum on H*(QY). When u < Ay, the minimizer of £(.; )

is 0, and when p > Ay, the minimizers of £ (.; 1) are eigenfunctions @ corresponding

to the smallest eigenvalue A1 with fQ motldx + faQ puldo = 1 — .
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Proof. As the bilinear forms a and m satisfy (A1) and (B2), (B4), the proof is similar

to that of Theorem 3.2. O

As in the case for Robin and Steklov eigenproblems, the iterative construction of
Section 3.3.2 yields successive eigenvalues and eigenfunctions for the general eigen-
problem studied in this section.

Let & = {e; : 1 < j < k} be a set of eigenfunctions of (6.35) corresponding to

the successive strictly positive eigenvalues \; < Ay < --- < A\, which obey

/moeiejdx +/ peie;do = 0;; for 1 <4,j <k. (6.40)
Q 80

To find A\p1 define

Wi, = {u c H'Y(Q): /moejuda: —|—/ pejudo =0, for 1 < j < k} (6.41)
Q o0
Consider the problem (£, ;) of minimizing .Z(.; 1) on Wy, and finding

ap(p) = inf Z(u;p). (6.42)

ueEWy

The next theorem describes the minimizers and the value of this variational principle.

Theorem 6.11. Assume (B2)-(B8) hold, and Z£(.; ) is given by (6.37). Then

0 if < Ak
(i) the value of the problem (L, 1) is given by oy (1) = ,

—%(# —Me)? i > M
and

’ o 0 s e
(1)  the minimizers @ for the problem (L, ) are i = ,

(b= Xex) e if > M
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where e € Wy, is an eigenfunction of (6.35) corresponding to Ap11 that obeys fQ moe?dr+
Joq pe*do = 1.

Proof. Since the bilinear form m in (6.36) satisfies (A2) and (A4), there exists w € W,

with

/mowd:v—l—/ pwdo > 0,
Q o0

so the results follow as in the proof of Theorem 3.8. O]

That Z(.; u) defined by (6.37) has a well-defined second derivative is given by the

next lemma.

Lemma 6.12. Assume (B2)-(B8) hold, and £ (.; ) is given by (6.37). Then ZL(.; u)
is twice Gateauz differentiable on H'(S)) with second variation at u in the directions

v,w e HY(Q) given by

82.L (w;v,w; ) = 2a(v,w) + Q[fg moutde + [y, puido — ,u] [fQ movwdz + [, pvwda}

+4[f9 mouvdz + [, puvda} [fQ mouwdz + [, puwda} (6.43)

where a(.,.) is defined by (6.6).

Proof. The proof is similar to that of Theorem 4.1. O
This result enables a Morse index theory for the functional Z(.; ). In the next

theorem, the distinct strictly positive eigenvalues of (6.35) are denoted M <Ay <oor,

the collection of all such eigenvalues is the spectrum of (a,m) and denoted o(a,m),

and the multiplicity of the j distinct eigenvalue is m;.

Theorem 6.13. Assume (B2)-(B8) hold, and Z(.; ) is given by (6.37).

(1) 0 is a nondegenerate critical point of £ (.;u) if and only if u & o(a,m). The
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Morse and null index of 0 are, respectively,

0 if p<Xi 0 if pé¢ola,m)
i(05 ) = and io(0; ) =

D5y i > A m; if =\
(6.44)

(i)  When @ is a critical point of L (.; ) associated to Ny, that is, iy, is an eigen-
function of (6.35) associated to N, that satisfies Jo mgﬂidx—i—fm purdo = p— Ay, then
Ty, is non-degenerate if and only if e is a simple eigenvalue of (6.35). The Morse

and null index of uy are, respectively,

0 if k=1
(T ) = and  ig(Ug; ) = my — 1. (6.45)

Sisimy if k>1

J

Proof. Since the bilinear form m in (6.36) satisfies (A2) and (A4), it implies m satisfies
(M2), and since the Hessian form (v, w) — §%.Z(u;v,w; i) given by (6.43) satisfies

(M1), the results follow as in the proof of Theorem 4.2. O
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