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Abstract

There are two parts in this dissertation. In the first part we prove that genuine
nonuniformly hyperbolic dynamics emerge when flows in RY with homoclinic loops
or heteroclinic cycles are subjected to certain time-periodic forcing. In particular, we
establish the emergence of strange attractors and SRB measures with strong statis-
tical properties (central limit theorem, exponential decay of correlations, et cetera).
We identify and study the mechanism responsible for the nonuniform hyperbolicity:
saddle point shear. Our results apply to concrete systems of interest in the biological

and physical sciences, such as May-Leonard models of Lotka-Volterra dynamics.

In the second part we introduce a notion of conditional memory loss for nonequi-
librium open dynamical systems. We prove that this type of memory loss occurs at
an exponential rate for nonequilibrium open systems generated by one-dimensional

piecewise-differentiable expanding Lasota-Yorke maps.
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CHAPTER 1

Introduction

The nonuniform hyperbolicity theory is rich with interesting ideas and techniques.
This theory provides a rigorous mathematical foundation for the phenomenon known
as deterministic chaos and applies broadly in physics, engineering, neuroscience, and
biology.

Originating with the works of Lyapunov [56] and Perron [71], the nonuniform
hyperbolicity theory has emerged from the work of Pesin [72] as a relatively well-
understood mathematical theory in dynamical systems. Using nonzero Lyapunov
exponents as a point of departure, Pesin theory describes the ergodic properties of
smooth dynamical systems that admit invariant hyperbolic measures. The first part

of this dissertation addresses the following challenges.



(1) What mechanisms produce nonuniformly hyperbolic dynamics in physical /biological

systems?

(2) Can one prove the existence of genuine nonuniformly hyperbolic dynamics in

concrete systems?

Until the early 1990s, no genuinely nonuniformly hyperbolic examples were provably
known. Sinai/Ruelle/Bowen (SRB) measures were first constructed in a genuinely
nonuniformly hyperbolic context for the Hénon family by Bendicks and Young [I1].
Building on this work and on tower techniques of Young( [89], [00]), Wang and Young
developed a comprehensive theory for families of dissipative diffeomorphisms with

one direction of instability.

Questions (1) and (2) have been addressed in the contexts of periodically-kicked
limit cycles and intermittent maps. Using the rank one theory of Wang and Young,
it is possible to prove that if shear exists in a neighborhood of the limit cycle,
nonuniformly hyperbolic dynamics may emerge when the system is kicked periodi-

cally [66], 86]. Lin and Young call this mechanism shear-induced chaos [50].

Here we consider smooth flows in any physical dimension N with homoclinic or-
bits or heteroclinic cycles. We assume that the flow is dissipative near each saddle.
We identify a mechanism we call saddle point shear and we prove that saddle point
shear can produce nonuniform hyperbolicity when such flows are periodically forced.
Further, we prove the existence of SRB measures with strong statistical properties,

including a central limit theorem and exponential decay of correlations.



Now we briefly describe the relation of our work with existing results in this area
and its contributions. As indicated above, Wang and Young studied periodically-
forced limit cycles with pulsatile forcing functions and Ott and Wang studied two
dimensional systems with homoclinic orbits and with a specific trigonometric forcing
function [83] in this context. Our settings is completely general and works for any
C* forcing functions and near heteroclinic cycles in any dimension. Our results can
be applied to any physical systems with a dissipative heteroclinic cycle or homo-
clinic orbit. Heteroclinic cycles occur frequently in models for ecological dynamics,
fluid mechanical instabilities, mathematical biology and game theory [I], 32] 39, [5].
Intermittent behavior in dynamical processes may be described with the help of
heteroclinic cycles. Our results applies to many physical and biological model and
provides a tools to establish the existence of a comprehensive nonuniformly hyper-
bolic dynamical profile. In addition, our results lay the foundation for studies that
combine analytic and numerical methods. While heteroclinic phenomena often occur

in systems with symmetries, our results are independent of symmetry considerations.

In the past dissipative systems received only limited attention in classical me-
chanics. This is because it was believed that all orbits in these systems eventually
either go to fixed points or periodic orbits. Subsequent research would show that the
situation is more complex. Van der Pol first studied a periodically-forced damped
nonlinear oscillator and showed that it can have interesting behavior. Cartwright and

Littlewood proved later that in certain parameter ranges, the Van der Pol oscillator



1.1. NONEQUILIBRIUM OPEN DYNAMICAL SYSTEMS

has periodic orbits of different periods [19]. A number of other differential equations
with chaotic behavior have been studied in the last few decades, both numerically
and analytically. In the dissipative setting examples include the equations of Lorenz
[54., (77, [75], the Duffing equation [33], Lorentz gases acted on by external forces and

modified Van der Pol-type systems [47].

1.1 Nonequilibrium open dynamical systems

In the second part of this dissertation we study the dynamics of nonequilibrium open
dynamical systems. By nonequilibrium, we mean that the dynamical model itself
may vary with time. By open, we mean that the phase space contain holes through
which trajectories may escape. We are motivated here by dynamical processes that
evolve in time varying environments or that contain time-varying parameters. For
example, consider billiard systems wherein both the scatterers and holes may move.
Such models are of interest in quantum optics, acoustic chemical dynamics, astron-

omy, and experimental study of electrons in semiconductors 38|, 28].

Since chaotic dynamical systems exhibit sensitive dependence on initial condi-
tions, it is natural to take a statistical point of view when studying their long-term
behavior. When studying iterates of a single map, one may start with a particu-
lar class of initial probability measures, evolve these probability measures, and look
for limiting invariant measures. However for time-dependent (nonequilibrium) dy-

namical systems without holes, invariant measures will not exist in general. For
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this reason, we study the evolution of pairs of probability measures. We say that a
nonequilibrium system without holes exhibits statistical memory loss if for any two
suitable initial probability measures, the distance between them converges to zero in
a suitable metric as they evolve. For an autonomous system, statistical memory loss

is equivalent to decay of correlations.

Ott, Stenlund, and Young studied memory loss for nonequilibrium expanding
maps in any dimension and piecewise expanding maps in dimension one. They prove
that such systems lose memory in the statistical sense at an exponential rate [68].
Memory loss for time-dependent piecewise-expanding systems in higher dimensions
is studied by Gupta, Ott, and T6rok [30]. They prove statistical memory loss at an

exponential rate using oscillation norm.

The theory of open dynamical systems is much less developed than that of closed
systems. Open systems have been studied in the contexts of of escape rates and
conditionally invariant measures [6l, 16, 21, 23]. In the second part of dissertation
we study statistical properties of open and nonequilibrium dynamical systems. We do
so by introducing a notion of conditional memory loss in statistical sense. We prove
this type of conditional memory loss occurs in a certain one-dimensional setting.
When studying memory loss or the related problems of decay to equilibrium/decay
of correlations, one may employ a number of techniques, including spectral methods,
coupling methods, and the use of convex cones and the Hilbert metric. We prove

our result by using convex cones and Hilbert metric.



1.2. DISSERTATION OVERVIEW

1.2 Dissertation overview

In the first part of dissertation, we study rank one dynamics near homoclinic or-
bits and heteroclinic cycles. In second part, we study conditional memory loss for
nonequilibrium open dynamical systems. The first part includes Chapters 2-4 and
the second part includes Chapters 5 and 6. In Chapter 2 we provide background
for our heteroclinic cycles results and we discuss saddle point shear mechanism. In
Chapter 3 we state and prove our main results on dynamics near heteroclinic cycles
and homoclinic orbits. Chapter 4 contains the proofs of several technical results
stated in Chapter 3. Chapter 5 contain background information on nonequilibrium
open dynamical systems. In Chapter 6 we state and prove our main result on sta-
tistical memory loss for nonequilibrium open dynamical systems. Finally we discuss

future directions in Chapter 7.



CHAPTER 2

Background and Motivation

Smooth dynamics is the study of differentiable flows or maps, and in these situations
one may try to develop local information from the infinitesimal information provided
by the differential. Among smooth dynamical systems, hyperbolic dynamics is char-
acterized by the presence of expanding and contracting directions for the derivative.
The study of hyperbolic dynamics began with the study of uniformily hyperbolic dy-
namics. Introduced by Smale, a uniformly hyperbolic set associated with a smooth
map is one over which the tangent bundle splits into two invariant subbundles, one
contracting and one expanding. Uniform hyperbolicity theory has many applications
within mathematics, such as to geometry, modern rigidity theory, dimension theory,

and statistical and mathematical physics.



2.1. PESIN’S THEORY

Few physical processes have a uniformly hyperbolic character. There are many rea-
sons for this, among them discontinuities and singularities (e.g. the Lorentz gas),
transient effects, neutral directions, and nonuniform effects. It is common in ap-
plications to find some hyperbolic behavior, but without uniformity of contraction
and expansion. Nonuniform hyperbolicity theory allows the asymptotic expansion
and contraction rates to depend on the point in a way that does not admit uniform

bounds which holds on a subset of the space.

2.1 Pesin’s theory

Nonuniform hyperbolicity conditions can be expressed in terms of the Lyapunov
exponents. Namely, a dynamical system is nonuniformly hyperbolic if it admits an
invariant measure with nonzero Lyapunov exponents almost everywhere.

Throughout this section let f : M — M be a diffeomorphism of a compact smooth
Riemannian manifold M. The Lyapunov exponent of the vector v € T, M at the
point x € M is defined by x*(z,v) := lim,_ L log| D, f"(v)]|, if the limit exist.
This takes only finitely many values  x{(z) < -+ < Xi(,(2) that determine
the subspaces V" (z) := {v € T,M : x"(z,v) < x{(z,v)} (which are nested).
Similarly, backward Lyapunov exponents x; (z,v) can be obtained as n — —oc.
Pesin started with an invariant probability measure and described the properties of
corresponding ergodic system assuming almost every orbits have nonzero Lyapunov
exponents. The following multiplicative ergodic theorem of Oseledets is a key result

on the regularity of trajectories.

Theorem 2.1.1. For any invariant Borel probability measure v, almost every x € M

9



2.1. PESIN’S THEORY

1s Lyapunov regular in the following sense:

2. T,M = @ffl)Ei(x) where Ei(x) == Vf(a:) NV, (x)

3. limy,io0 7 10g]| Do f7 (0) ]| = i (2) = —xi () = xi(@)
uniformly in {v € E;(z) : ||v|| = 1}.

A diffeomorphisim f is said to have nonzero exponents on an invariant set A if

for each x € A there is an s = s(x) such that

X1(Z) < oo < Xs(2)(7) <0 < Xop1 () < ot < Xp(a) (T). (2.1)

An invariant Borel probability measure v on an invariant set A is called hyperbolic
measure if equation (2.1) holds a.e z € A. Pesin’s work on relating Lyaponuv

exponent and nonuniform hyperbolicity can be summarized by the following theorem.

Theorem 2.1.2. Let A be a f-invariant set and let v be an ergodic hyperbolic proba-
bility measure on it. Let E*(x) = @;_, E;(x) and E*(x) = ®F_, E;(z). The subspaces
E"(z) and E*(x) for x € A have the following properties:

L1. E*(z) and E*(z) depend measurably on x.
L2. T,M = E*(z) ® E*(x).
L3. they are invariant d, f(E*(x)) = E*(f(x)) and d,f(E"(z)) = E*(f(x))

L4. there exist 9 > 0 and measurable functions C(x,e) > 0, K(z,e) > 0, f-invariant

Borel functions A, Ag : A — RT with \y <1 < Xy and 0 < € < gy such that

(a) the subspace E*(x) is stable: ||dflv| < C(z,e)(A(x))"]|v]]

for v € E*(z) and n € N.

10



2.2. SRB MEASURE

(b) the subspace E" is unstable: ||dflv| < C(x,e)(A2(x))"||v||
for v € E*(z) and n € N.
(c) Z(E*(x), E*(x)) = K(z,¢)

(d) C(f*(z)) < C(z,e)e™ and K(f*(z)) > K(x,e)e™ " forn € Z.

We summarize this by saying that for any hyperbolic measure v, the set of Lya-
punov regular points with nonzero Lyapunov exponents contains a nonuniformly
hyperbolic set of full ¥ measure. In fact, finding trajectories with nonzero Lyapunov
exponents is a universal approach for establishing nonuniform hyperbolicity.

Pesin theory assumes the existence of a hyperbolic measure and proceeds from this

starting point. Which dynamical systems admit hyperbolic measures 7

2.2 SRB measure

When a dynamical system possesses some degree of hyperbolicity, individual orbits

are typically unstable. Utilizing a probabilistic point of view often yields insight.

The following questions are fundamental.

(Q1) Does the dynamical system admit an invariant measure that describes the
asymptotic distribution of a large set (positive Riemannian volume) of orbits?

If so, is this measure unique?

(Q2) What are the geometric and ergodic properties of the invariant measure(s)?
For example, is a central limit theorem satisfied? At what rate do correlations
decay? Large deviation principle? Weak or almost-sure invariance principle

(approximation by Brownian motion)?

11



2.2. SRB MEASURE

The Birkhoff ergodic theorem applies directly to a conservative system; inparticular
to a system preserving a measure u that is equivalent to Riemannian volume. If p is
ergodic, then almost every orbit with respect to p and therefore with respect to Rie-
mannian volume is asymptotically distributed according to u. By contrast, invariant
measures associated with dissipative (volume-contracting) systems are necessarily
singular with respect to Riemannian volume. Direct application of the Birkhoff
ergodic theorem yields no information about in the dissipative context. Ques-
tion (Q1]) remains a major challenge.

It is natural in the dissipative context to focus on special invariant sets on which
the core dynamics evolve: attractors. Let M be a compact Riemannian manifold and
let F': M — M be a C? embedding. A compact set € satisfying F'(Q2) = Q is called
an attractor if there exists an open set U called its basin such that F™(z) — 2 as

n — oo for every x € U. The attractor {2 is said to be
(a) trreducible if it cannot be written as a union of two disjoint attractors;

(b) uniformly hyperbolic if the tangent bundle over €2 splits into two DF-
invariant subbundles £E* and E* such that DF|E® is uniformly contracting,

E" is nontrivial, and DF|E" is uniformly expanding.

The geometry and ergodic theory of uniformly hyperbolic discrete-time systems are
well-understood. In particular, an irreducible, uniformly hyperbolic attractor {2 sup-
ports a unique F-invariant Borel probability measure v with the following property:

there exists a set S C U with full Riemannian volume in U such that for every

12



2.2. SRB MEASURE

continuous observable ¢ : U — R and for every x € S, we have

e .
Jim 3R @) = | wav 2.2)
The measure v is known as a Sinai/Ruelle/Bowen measure (SRB measure). It is
natural to link sets of positive Riemannian volume with observable events. If we
do so, then the SRB measure v is observable because temporal and spatial averages
coincide for a set of initial data of full Riemannian volume in the basin. SRB measures

were first shown to exist for uniformly hyperbolic attractors and the main result in

the uniformly hyperbolic context is the following.

Theorem 2.2.1. [99] Let f be a C? diffeomorphism with an uniformly hyperbolic
attractor A. Then there is a unique f-invariant Borel probability measure i on A that

is characterized by each of the following equivalent conditions:
1. p has absolutely continuous conditional measures on unstable manifolds;

2. The metric entropy h,(f) is given by
() = [ 1ogldet(Ds1E)du

3. There is a set V- C U of full Riemannian volume such that for every continuous

observable ¢ : U — R, we have for every x € V
1 n—1
P> otra) - [ o a
e
There are analogous results for flows.
SRB measures have their origins in statistical mechanics. The concept of SRB mea-

sure has evolved as the theory of nonuniform hyperbolicity has developed. The

following definition is state of the art.

13



2.2. SRB MEASURE

Definition 2.2.2. Let M be a compact Riemannian manifold and let F' : M — M
be a C? embedding. An F-invariant Borel proability measure v is called an SRB
measure if (F,v) has a positive Lyapunov exponent v almost everywhere and if v

has absolutely continuous conditional measures on unstable manifolds.

The following result of Pesin characterizes SRB measures using the metric entropy

.

Theorem 2.2.3. [7/ Let f be an arbitrary diffeomorphisim and p an f-invariant Borel
probability measure with a positive Lyaponuv exponent a.e.Then p has absolutely
continuous conditional measures on W* if and only if

hu(f) = / Z xidimE;dp

x>0

where h,(f) is the metric entropy of f with respect pu.

Statistical properties of these measures have been studied using transfer operator
methods (e.g. [I3],[89]), convex cones and projective metrics (e.g. [51]), and coupling

techniques (e.g. [20] 91]).

2.2.1 Construction of SRB measure

SRB measures were first constructed on Axiom A attractors. In the process, it
is shown that any limit point of the sequence {%Z;:ol fi(my)}n=12. is an SRB
measure, where v C A is a piece of local unstable manifold and m., denotes the
Lebesgue measure on it. The existence and construction result has been extended to

the setting in partially hyperbolic setting by Pesin, Viana, and Pollicott [I5],[I8]. The

key tools used are dominated splitting and  Z(E", E¥) being bounded away from

14



2.2. SRB MEASURE

zero. However these tools cannot be used in the nonuniformly hyperbolic setting.
Existence of SRB measure outside uniformly hyperbolic context remains a major
challenge.

Hénon first showed by carrying out numerical studies that the family 77, ,(x,y) = (1—
ax? +y, bz), called the Hénon family, has a chaotic attractor for certain parameters.
The Hénon family T, is a perturbation of logistic family g,(x) = 1 — az?®. Jakobson
proved that for a set of values of ’a’ of positive Lebesgue measure g, has absolutely
continuous invariant measure [35]. Benedicks and Carleson studied the Hénon family
for small values of b and a = 2 [10]. They showed that if b > 0 is small enough then
for a positive measure set of a-values near a = 2 the corresponding diffeomorphism
T4 exhibits a chaotic attractor. SRB measures are constructed for the first time for

nonuniformly hyperbolic attractors by Bendicks and Young.

Theorem 2.2.4. [71] For every b > 0 that is sufficiently small, there is a positive
Lebesque measure set A, C (2 —€,2) such that for each a € Ay, T, admits a unique

SRB measure.

Then Wang and Young [84] studied rank-one attractors and developed a theory
of SRB measures on these attractor. Identifying mechanisms that produce nonuni-
form hyperbolicity and proving that nonuniform hyperbolicity is present in concrete
models remain major challenges. In this dissertation, we consider these phenomenon
in the context of systems with homoclinic loops or heteroclinic cycles. Shear is

responsible for emergence of nonuniform hyperbolicity in this context.

15



2.3. SHEAR-INDUCED CHAOS

2.3 Shear-induced chaos

Recent work has shown that shear is one such mechanism. If a system possesses
a substantial amount of intrinsic shear, nonuniform hyperbolicity may be produced
when the system is suitably forced. The forcing does not overwhelm the intrinsic
dynamics; rather, it acts as an amplifier, engaging the shear to produce nonuniform
hyperbolicity. Systems with substantial intrinsic shear may be thought of as excitable

systems.

2.3.1 Periodically-kicked limit cycles.

Periodically-kicked limit cycles have received the most attention thus far. We dis-
cuss a model of linear shear flow originally studied by Zaslavsky [93]. Consider the

following vector field on the cylinder S! x R:

dé

- —1 2.
T + oz (2.3a)
dz

— =—\z. 2.3b
P z (2.3b)

Here o > 0 measures the strength of the angular velocity gradient and A > 0 gives
the rate of contraction to the limit cycle v located at z = 0. System has simple
dynamics: every trajectory converges to the limit cycle. However, is excitable
in a certain parameter regime. The ratio ¢ /A measures the amount of intrinsic shear

in the system. If this ratio is large, the system is excitable.

16



2.3. SHEAR-INDUCED CHAOS

Suppose that periodic pulsatile forcing is added to (2.3b)), giving

do
= -1 2.4
& +oz (2.4a)
dz >

T = A+ AR() ; §(t —nT) (2.4D)

Here A > 0 is the amplitude of the forcing, ® : S! — R is a C? function with finitely
many nondegenerate critical points, d is the Dirac delta, and T is the time between
kicks (the relaxation time). Figure[2.1]illustrates the dynamics of (2.4). At each time
nT, the system receives an instantaneous vertical kick with amplitude A and profile
®. In particular, the limit cycle v is deformed into a curve such as the sinusoidal
wave depicted in Figure . After each kick, the system evolves according to ([2.3)
for T' units of time (until the next kick). If both Ao/A and T are large, then shear
and contraction combine to produce stretch and fold geometry. Figure illustrates
this geometry: the sinusoidal wave representing the kicked limit cycle morphs into

the other curve during the relaxation period.

kick

W

shear+contraction

Figure 2.1: Stretch and fold geometry associated with ([2.4]).

Stretch and fold geometry suggests the presence of SRB measures. It has been

shown that ([2.4]) does produce SRB measures. Wang and Young [86] prove that there

17



2.4. THEORY OF RANK ONE MAPS

exists C'(®) > 0 such that if Ao/\ > C(P), then for a set of values of T of positive
Lebesgue measure, the time-T" map generated by has an attractor that supports
a unique ergodic SRB measure v. The dynamics are genuinely nonuniformly hyper-
bolic and v has strong statistical properties, among them a central limit theorem and
exponential decay of correlations. Wang and Young prove their theorem by applying

the theory of rank one maps.

2.4 Theory of rank one maps

The theory of rank one maps [84] [87, 88] provides checkable conditions that imply the
existence of nonuniformly hyperbolic dynamics and SRB measures in parametrized
families {F,} of dissipative embeddings in dimension N for any N > 2. We give a
descriptive summary of the theory and its applications here and a technical descrip-
tion in Section of Chapter 3. The term ‘rank one’ refers to the local character
of the embeddings: some instability in one direction and strong contraction in all
other directions. Roughly speaking, the theory asserts that under certain checkable
conditions, there exists a set A of values of a of positive Lebesgue measure such that
for a € A, F, is a genuinely nonuniformly hyperbolic map with an attractor that
supports an SRB measure. A comprehensive dynamical profile is given for such Fy;
we describe some aspects of this profile now.

The map F, admits a unique SRB measure v and v is mixing. Lebesgue almost
every trajectory in the basin of the attractor is asymptotically distributed according
to v and has a positive Lyapunov exponent. Thus the chaos associated with Fj, is

both observable and sustained in time. The system (F,,v) satisfies a central limit
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2.4. THEORY OF RANK ONE MAPS

theorem, correlations decay at an exponential rate for Holder observables, and a large
deviations principle holds. The source of the nonuniform hyperbolicity is identified
and the geometric structure of the attractor is analyzed in detail.

Figure illustrates the progression of ideas that has led to the theory of rank
one maps. At its core, the theory is based on theoretical developments concern-
ing one-dimensional maps with critical points. We note in particular the parame-
ter exclusion technique of Jakobson [35] and the analysis of the quadratic family by
Benedicks and Carleson [9]. The analysis of the Hénon family by Benedicks and Car-
leson [I0] provided a breakthrough from one-dimensional maps with critical points
(the quadratic family) to two-dimensional diffeomorphisms (small perturbations of
the quadratic family). Mora and Viana [61] generalized the work of Benedicks and
Carleson to small perturbations of the Hénon family and proved the existence of
Hénon-like attractors in parametrized families of diffeomorphisms that generically

unfold a quadratic homoclinic tangency.

Theory of } Hénon maps 3 Rank one

1D maps and perturbations attractors

Figure 2.2: Progression of ideas leading to the theory of rank one maps.

The theory of rank one maps has been applied to many concrete models. The
dynamical scenario studied most extensively thus far is that of weakly stable struc-
tures subjected to periodic pulsatile forcing. Weakly stable equilibria [66], limit
cycles in finite-dimensional systems [67], 85, [86], and supercritical Hopf bifurcations

in finite-dimensional systems [86] and infinite-dimensional systems [55] have been
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treated. Guckenheimer, Wechselberger, and Young [29] connect the theory of rank
one maps and geometric singular perturbation theory by formulating a general tech-
nique for proving the existence of chaotic attractors for 3-dimensional vector fields
with two time scales. Lin [48] demonstrates how the theory of rank one maps can
be combined with sophisticated computational techniques to analyze the response
of concrete nonlinear oscillators of interest in biological applications to periodic pul-
satile drives. Electronic circuits have been treated as well [64], [65] 81], [82].

We apply this theory to homoclinic and heteroclinic phenomena.

2.5 Homoclinic and heteroclinic phenomena

We study the dynamics near heteroclinic and homoclinic orbits when forced period-

ically in dimension N > 2.

Definition 2.5.1. Consider the continuous-time dynamical system described by the
ODE & = f(x). Suppose there is an equilibrium at = = xy. A solution ®(¢) is a
homoclinic orbit if &(t) - xy as t— foo. If f: M — M is a diffeomorphism
of a manifold M, we say that x is a homoclinic point if there exists a fixed (or periodic)

point p such that lim, 4., f"(z) =p

If the stable and unstable manifolds of a hyperbolic stationary point intersect,they
may do so transversely or they may have homoclinic tangencies.
The dynamical picture near transverse intersections is described by the following

theorem.

Theorem 2.5.2. [36] Let M be a smooth manifold, U C M open, f : U — M an
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2.5. HOMOCLINIC AND HETEROCLINIC PHENOMENA

() (b)
Figure 2.3: (a) homoclinic tangency, (b) transverse homoclinic intersection

embedding, and p € U a hyperbolic fixed point with transverse homoclinic point q.
Then in any arbitrarily small neighborhood of p there exist a horseshoe for some fized
iterate of f. Furthermore the hyperbolic invariant set in the horseshoe contains an

iterate of q.

There are significant results concerning the dynamics near homoclinic tangencies
of one-parameter families of diffeomarphisms starting from the following significant

results by Newhouse.

Theorem 2.5.3. [62] M is 2-manifold. There is an open subset U C Dif f*(M),
in which the set of diffeomorphisms exhibiting a homoclinic tangency is dense. It is
also implied, in the dissipitive case that there exist a residual subset R of U such that

each diffeomorphisim in R has infinitely many hyperbolic periodic attractors(sinks).

Definition 2.5.4. Let ¢ : M x R — M be a C® map such that ¢,(z) = ¢(z, ) is a
diffeomorphisim on M for each u € R. Let p = py be a hyperbolic fixed point for ¢
and let ¢ be a homoclinic tangency associated to p. Since p is hyperbolic for small
i we have a unique fixed point p, near p and the mapping p — p, is differentiable.

Under generic assumptions there are y-dependent local coordinates such that W*(p,,)
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is given by o = 0 and W"(p,) by z2 = ax? + bu,a # 0 and b # 0. In this case we

say the quadratic homoclinic tangency unfolds generically.

The unfolding of homoclinic tangencies yields a great number of changes in dy-
namics as p evolves.
Palis formulated the following conjecture.
Conjecture: Generic one-parameter families of surface diffeomorphisims unfolding
a homoclinic tangency exhibit strange attractors or repellers in a persistent way in
the measure-theoretic sense (for a positive measure set of values of parameter).
Strange attarctor in this context is a compact invariant set A with a dense orbit
which has positive Lyaponuv exponents and the stable set W*(A) has non-empty

interior.

Mora and Viana proved the Palis conjecture for surface diffeomorphisims.

Theorem 2.5.5 ( [61]). Let (f.), be a C*> one parameter family of diffeomorphisms
on a surface and suppose that fo has a homoclinic tangency associated to some peri-
odic point py. Then under generic assumptions, there is a positive Lebesque measure
set E of parameter values near p = 0 such that for each p € E the diffeomorphism

fu exhibits a strange attractor or repeller near the orbit of tangency.

2.5.1 Heteroclinic cycles

Definition 2.5.6. A heteroclinic cycle is a finite ordered sequence of invariant
sets {1, &, ...§¢} and connecting manifolds {I'y,T's, ..I'y} such that I'; is backward

asymptotic to &; and forward asymptotic ;41 with &1 = &. The invariant sets
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2.6. SADDLE POINT SHEAR

are typically equilibrium points but may include higher dimensional objects such
as periodic orbits or chaotic attractors. The connecting manifolds I'; are typically
isolated trajectory but may be multi-dimensional surfaces. If £ = 1, the cycle reduce

to a homoclinic orbit.

pT Tq

Figure 2.4: heteroclinic cycle with two equilibria p and q

Heteroclinic cycles constitute an important class of solutions. They are associated
with intermittent behavior because long pieces of trajectories near the invariant sets
&, are followed by the connections I';. We study the effect of external time-periodic
forcing and the existence of rank one chaos near heteroclinic cycles of dissipative
systems.

Saddle point shear is the mechanism responsible for the emergence of nonuniform

hyperbolicity in this context.

2.6 Saddle point shear

We study flows with homoclinic orbits or heteroclinic cycles in dimension N > 2.
When a system with a homoclinic orbit is forced with a periodic signal of period T,
the stable and unstable manifolds that coincide in the unforced system will typically

become distinct. Figure 2.5 illustrates two of the possibilities for the time-7T" maps. If
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the stable and unstable manifolds intersect transversely as in Figure 2.5(a), then ho-
moclinic tangles and horseshoes may be produced. The point of intersection may be
a point of tangency between the stable and unstable manifolds, a so-called homoclinic
tangency. Rich dynamics emerge as a homoclinic tangency is unfolded [24} 45] [61], 84],
including the coexistence of infinitely many attracting periodic orbits [62} [63] [69],

and nonuniformly hyperbolic horseshoes [70].

(a) T 0

Figure 2.5: Some time-T maps that can occur when a system with a homoclinic
loop is subjected to periodic forcing of period T

We focus on the case in which the stable and unstable manifolds of the forced
system do not intersect (Figure2.5(b)). Afraimovich and Shilnikov [2] initiated the
study of this case by proving that it is possible to define a flow-induced map on a
certain cross-section. Our main results concern the dynamics of this flow-induced
map. For an unforced flow in any dimension N > 2 with either a homoclinic loop or
a heteroclinic cycle, we formulate checkable hypotheses under which a natural map
induced by the flow of the forced system admits an attractor that supports a unique
ergodic SRB measure for a set of forcing amplitudes p of positive Lebesgue measure.
For such pu, the flow-induced map is rank one in the sense of Wang and Young and

therefore the dynamical profile described in [88] applies. In particular, the dynamics
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are genuinely nonuniformly hyperbolic, a central limit theorem holds, and correla-
tions decay at an exponential rate. Heteroclinic cycles have been studied extensively
in connection with dynamics on networks and systems possessing symmetries; see

e.g. [3, 134, 40, 41]. Figure 3.1 in Chapter 3 illustrates saddle point shear mechanism.
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CHAPTER 3

Rank One Chaos near Homoclinic Orbits and Heteroclinic

Cycles

We study saddle point shear, a mechanism that can produce sustained, observ-
able chaos in concrete models of physical phenomena. Shear-induced chaos has
received substantial recent attention in the context of periodically-kicked limit cy-
cles [50} 55, 67, 85, 86]. We formulate hypotheses that imply the existence of sus-
tained, observable chaos for a set of forcing amplitudes of positive Lebesgue measure.
By sustained, observable chaos we refer to an array of precisely defined dynamical,

geometric, and statistical properties that are made precise in Section 3.1}
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3.1. THEORY OF RANK ONE MAPS

3.1 Theory of rank one maps

Let D denote the closed unit disk in R*~! and let M = S' x D. We consider a family
of maps Fop : M — M, where a = (ay,...,a;) € V is a vector of parameters and
b € By is a scalar parameter. Here V = V; x --- x V;, C R¥ is a product of intervals
and By C R\ {0} is a subset of R with an accumulation point at 0. Points in M are

denoted by (z,y) with z € S! and y € D. Rank one theory postulates the following.

(H1) Regularity conditions.

(a) For each b € By, the function (x,y, a) — Fa(z,y) is C3.
(b) Each map F, is an embedding of M into itself.

(c) There exists Kp > 0 independent of a and b such that for all @ € V,
b € By, and z, 2/ € M, we have

| det DFy (%)

< Kp.
|det DF, ()] ="

(H2) Existence of a singular limit. For a € V, there exists a map Foo : M —
S' x {0} such that the following holds. For every (z,y) € M and a € V, we
have

lim Fy (2, y) = Fao(2,y)
Identifying S* x {0} with S', we refer to F, o and the restriction f, : S* — S!
defined by fq(z) = Fao(z,0) as the singular limit of F .

(H3) C3 convergence to the singular limit. We select a special index j €
{1,...,k}. Fix a; € V; for i # j. For every such choice of parameters a;,
the maps (z,y,a;) — Fap(z,y) converge in the C* topology to (z,y,a;) —

Fao(z,y) on M xV;as b — 0.
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(H4)

(H5)

(H6)

(H7)

Existence of a sufficiently expanding map within the singular limit.
There exists a* = (aj,...,a}) € V such that f,« € &€, where € is the set of

Misiurewicz-type maps defined in Definition below.

Parameter transversality. Let C,- denote the critical set of f,«. For a; €
Vj, define the vector a; € V by a; = (aj,...,a;_;,a5,a},4,...,a;). We say
that the family {f,} satisfies the parameter transversality condition with
respect to parameter a; if the following holds. For each x € Cy, let p = fo-(2)
and let z(@a;) and p(a;) denote the continuations of z and p, respectively, as the
parameter a; varies around aj. The point p(a;) is the unique point such that
p(a;) and p have identical symbolic itineraries under f5, and fq-, respectively.

We have

d .
o # cchjp(aj)

d -
da o (@,)

— ¥
aj=aj

Nondegeneracy at ‘turns’. For each z € C,+, there exists 1 <m <n —1

such that

Conditions for mixing.

1
(a) We have €3 > 2, where )\ is defined within Definition [3.1.1]

(b) Let Ji,...,J, be the intervals of monotonicity of f,«. Let @ = (¢im) be

the matrix of ‘allowed transitions’ defined by

1, if foe(J;) D I,
Gim =

0, otherwise.

There exists N > 0 such that QV > 0.
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3.1. THEORY OF RANK ONE MAPS

We now define the family &.

Definition 3.1.1. We say that f € C?*(S',R) is a Misiurewicz map and we write
f € & if the following hold for some neighborhood U of the critical set C' = C(f) =
{xeS': f'(x) =0}.
(1) (Outside of U) There exist \g > 0, My € Z*, and 0 < dy < 1 such that
(a) for all m > My, if fi(x) ¢ U for 0 <i < m — 1, then [(f™) (z)| > eo™,
(b) for any m € ZT, if fi(z) ¢ U for 0 < i < m — 1 and f™(z) € U, then
|(f7)'(2)] = doe™.
(2) (Critical orbits) For all c € C and i > 0, fi(c) ¢ U.
(3) (Inside U)

(a) We have f”(x) # 0 for all x € U, and

(b) for all z € U\ C, there exists po(z) > 0 such that fi(z) ¢ U for all

1
i < po(x) and |(fp0(x))’(g;)| > daleﬁ’\OPO(r),

The theory of rank one maps states that given a family {F,;} satisfying (HI))—-
(H6), a measure-theoretically significant subset of this family consists of maps ad-
mitting attractors with strong chaotic and stochastic properties. We formulate the

precise results and we then describe the properties that the attractors possess.

Proposition 3.1.2. [80] Let ® : S' — R be a C* function with nondegenerate
critical points. Then there exist Ly and 6 depending on ® such that if L > Ly and
U: St — R is a C? function with || ¥]|c2 < § and || V| cs < 1 then the family

fa(0) = 04 a+ L(®(0) + ¥(0)), ac|0,1]
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satisfies and . holds if L1 is sufficiently large.

Theorem 3.1.3 ([34, 87, B8]). Suppose the family {Fa,} satisfies (H1)), (H9), (H4),
and (@) The following holds for all 1 < j < k such that the parameter a; satis-
fies and . For all sufficiently small b € By, there exists a subset A; C V;

of positive Lebesgue measure such that for a; € A;, Fg,p admits a strange attractor

Q with properties , , and .

Theorem 3.1.4 ([84], 85, 87, 88]). In the sense of Theorem

(#)-({) — (P1)-(P4).

Remark 3.1.1. The proof of Theorem for the special case n = 2 appears in [84].
The additional component (H7) = in Theorem is proved in [85]. For

general n, Wang and Young [87] prove the existence of an SRB measure for Fp, ; if

a; € Aj. The complete proofs of — (and assuming ) for FG, , with

a; € A; appear in [88] for general n.

We now describe (P1)-(P4)) precisely. Write F' = F3 ;.
(P1) Positive Lyapunov exponent. Let U denote the basin of attraction of the

attractor Q. This means that U is an open set satisfying F'(U) C U and
Q=) F"@0)
m=0

For almost every z € U with respect to Lebesgue measure, the orbit of z has

a positive Lyapunov exponent. That is,

1
lim —log || DF™(2)| > 0.
m—00 M,
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3.1. THEORY OF RANK ONE MAPS

(P2) Existence of SRB measures and basin property.

(a) The map F' admits at least one and at most finitely many ergodic SRB
measures each one of which has no zero Lyapunov exponents. Let vy, | v,

denote these measures.

(b) For Lebesgue-a.e. z € U, there exists j(z) € {1,...,7} such that for

every continuous function ¢ : U — R,

m—1

> elFi )+ [l

=0

1
m

(P3) Statistical properties of dynamical observations.
(a) For every ergodic SRB measure v and every Holder continuous function

¢ : Q — R, the sequence {¢o F" :i € ZT} obeys a central limit theorem.

That is, if [ ¢ dv =0, then the sequence
1=
ﬁ ; poF
converges in distribution (with respect to v) to the normal distribution.
The variance of the limiting normal distribution is strictly positive unless
@ =1 o F — 1 for some ¢ € L*(v).
(b) Suppose that for some L > 1, F* has an SRB measure v that is mixing.
Then given a Holder exponent 7, there exists 7 = 7(n) < 1 such that
for all Holder ¢, ¥ : 2 — R with Holder exponent n, there exists K =

K(p,1) such that for all m € N,

‘/(gpoFmL)wdz/—/gody/wdl/
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3.2. DYNAMICS NEAR HOMOCLINIC LOOPS

(P4) Uniqueness of SRB measures and ergodic properties.

(a) The map F admits a unique (and therefore ergodic) SRB measure v, and

(b) the dynamical system (F,v) is mixing, or, equivalently, isomorphic to a

Bernoulli shift.

3.2 Dynamics near homoclinic loops

Let N > 2 be an integer. Let &€ = (&)Y, denote the standard coordinates in RV and
let {e;:1 <4< N} be the standard basis for RY. We start with a C* vector field

f :RY — R¥ and the associated autonomous differential equation

e _

= = (&) (31)

3.2.1 Local dynamical picture

We assume the following dynamical picture in a neighborhood of the origin.

(A1) The origin 0 is a stationary point of (3.1)) (f(0) = 0). The derivative Df(0) is
a diagonal operator with eigenvalues —ay_ 1 < —ay o < < —a; <0<

corresponding to eigenvectors e; to ey, respectively.
(A2) (dissipative saddle) The eigenvalues of Df(0) satisfy 0 < 5 < ay.

(A3) (analytic linearization) There exists a neighborhood U of 0 on which f is
analytic and on which there exists an analytic coordinate transformation that

transforms (3.1)) into the linear equation

dn
FT Df(0)n.
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We now add time-periodic forcing to the right side of (3.1)). Let p : RY x St — R¥Y
be a C* map for which there exists a neighborhood U, of 0 such that p is analytic
on Uy x S*. Adding p to the right side of (3.1]) yields the nonautonomous equation

€ _

% = f(§) + pp (&, wt), (3.2)

where w is a frequency parameter and p controls the amplitude of the forcing. We

convert (3.2)) into an autonomous system on the augmented phase space RY x S!,

giving
d
1@+ ple0) (3.32)
dé

3.2.2 Two small scales and a useful local coordinate system

Let 9 > 0 be such that U, := B(0,2) C UNUs and let pg > 0 satisfy pug < 9. We
focus on forcing amplitudes in the range [0, io]. When the phase space is augmented
with an S' factor, the hyperbolic saddle 0 becomes the hyperbolic periodic orbit
v, := {0} x S!. This hyperbolic periodic orbit persists for u sufficiently small. Let

7, denote the perturbed orbit.

Proposition 3.2.1. There exists a p-dependent coordinate system (X ,0) = (X1,..., Xn,0)
defined on U, x S* such that for every p € [0, po], v, = {(X,0) : X = 0}. That is,
we have standardized the location of the hyperbolic periodic orbit. Further, the stable
and unstable manifolds W*(~y,) and W*(v,) are locally flat:
W (7,) N (Ue, x ') C {(X,0) : Xy = 0}

W y,) N (Ue, x ') C{(X,0) : X; =0 for every 1 <i < N —1}.
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In terms of (X,0) coordinates, system ([4.2]) on U, x S' x [0, o] has the following

form:
dX; |
5 = (et uG(X 6p)Xe  (I<i<N-1) (3.4a)
SN (54 G (X0 ) X (3.4b)
‘jl_i’ . (3.4¢)

There exists K3 > 0 such that for each 1 < k < N, Gy, is analytic on U., x S* x [0, po]

and satisfies

1k oo ueg xstx ooy < K-

Proof of Proposition[3.2.1. The proof of this proposition is given in section (4.1)) of

Chapter 4. ]

3.2.3 Global dynamical picture
Define the p-dependent sections I't and I'? as follows:

Flz{(X,e)IXN:&TQ, 0<X1<Ko,u, —KO,uSXlSKO,ufor2<2<N—1}

FQZ{(Xﬁ):Xl:eO, Ki'u < Xy < K, —Kg/LgXingufor2<i<N—1},

where Ky > 0 satisfies Kyug < 9 and K; > 0 and Ky > 0 are suitably chosen. We
assume that for u € (0, uo), the flow generated by (4.2)) induces a map from I'" into
2.

(A4) For p € (0, uol, the flow generated by (4.2) induces a C? embedding G,, : T'* —
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2. Writing G,(X,0) = (Y, p), (Y, p) has the form

Y = ¢ (3.5a)
N-1

Vi= Y cuiXi+p®u(Xy,..., Xyo1,0)  (2<E<N) (3.5b)
=1

p=0+C+pPyn(Xy,. .., Xno1,0). (3.5¢)

Here (c;) is an invertible matrix of constants, (; is a constant, and the func-

tions @, ..., Py, are C? functions from I't into R. We assume that ® > 0.
Hypothesis is motivated by bifurcation scenarios involving homoclinic orbits.
Suppose that (u = 0) has a homoclinic solution associated with the saddle
X = 0 that includes the positive Xy component of the local unstable manifold of
the saddle and coincides with the positive X axis as t — co. (The assumption that
the homoclinic orbit coincides with the positive X; axis as t — 0o is not necessary.
We proceed in this way to clarify the presentation.) When system (3.1)) is forced
with a periodic signal (¢ > 0), the stable and unstable manifolds will typically break
apart. When this happens, transversal intersections may be formed. It is also pos-
sible that the stable and unstable manifolds do not intersect for > 0. In the latter
case, it may be possible to define a flow-induced global map from I'! into I'? for > 0
sufficiently small. See [83] for an example in which explicit formulas for the global

map are derived.

Assuming (A1)—(A4) hold, for pu € (0, o] the flow generated by (4.2)) induces

a map M, : I'" — T given by the composition M, = L, o G,, where G, is

from (A4) and £, : I'? — T'' is the ‘local’ map induced by ([£.2). Our primary
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theorem for systems with homoclinic loops concerns the dynamical properties of the

family {M,, : 0 < o < po}. Figure illustrates the geometry of M,, when N = 2.

Theorem 3.2.2. Assume that system (4.2)) satisfies f. Suppose that the

C3 function ®n(0,0) : St — R has finitely many nondegenerate critical points. Then
there exists wyg > 0 such that for any frequency w satisfying |w| > wo, there exists
a set A, C (0, o] of positive Lebesque measure with the following property. For
every jt € A, the flow-induced map M, admits a strange attractor Q) that supports a
unique ergodic SRB measure v. The orbit of Lebesque almost every point on I'! has
a positive Lyapunov exponent and is asymptotically distributed according to v. The
SRB measure v is mixing, satisfies the central limit theorem, and exhibits exponential

decay of correlations for Holder-continuous observables.

Xo

global map G,

local map £,

Figure 3.1: Saddle point shear mechanism
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The figure illustrates the saddle point shear associated with M,.Start with
the flat red curve C on I''. Generically, the flow from I'' to I'? will create ripples,
meaning that when G, (C) is viewed as a function of 6, X, varies as 0 varies. Since
the time it takes to travel from I'? to I'* depends on the X, coordinate, shear occurs
in the 6 direction. The purple curve £,(G,(C)) illustrates the resulting stretch and

fold geometry of M,,.

3.2.4 Proof of Theorem [3.2.2

The proof of Theorem [3.2.2| requires careful study of the family of flow-induced maps
{M,, : 0 < p < po}. We will prove that the theory of rank one maps applies to this
family. In Section we compute £, in a C3-controlled manner. The pu — 0
singular limit of the family {M, : 0 < pu < o} is computed in Section m Here we
must introduce auxiliary parameters because the direct @ — 0 limit does not exist.
Finally, in Section we prove that {M, : 0 < p < o} satisfies the hypotheses of
the theory of rank one maps.

Let p = In(p'). We regard p as the fundamental parameter associated with .
Notice that p € (0, o] corresponds to p € [In(pg '), 00).

We make the coordinate change (X,6) — (ux,0) on U, x S'. This stabilizes I'!

and I'%:

Fl:{(%@)ixz\r:%u’l, 0 <2y < K, —Ko<x¢<K0f0r2<i<N—1}

FQZ{(m,G):xlzso,u_l, K' <oy <K, —Kgga:igKQfongigN—l}.
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3.2.5 Computation of L,

We compute £, in a C3-controlled manner. We begin by computing a normal form

for (4.2)) that is valid on U, x S' x [0, yig]. The rescaling X = px transforms (3.4)

into
dl‘i .
o = et ug( ) (1<i<N-1) (3.6a)
dx
d—LfV = (B + pgn (@, 0; 1)) (3.6b)
dé
E =w, (3.6C)

where gi(,0; 1) = Gp(ux,0; 1) for 1 < k < N. System isvalidon D(z, 0, ) :=
U, x St x [0, wol.

On the time-tmap induced by (3.6). Let V(I'?) be a small open neighbor-
hood of T? in U, x S*. We study the time-t map induced by assuming
that all solutions beginning in V(I'?) remain inside U., X S! up to time ¢. Let
do = (0,00) € V(T?) and let q(t, ao; 1) = ((t, go: 1), 0(t, 4y:2)) denote the solu-

tion of (3.6) with q(0, gy; 1) = g, Integrating (3.6)), we have

t
zi(t, go; ) = Tip €xp (/ (— i+ pgi(a(s, go; )i 1)) dS) (I1<i<N-1)
0

(3.7a)
zn(t, go; 1) = T exXp (/0 (8 + ngn(q(s, go; p); 1)) dS) (3.7b)
0(t, qo; 1) = bp + wt. (3.7¢)
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We introduce the functions wy = wy(t, go; p) for 1 < k < N by formulating (3.7) as

i(t, qoi ) = wioexp (H(—ai +wilt, go; p))) (1 <i< N —1) (3.8a)
Ty (t, goi 1) = Tnoexp (B +wn(t, goi 1)) (3.8b)
0(t, qo; v) = b + wt, (3.8¢)
where
1 t
wi(t, go; 1) = ;/ 1gr(q(s, qo; p); i) ds. (3.9)
0

The following proposition establishes C* control of the w;, on the domain

D(t, qq,p) := {(t,qo,p) : t € [1,T*], qo € V(I?), peln(uy'), )},

where T* is chosen so that all solutions of (3.6) that start in V(I'?) remain in U, x S*
up to time 7. We view the wy as functions of ¢, g,, and p (not u) for the following

estimate.

Proposition 3.2.3. There exists Ky > 0 such that the following holds. For any
T* > 1 such that all solutions of (3.6)) that start in V(I'?) remain in U, x S' up to

time T, we have

lwkllos (D, gq 0y < Kak (1<k<N).
Proof of Proposition |3.2.5 We prove this proposition in Chapter 4. [}

The stopping time 7'(q,, p).
Let gy = (xo,00) € T'? and let T'(qg, p) be the time at which the solution to (3.6)

starting from g, reaches I''. This stopping time is determined implicitly by (3.8b)):

eop " = ax(T(qo,p), qoi 1) = Txoexp (T(qo,p) - (B + wn(T(go.p), qo; 11)))-
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Solving for T', we have

= L In (80/[1)
B+ wn(T(qy,p): qo; 1t) TNo )

The following proposition provides a precise C* control of T'.

T(qy,p)

Proposition 3.2.4. There exists K5 > 0 such that T, viewed as a function of q,

and p, satisfies

1
HT— —ln(eo,u_l) < K5.
p C3 (T2 x[In(y151).00))
Proof of Proposition[3.2.4 1t is proved in Chapter 4. |

A (3-controlled formula for L,.

Let g, = (y, p) € I'? and define (z,é) =L,(y,p) :=q(T(qy,p), q0;p). We have

2y = ot (3.10a)
1 —Qytw;
“IN Bl
%= (50“ ) N (1<i<N-1) (3.10Db)
Yn
-1

A w Eolt
0=p+ In ( ) . 3.10c
SRR Yn (3.10¢)

3.2.6 The singular limit of {M,: 0 < p < po}

We begin by computing M,,. Referring to (A4)), the global map G,, : I'* — I'? is given

in rescaled coordinates by G,(x,0) = (y, p), where

y = eop”! (3.11a)
N-1

yi:Zcijxj+¢i(x17“->fola9) (2<Z<N) (311b)
j=1

p:9+C1+M¢N+1($1,...,JJN,1,9), (311C)
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Using (3.10)) and (3.11]),the flow-induced map M, is given by M,(z,0) = (z, 0)

2y = eop ! (3.12a)

—a1+twy
-1

B+wn
-1 Eolt
21 = Eopt - (3.12Db)
(Z;-V:ll Nty + ¢N>

—Qitw;

N-1 —1 Btwn
= (Sene) (e 2<ieN-D (@12
j=1

i=1 CNjTj+ ON

~ w E:Ou—l
0=0+C+ oy + 5 —In v . (3.12d)

j=1 CN;Z; + ¢N
We compute the singular limit of {Mu(p) :p € [In(pgt), oo)} by deriving an auxiliary

parameter a from p. This is necessary because the term

1 —1
3+ wy n(eop” )

in (3.12d)) does not converge as  — 0. Define  : (0,00) — R by

k(s) = v In(s™1).

B

Let (p,)22, be any strictly decreasing sequence such that u, € (0, o for all n € N,
tn — 0 as n — oo, and k(u,) € 2nZ for all n € N. For a € S! (here S! is identified

with [0, 27)), define
fan =K (6() +a),  pla,n) =In(ug,).

We now view the family of flow-induced maps as a two-parameter family of em-
beddings: {Mu(p(am)) cacS', neN } The parameter n measures the amount of
dissipation associated with M, (y(n)). The following proposition establishes C* con-

vergence to a singular limit as n — oo.
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3.2. DYNAMICS NEAR HOMOCLINIC LOOPS

Proposition 3.2.5. We have

lim || My (pamny) — (0, Fa

n—00 ’ )||C3(F1><[0727r)) = 07

where F, : 't — St is given by

N-1
Fo(x,0)=0+a— %ln (Z cNjT; + ¢N> + %ln(so) + (1. (3.13)

J=1

Proof of Proposition|3.2.5. We first address the term

w

1 —1
B+ wy u(n)
in (3.12d)). Decomposing, we have
w w ww
(™) =ZIn(p™) — ——2In(u™h). 3.14
5T wn (w) 3 (w) 30+ wn) (w) (3.14)

Since p = u(p(a,n)), the first term on the right side of (3.14]) is equal to a. The
asserted C® convergence now follows from (A2)), Proposition [3.2.3, and Proposi-
tion 3.2.4] |

3.2.7 Verification of the hypotheses of the theory of rank

one maps

We show that the family of flow-induced maps {Mu(p(a,n)) caecSY, neN } satis-
fies f. We establish the distortion bound by studying the families
of local maps and global maps separately. Since the matrix (c;;) is invertible, direct
computation using implies that there exists a distortion constant D; > 0 such
that for every p € (0, po] and (z, ), (x',0') € ', we have

|det DG,,(x,0)]
|det DG, (z’,0")]|

< Dy. (3.15)
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Now let (y, p) € T'%. Expanding det(DL,(y, p)) via permutations, it follows from ([3.10)),
Proposition3.2.3} and Proposition that the leading order term of det(DL,(y, p))

arises from the following combination of derivatives:

N-1

Oy - 0,0 - [ 92

i=2
It follows by direct computation that there exists Dy > 0 such that for every u €
(0, o] and (y, p), (y',p') € I'?, we have

[det DL,,(y, p)|
|det DL, (y',p)|

Bounds (3.15)) and (3.16]) imply (H1|)(c) with Kp = Dy Ds. Hypotheses (H2) and (H3|)
follow from Proposition [3.2.5]

Hypotheses (H4)), (H5)), and (H7)) concern the family of circle maps

Ds. (3.16)

{ha:S1 — St aeSl}
defined by

ha(0) 1= Fu(0,0) = 0 +a — %m(m(o, 0)) + %’ In(go) + G

Since ¢x (0, ) has finitely many nondegenerate critical points, (H4)), (H5), and (H7))

follow from proposition (3.1.2) if |w| is sufficiently large.

Finally, the nondegeneracy condition follows by direct computation us-
ing and the fact that cyp # 0 for some 1 < k < N — 1. Hence prove the
theorem [3.2.2]

3.3 Dynamics near heteroclinic cycles

We start with (3.1)) in two dimensions. Set N = 2.
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3.3.1 Existence of a heteroclinic cycle for the unforced sys-

tem

We assume that (3.1]) has a heteroclinic cycle. The heteroclinic cycle consists of Q
hyperbolic saddle equilibria {g, : 1 < i < Qo} and connecting orbits {¢, : 1 < i < Qp}.

Let —\; < 0 < f; denote the eigenvalues of Df(q;). The connecting orbits satisfy

lim ¢;(t) = g, tlggo @i(t) = qiq

t——o0

for 1 <i<Qo—1and

lim ¢, (t) = dq,,  lim ¢, (t) = a1

t——o0 t—o0
We assume that the saddles satisfy the following hypotheses.

(B1) (dissipative saddles) For each 1 < ¢ < @, the eigenvalues of Df(q;) satisfy

Ai > B

(B2) (analytic linearizations) For each 1 < i < Qo, there exists a neighborhood of
g, on which f is analytic and on which there exists an analytic coordinate

transformation that transforms (3.1)) into its linearization at g;.

As in the homoclinic case, we study system . Here we assume that p is C*
on R? x S! and analytic in a neighborhood of each {q,} x S*.

When the phase space is augmented with with an S! factor, each hyperbolic
saddle g; becomes a hyperbolic periodic orbit v, , := {q;} x S'. This hyperbolic
periodic orbit persists for p sufficiently small. Let v, , denote the perturbed orbit.
There exists €9 > 0 such that for each 1 < i < @, there exists a p-dependent

coordinate system (Z@,0) = (Z0, 7z, 0) defined on B(g;,2c0) x S! such that for
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3.3. DYNAMICS NEAR HETEROCLINIC CYCLES

every fu € [0, o, Yan = {(Z(i)u 0) : AQIES 0} and the stable and unstable manifolds
are locally flat:
W3(vq,.0) N (B(g;,2g) x sh ¢ {(Z(i),e) L7 = 0}

W (g0 1 (Blai 220) x8) < {(2,0): 2 =0}

3.3.2 Global dynamical picture

For each 1 < i < Qo and p € (0, uo|, define the u-dependent sections S; and S! as

follows:
L () (@) -1 (@) ‘
Sz_ (Z 79>Zl = €o; C; ,ngg gczﬂ
r_ (%) (O (4) /
Here the constants C/ satisfy Cluy < ¢ and the C; are suitably chosen. We assume

that for each 1 <i < Qg and u € (0, yo], the flow generated by (4.2)) induces a map

from S! into S; 11 (we set Sg,11 = S1).

(B3) For each 1 <7< Qg and p € (0, 0], the flow generated by (4.2) induces a C*?

embedding G, , : S; — S;11 of the form
Gin(21,20,0) = (e0, 021" + uXi(21,0),0 + G + p¥i(Z,7,60)).  (3.17)

Here the constants b; and (; satisfy b; # 0 and ¢; > 0 for all 1 <7 < Q. The

functions Y; and ¥, are C3. We assume that T; > 0 for all 1 < i < Q.

Figure [3.2] illustrates a sample configuration with 4 saddle equilibria.
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Assuming (B1)—(B3) hold, for u € (0, uo] the flow generated by (4.2) induces a

map M, : S| — S} given by the composition
M)u‘ = (Elﬂu“ °© gQO:H‘) © (EQO’/J‘ o ngflnu) ©---0 (‘63,[1 ° g2uu'> © (£2uu © gl,/"')’

where the maps G, ,, are from (B3) and £;, : S; — S; are the local maps induced
by (4.2)). Our primary theorem concerns the dynamics of the family {M,, : 0 < o < po}-
Define IT : St — R by

Qo
me®) =3 ﬁ-1+1 In (14(0,6%)) .
i=1 7%

Here Bg,+1 := B1. The 0 for 2 < i < Qo depend on 6V and arise from a certain
singular limit of the family {M, : 0 < p < p1o}. Our primary theorem assumes that

II is a Morse function.

Theorem 3.3.1. Assume that system (4.2)) satisfies f. Suppose that the

C? function 11 : S — R has finitely many nondegenerate critical points. Then there
exists wo > 0 such that for any frequency w satisfying |w| > wo, there exists a set
A, C (0,p0] of positive Lebesgue measure with the following property. For every
w € A, the flow-induced map M, admits a strange attractor Q that supports a
unique ergodic SRB measure v. The orbit of Lebesgque almost every point on S| has
a positive Lyapunov exponent and is asymptotically distributed according to v. The
SRB measure v is mixing, satisfies the central limit theorem, and exhibits exponential

decay of correlations for Holder-continuous observables.
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3.3. DYNAMICS NEAR HETEROCLINIC CYCLES

2 3
q2 Zé ) Z§ ) a5
S/
72 ? S3
' Sy | )
S, Z
Zél)_ Sy
SI
! (4)
S, 5 4
a1 1 4 q4
zV A%

Figure 3.2: A sample configuration with 4 saddle equilibria. Pictured are the
projections of the sections S; and S! onto the plane.

3.3.3 Heteroclinic cycles in physical dimension at least two

Theorem generalizes naturally to physical dimension N > 2. Here we describe
the key aspects of the generalization.
First, let —ag\i,)_l < —a%)_Q < -0 < —ozgi) < 0 < B% denote the eigenvalues of

Df(q;). We assume the following version of (B1):
(B1)* For every 1 <i < Qp, we have agi) > 3,

Second, the sections S; and S are positioned as follows. The coordinate systems
(Z(i), 0) are now given by (Z(i), 0) = (Zfi)7 . Z](é), ) and satisfy
W (74,,) 0 (Blg,, 260) x 8 < {(29,0) 2§ = 0}
Wy, N (B, 220) x 8 < {(29,0): 207 = - = 2§ =0}
Working in (Z @ 0) coordinates, for each i let H; denote the hyperplane in RY that

is orthogonal to the corresponding incoming connecting orbit (1 = 0) and at distance
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go from saddle q;. Section S; is positioned such that the projection of S; onto RY
is a subset of H;. Further, the projection of S; onto the Z](é) direction is the interval
[(C](\?))_l i, C’J(\? p] for C’J(\Z}) > 0 suitably chosen. Section S; is positioned such that the
projection of S! onto RY is contained in the hyperplane that is orthogonal to the

corresponding outgoing connecting orbit and at distance ¢y from saddle gq;.

Remark 3.3.1. We have formulated Theorem in physical dimension two for the

sake of clarity; it generalizes naturally to physical dimension N > 2.

3.3.4 Proof of Theorem [3.3.1]

The proof of Theorem [3.3.1] closely follows the proof of Theorem [3.2.2] given in
Section [3.2.4. We therefore present only the modifications of the argument given
in Section that are needed for the heteroclinic setting.

In magnified coordinates, for each 1 < i < Qo the global map §; , is given by
(Zy)v zél) = Eﬂﬂ’_lv 9) = (y17 Y2, ’7)7

where

y1=eop”" (3.18a)
yo = b\ + (2, 0) (3.18D)
=0+ + u\I/i(,qu), 0). (3.18¢)

The local map £;, is given by

(21, 28,0) v (21,22, p),
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where

1 6¢+w<i)
71 = o™ (50‘(2) ) ’ (3.192)

Ty = o (3.19b)

-1
p=0-+ L() In % . (3.19¢)
,82' + w; 221
(

Here wli) and wéi) are defined as in (13.9)).
We use and to compute the angular component of the flow-induced
map
My = (L1u© GQou) © (LQou © Go-1u) © -0 (Lo 0 Grp) -

Let (xgl),xgl) =cou !, 0W) € S|, For 1 < i< Qy, define

(mgi)a Jjg) = Eoluil? 9(1‘)) = (ﬁl}u o giflyu) ©---0 (52# o gl,u) (x§1)7 mg”? 9(1))'

The flow-induced map M, is given by (x(ll),xg) = eop 1, 0W) 5 (21,25 = g, ),

where 0 is computed using (3.18d) and (3.19¢):
-1

Qo
=00+ ¢+ ;J,\I/i(,ux(i), 00 + Y I _cob :
; 1 Biva + wi ™ bl + Tz, 00)
(3.20)

As in the homoclinic case, we compute the singular limit of {M,,,) : p € [In(yg "), 00) }

by deriving an auxiliary parameter a from p. Define x : (0,00) — R by

Let (u,)22, be any strictly decreasing sequence such that u, € (0, o for all n € N,

pn — 0 as n — oo, and k(u,) € 27Z for all n € N. For a € S', define

ftan = K (5(pn) + @), pla,n) =In(p,,,).
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We view the family of flow-induced maps as a two-parameter family of embeddings:
{M plany 0 €SY, neN } The following proposition establishes C® convergence

to a singular limit as n — oo.
Proposition 3.3.2. We have

lim HM (p(a,n)) (vaa)HCB(S{x[O,%)) =9,

n—oo

where Fy : S} — St is given by

Qo
A0 =0 o (36t ) =35 T 00).
i=1 """

(3.21)

Proof of Proposition[3.53.3. The proof of Proposition|3.3.2| uses (3.20)) and follows the

line of reasoning developed in the proof of Proposition [3.2.5] |

We finish the proof of Theorem by showing that the family of flow-induced

maps {M (an)) - @ € St ne N} satisfies —. The distortion bound

follows from the fact that the distortion of each local and global map is bounded.

Hypotheses (H2) and (H3) follow from Proposition Hypotheses (H4), (H5)),
and (H7)) concern the family of circle maps {h, : S' — S!, a € S'} defined by setting

M =0 in (3.21):

Qo
ha(0D) := F,(0,60) = 6W 4 ¢ + <Z G+ T ln(60)> -y “In (7:(0,6)) .

=1 il
Since
Qo 1 .
> —In(73(0,69))
— Bit1

is a Morse function by hypothesis, (H4)), , and (H7) follow from Proposition
(3.1.2) if |w]| is sufficiently large. Finally, the nondegeneracy condition (H6|) follows

by direct computation using (3.21]) and the fact that by # 0.
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3.3.5 An asymmetric May-Leonard model

Theorem [3.3.1] and its generalization to any finite physical dimension applies to
numerous concrete systems of interest in the biological and physical sciences. We
mention one such system here. The asymmetric May-Leonard flow is the flow on the

nonnegative octant of R?® generated by
jfl = 5(71(]_ — X1 — A1 — bll’g)
fg = Ig(l — ngl — L9 — CLQIg) (322>
Zt'g = 1'3(1 — azxry — bgl'g — 33'3).

System (3.22]) models the Lotka-Volterra dynamics of three competing species with

€2

€3
€1

Figure 3.3: heteroclinic cycle with cross sections.

equal intrinsic growth rates and differing competition coefficients. Assuming 0 <
a; <1< b; <2forl<i<3, (3.22) admits a heteroclinic cycle with saddles (1,0, 0),
(0,1,0), and (0,0,1) (see Figure 3.3).The asymptotic stability of this cycle is studied

n [22]. If the competition coefficients also satisfy

by —1 by — 1 bs — 1
> 1, > 1,
1—a2 1—&3 1-&1
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then (B1))* is satisfied and therefore the generalization of Theorem to physical
dimension three applies to the periodically-forced May-Leonard system with any C*

periodic forcing functions p; (1 <i < 3), given by

(
1 =21(1 — 21 — arw2 — bizs) + pupr (2, wit)

< x’z = xg(l — b2x1 — Lo — CL2$3) + upQ(w,wt)

\ &g = x3(1 — asxy — bsre — x3) + ups(x, wt).

52



CHAPTER 4

Normal Form and Error Estimates

In this Chapter we prove Propositions 3.2.1, 3.2.4, and 3.2.3. Description of prop-
erties of trajectories staying for a long time near saddle fixed points can be easily
done when a system is reduce to a certain linear form. Proposition 3.2.1 is about
reduction of a periodically forced system to a normal form near saddle point. We
use this Proposition to derive the local map by integrating the systems near saddle.
Proposition 3.2.4 gives C* control over time spend by the solutions near saddle and

Proposition 3.2.3 control the nonlinear part of the solutions in C® norm.
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4.1 Normal form

Proof of Proposition |3.2.1;

We begin with the equation

e _

= = 7(e) (41)

and its perturbed form as discussed in Chapter 3

C — j©) + ple0) (4.22)
dé
priakt (4.2b)

By hypothesis (A3]) on local dynamics from section (3.2)) of Chapter 3, we have an

analytic coordinate change
n =&+ q with inverse £ =n+ Q

where ¢;, Q; : RY — R (1 <i < N) are analytic, such that equation (4.1)) takes

the following linear form

dn
— =Df(0)n.
3 = Pfom
Let’s denote the eigen value with respect to unstable direction ([ = —ay > 0

through out this proof. Using this coordinate change and equation (4.1]) and (4.2al),
we get
(14 02;Q;)(—aux + f;) + Z(aijj)(ajxj +fi)=—aim; (1<i,j<N) (4.3)
J#i
dn;

o = —auni + p(l+ 0ii — ;5%%)(%) (1<4,j<N) (4.4)
VE
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Using equation (4.4) and (4.2), we get the following form of equation (4.2))

W i (1 B ((,0)) (1< < N) (450)
o =w (4.5h)

where h;(n) = 1+ 0x;Qi(z) — >_.; 07;Q;(z) and p(n,0) = p(x,0). When force
is added to the unperturbed system the hyperbolic stationary point of the equation
became hyperbolic periodic solution of the equation ((4.2)) with period 27rw=!.
To standardize the location of periodic orbit and its local stable and unstable mani-
folds we use the following steps.

Standardization of periodic orbit

let pp(6, p1) = pp(0+2m, pu) be periodic solutions of the equation ([4.5a). We proceed
to show that such solutions exist and unique with bounded C?® norm. The functions

¢; for 1 <i < N should satisfy

WSl = iy~ (14 () (5145, 0)) (4.6)

So we have
w1 (0—00) 10-*1(0 .
G0, ) = em O — /9 e L 4 hi(pgp(s, )] - [i(neb(s, )]s
0
Let 0 = 0o+ 2m. Using ¢;(0g + 2m; ) = ¢; (0o, p) for 1 <1 < N, we get the following

-1

e [ e s+ 00 s+ ;s

1 — €—2aiw* 0

Gi(0; 1) =

The existence and uniqueness of the functions ¢; follows from contraction mapping
theorem. The bound on the partial derivatives with respect to § and p obtained from

above equation by taking the partial derivatives. Now introducing a new coordinate
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change
X =&~ pe(0; ) (4.7)
which stabilizes the periodic orbit to a saddle point. In terms of this coordinates,

equation (4.5)) has the following form

dX; .
= —; X + pFy(X,0; 1) (1<i<N)

do _
dt

w

where for each ¢

Fi(X,0; 1) = =[hi(X +p¢) = hi(ne)](pi( X +1)) — (1+hi(1d) (pi (X +pep) —pi(1ep))
and are analytic with bounded C® norm on
{(X.0;1): |1 X]| <£,0 €S0 < pp < po}

Flattening local manifolds
Let
Xp = pW( Xy - Xny_1, 05 1)
Xi =W (X, 05n) (1<i<N)
be local stable and unstable manifolds of the periodic solution (X, 60) = (0, wt)

of equation (4.8). We use following standard result about local manifolds.

Proposition 4.1.1. There exist ¢ > 0 and po = po(e) > 0 such that W and W*
are analytically defined on

(—e,e) x St x [0, o]

and satisfy
WH0,0; 1) =0 (1 <i<N) and W?*0,0;u) =0
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with

Witlls < K (1 <i < N) and [[W?s < K
Proof. See [31] for the proof.

By definition W for 1 <7 < N — 1 and W* satisfies

—OKZ'I/VZ-U + E = UJOQVVZU + 8XNVV;L . —OlNXN + ILLFN
N—-1
—a,W? 4+ F,, = wo,W?* + Z(@XiWS = X;) + pF;

=1

Now define new coordinates

7

T, =X, — W?

(4.9a)

(4.9b)

By using the equation (4.9) and new coordinates systems defined above (4.8)) takes

the following form

dx; »
= (~aui o+ G, 0 ) (150 < N)
@ _

dt

(4.10)

where for each G; is a analytic function of all arguments defined on U, x S! x [0, uo]

with C? norm bounded by constant K.

This completes the proof of the Proposition [3.2.1]
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4.2 Error estimates

4.2.1 Proof of Proposition [3.2.3

Let 2z = Hz ?xd %+t and let 9.« denote the corresponding partial derivatives with
order k = Zgll d;. Since the C? norms of the functions G; are bounded on U x [0, p]

and G;(x) = g;(ux), there exist K > 0 such that for every z of order < n, we have
|05(0h,9:-2)] <K (1<i<n) (4.11)

on the domain D(t, qo, p).
C° estimates

Using the inequality (4.11)) and Proposition [3.4] we have
willcogomy) < K (1 <2< N) (4.12)

C'! estimates

0y = Oy +wt so 0,, ,0 = 0. Now using ({3.9), we have

t
axi,owj = :ut_l/ (Z al‘kgj'al‘i,oxk)ds (1 <1,J < N) (413)
Ok

and from equation (3.8]), we have following for 1 <i,57 < N

8ﬂCz‘,on = txja$i,0wj (] 7£ Z) (414)
z;

O, oTi = 120y, yw; + (4.15)
Zi0

using equations (L13), (1), and, (LI5), we get
Oy, 05 t—l/ Zazkgj .50y, ,w;)ds

t .
+p¢—1/ s, Ji- T s (1<i,j<N) (4.16)
0 X0
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from equation (4.11]), we know that
Orgiil < K (1<, <N) (4.17)
using the above inquality in , we get the following
|0y, ywy| < Kpt™! /Ot(Z!Saxi,OijdS +Kp (1<ij<N) (4.18)
J
from which it follows that

100 wj] < K. (1<i<N)

%,0
And for Opw; (1 <i < N) weuse 060 = 1. Computing the derivatives
t
Ogow; = pit =) / > (0s,9-00,25) + gy gids (4.19)
0 -
j

using

890.’13]‘ = txjﬁgowj (1 S 1 S N)
in equation (4.19)), we conclude
|Ogowi| < Kp. (1 <i<N)

For 0,w; we use the facts O,y = i, 0,9, = p0,g;. By using the similar arguments
as above it follows that d,w; for 1 <¢ < N are bounded by K. Boundedness of d;w;
for 1<i< N follows from C° estimates. Hence C' estimates follows.

C? estimates

We use equation (4.13) to compute the 2nd derivatives.

t
a.gi’()xi,owj = /"Ltl/ov (Z(Z agkzlgj'aﬂci,oxl)a%,oxk
k l

+ > (00,9502, 0 ymi))ds  (1<i,5 < N) (4.20)
k
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using (4.14)), we have

(9%1 035,07 = t0p, 10§00, W —i—tx]@g oo Wi (j #1) (4.21)
2 2 aﬁﬂz oli Xy
0z, ows o Ti = 100, o000, qwi + 12,05, o0 Wi + ——— — —- (4.22)

Ti0 T30

)

for 1<i,j<N

using equation (4.21)), and (4.22) in (4.20)), we get
awzoxzo = put 1/ Z Z wpaey Y wzoxl)axi,oa:k)ds

+/’Lt 1/2 mkg] taxz Oxkazz Owk +tm]aa23 0% 0 )dS

81'0 7
—i—/Ltl/axkgj.( w0 ——)ds (4.23)

4,0 o)
for 1 <i,j <N
using equation ([£.14), (£1I), and, C" estimates on w;,1 < i < N in equation
, we conclude that

’ 4,024,0

Bounds for the other second derivatives are shown using similar procedure. And C®

estimates are also found in same spirit. This completes the proof.

4.2.2 Proof of Proposition |3.2.4

From Chapter 3 equation (3.2.5) we have stopping time

T(qy,p) = ! 1n(50“_1>: ! m(go“_l) (4.24)

B+ wn(T(qy,p), qo; 1t) TN B+ wn TN
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Let T(qq,p) = T. C° estimates of T — %ln(go/fl) on the specified domain follows

from the fact that |wy| < Ku and 2y € T2

C' estimates

From equation (4.24]), we have

-1
Oy T =lo ) ’ 1<i<N-1
T =log() S 1<y )
and
-1 0, .w 1
6:z:N,oT = log(glu o7

ilf]v,o ' (Oén + ’lUN)2 (Cl/n + wN)$N70

using C° estimates of 7" and C! estimates of wy we have
10,7 < Ks.  (1<i<N)

Similarly
|89T| < Ks.
For pu derivative we use O,p0 = p

OpWwn - 1

AT = log(H—
b g o (o, +wy)?  an +wy

by same reasons

|3pT| < k5.

(4.25)

(4.26)

(4.27)

(4.28)

C! estimates follows. C? and C? estimates are follows from computing the deriva-

tives and using C! and C° estimates of wy and 7. This completes the proof of

Proposition [3.2.4]
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CHAPTER b

Statistical Properties of Dynamical Systems

We study memory loss in nonequilibrium open dynamical systems. This work fits
into the larger study of statistical properties of dynamical systems. Memory loss in
this setting is an analog of decay of correlations. Transfer operators play a central

role in memory loss results.

5.1 Transfer operator

Let (X,T) be a smooth dynamical system on a compact manifold X. The map T

associates to each measurable ¢ : X — R the function Pr(p) : X — R defined by

Pror) = Y LW

y:T(y)==
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5.2. STATISTICAL METHODS

By change of variables it follows that for ¢ € L*° and ¢ € L!, we have

Jor)y v an= [o Py s
If o is the density of an absolutely continuous measure pu, then Pr(p) is the density
of the push-forward measure T,p defined by Tou(A) = u(T~1(A)). We can view Pr
as the action induced by T on the space M of absolutely continuous measures. It

has the following nice properties.

(a) Pr is linear and positive.

(b) [IPr(o)ll < [l Vg € L.

(¢) Pro=¢ iff u=¢ dxisan absolutely continuous 7T-invariant measure.
(d) Ppx = Pk V positive integer k.

The map Py is called the transfer operator; It describes the evolution of initial densi-
ties under the dynamics. The transfer operator is used to find absolutely continuous

invariant measures and study statistical properties such as decay of correlations.

5.2 Statistical methods

One can use the following ideas when studying statistical properties of dynamical

systems.
(a) Spectral properties of the transfer operator and tools from functional anal-
ysis.
(b) Coupling techniques from probability theory. This involves matching and

evolution of densities under the transfer operator.
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5.2. STATISTICAL METHODS

(c) Hilbert or projective metric method. This uses a contraction theorem for

the Hilbert metric and gives explicit rates of correlation decay.

We use the Hilbert or projective metric method to study memory loss for nonequi-

librium open dynamical systems.

5.2.1 Convex cones and Hilbert metric

We start with definition of convex cone.

Definition 5.2.1. Let V be a vector space. A convex cone is a subset C C V with

the following properties.
(a) CN—C=10
(b) yC=C forall v >0
(c) C is a convex set

(d) For all ¢,9 € C, every ¢ € R, and every sequence (c,) in R such that ¢, — ¢,

if o — c,1p € C for all n, then p — cp € CU{0}.

Example 5.2.2. Let V = BV/([0,1],R) be the space of all real valued functions
of bounded variation on the unit interval. Let C = {¢ € V : ¢ > 0,9 # 0} and
Ca={p€V:i¢>0,p%0,var(p) <a[pdu} for a > 0. Then C and C, are convex

cones.

Definition 5.2.3. Let C be a convex cone and let ¢,¢0 € C. Let a(p,¢) =

inf{c>0:cp—1 €C}and B(p,¥) =sup{r > 0:1¢ —ry € C}. The Hilbert metric
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5.2. STATISTICAL METHODS

dc is defined on C by

de(p,¥) = log <a<(p’ w) :

B, )

Where we take o = oo and 3 = 0 if the corresponding sets are empty.

Observe that d¢ is projective, i.e de(A1@, Aayp) = de(p, 1) for A1, g positive.
The following result due to G.Birkhoff asserts that in the current context, a positive
linear operator is a contraction in the Hilbert metric provided the diameter of the

image is finite.

Theorem 5.2.4 ([12]). Let Vi and Vs be vector spaces containing convex cones
C1 and Co, respectively. Let L : Vi — Vo be a positive linear operator, meaning
L(Cy) C Cy. Define

A= sup de,(¢",0%).
e eL(C1)

Then for all o, € Cy, we have

de,(Lp, L)) < tanh (%) de, (@, ).

This result allows one to obtain explicit, constructive bounds on rates of corre-
lation decay. It is natural to relate the Hilbert metric to some familiar norm. The
following proposition due to Liverani, Saussol and Vaienti describes the relation of

Hilbert metric to adapted norms on V.

Proposition 5.2.5. [53] Let C C V be a convex cone and let ||-|| be an adapted
norm on V; that is, a norm such that for all o, €V, if v —p € C and v + ¢ € C,

then ||| < [|¢]|. Then for all ¢, € C, we have

lell = 9l = llp — vl < (e — 1) [l
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5.3. MEMORY LOSS

Remark 5.2.1. ||.||1 is adapted with respect to the cone C of all nonnegative, bounded

variation functions in L'[0, 1].

The idea is to consider the cones defined in the example [5.2.2] as sets of density
functions on which transfer operators will act. We want to show that such actions

are contractions in the Hilbert metric and thereby develop results on memory loss.

5.3 Memory Loss

Memory is lost if the state of the system is largely independent of the initial state
as time increases. There are two ways memory loss can happen conceptually. First
trajectories may coalesce near a single trajectory as they evolve. The following

example illustrates the idea.

Example 5.3.1. Let X be a compact metric space and f; : X — X be a sequence
of uniformly Lipschitz maps with Lipschitz constant L. < 1. The dynamical system
is defined by composition these maps. Since each map is contracting, all trajectories

coalesce into a small blob which continues to evolve with time.

A similar phenomenon occurs in random dynamical systems. An SDE of the form
n
dry = a(z,) dt + Y bi(z;) o AW}
i=1
gives rise to a stochastic flow of diffeomorphisms in which almost every Brownian
path defines a time-dependent flow [42]. When all Lyapunov exponents are strictly
negative, trajectories coalesce near a unique equilibrium point that evolves in time

called a random sink [44]. This phenomenon occurs in dissipative systems such as the
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5.3. MEMORY LOSS

Navier-Stokes system [57, 58] and in certain coupled oscillator networks modelling

neuronal activity [49].

In chaotic system memory is lost because of sensitive dependence on initial con-
ditions. Small errors in initial conditions can lead to substantial errors, so in practice
it is impossible to track specific trajectories in such systems. A statistical approach
is often considered. We say that an autonomous system exhibits memory loss in
the statistical sense if there exists a unique invariant measure with density ¢ such
that for any suitable absolutely continuous initial distribution with density vy, we
have 1, — ¢ as t — oo, where v, is the dynamical evolution of ¢,. We say a non-
equilibrium system loses memory in the statistical sense if for any two suitable

initial densities g and vy, we have

/]cpt—wt]du—)O as t — oo

where p is a reference measure. In the following sections we discuss some existing

memory loss results on time-dependent systems.

5.3.1 Expanding maps

Definition 5.3.2. Let M be a compact connected Riemannian manifold with Rie-
mannian volume m. A smooth map f: M — M is said to be expanding if there
exists A > 1 such that |D,f(v)| > AJv| for every x € M and every tangent vector v

at x.

Let f; : M — M be a sequence of expanding maps. The dynamical system is

defined by the composition of expanding maps. The map at time m, F),, is defined
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5.3. MEMORY LOSS

by F,, = fmo---0o fi. For A\ > 0 and I' > 0 define
EONT) = {f: M = M |[fll= <T.|Df(x)o] > Ao| V(x,v) € TM}
and let the class of density functions be given by

D:={p>0: /godm =1, is Lipschitz}

Theorem 5.3.3. [68] Given A > 1 and I" > 0, there exist a constant A = A(\,T') €
(0,1) such that for any sequence f; € E(N\,I') and any ¢, € D, there exists C,y
such that

[1P5,(5) = P (@)l < Coph v > 0.

The proof uses a coupling technique.

5.3.2 Piecewise expanding maps in dimension one

Definition 5.3.4. Let S! be the interval [0, 1] with end points identified. A map
f: 8 — S!tis said to be piecewise C? expanding if there exists a finite partition Q

of 8! into intervals such that for each J € Q

(a) f|J extends to a C* mapping in a neighborhood of .J

(b) there exist A > 1 such that |f ()| > X for all 2 € J.

Iterates of a single piecewise C? expanding map may not exhibit memory loss.
Indeed memory loss in this context is equivalent to mixing, and a single piecewise
C? expanding map may need not even be ergodic. For this reason we introduce

enveloping maps.

68



5.4. CONDITIONAL MEMORY LOSS

Definition 5.3.5. Let f be a piecewise C? expanding map. For n € N define
Q, =V, f"YQ. We say f is enveloping if there is N € Z* such that for every

J € Q we have ;g ., [V (int(1)) = S".

One cannot expect memory loss out of an arbitrary composition of maps. We
therefore consider a natural topology on the space of piecewise C? expanding maps.
Let g be a piecewise C? expanding map. We say f is in the ¢ neighborhood U, if the

following conditions are true.
1. the points of discontinuity of f and g are close.
2. fand g are C? close in an appropriate sense.

The set of density functions considered in this case is

D={peBV(S",R):p> O,/S1 e(x)dr = 1}

Theorem 5.3.6. [68] Let € be the set of piecewise C* expanding maps with the
enveloping property and let g € €. There exist A < 1 and € > 0 such that for all

s €U, and € D, there exists C > 0 such that for alln € Z*, we have
f (9) @, : (p) ,

/S 1Pr,(9) = Pr()ldm < CppA”

5.4 Conditional memory loss

Open dynamical systems are considered as systems with holes in the phase space.
The trajectories are considered until they fall into the holes. The study of statistical

properties of open systems was introduced by Pianigiani and Yorke in [73], wherein
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5.4. CONDITIONAL MEMORY LOSS

they asked the following questions: Consider a particle on a billiard table whose

dynamics are chaotic. Suppose a small hole is made in the table.

1. What are the statistical properties in this system 7

2. If one starts with an initial distribution pg and u, represents the normalized

distribution at time n, does pu, convergence to some p independent of g7

Such a measure p, if it is well-defined is called conditionally invariant measure. The
existence and statistical properties of such measure for equilibrium open systems have
been studied(see e.g. [52], [78]). For nonequilibrium systems, conditionally invariant
measures do not exist in general. We study memory loss in nonequilibrium open

context, a study motivated by following example.

Example 5.4.1. Open billiard with moving scatterers

Billiard dynamics are usually modelled by the motion of small particles inside a two-
dimensional torus. The dynamical system is defined by the trajectories made by
small particles in the domain X = T? — |, I'i,where the I'; are the convex subsets of
T? which represent the boundaries of scatterers inside the billiard table. The motion
of the particle follows the rule that the angle of incidence is same as angle of the
reflection at collisions. The scatterers I'; are often thought of as fixed. However it is
more realistic to model them as slowly moving objects. This create nonequilibrium
billiard. If one additionally introduces holes (which may vary with time), one has a

nonequilibrium open billiard system.

In order to address the types of questions posed by Pianigiani and Yorke, we for-

mally introduce nonequilibrium open systems and an appropriate notion of memory

70



5.4. CONDITIONAL MEMORY LOSS

loss.

5.4.1 Memory loss for open nonequilibrium systems

We now introduce nonequilibrium open dynamical systems. Let X be a Riemannian
manifold and let A denote Riemannian volume (Lebesgue measure) on X. Consider
a sequence of maps (ﬁ : X — X)2,. For m € N, define B, = fno-ofi. We
call the sequence (F,,)%°_, a nonequilibrium closed dynamical system. Unlike the
random dynamical systems setting, we do not assume that the fz are drawn from
a known distribution. Our setting is meant to model scenarios such as dynamical
processes with time-varying parameters or dynamics in time-varying environments.
An open system is produced by introducing holes. For j € N, let H; C X. We
call H; the hole at time j. Informally, we create an open system from (ﬁm)ﬁzl by
tracking trajectories until they fall into a hole. Once a trajectory falls into a hole, it
is deemed to have escaped. Formally, for m € N define the time-m survivor set S,
by

m

S =X\ | J(B) ' (H,).

i=1

Let F,,, denote the restriction ﬁm|5’m; that is, F}, is defined on points with trajectories
that have not fallen into a hole after m iterates. We call the pair ((F,,), (H;))
a nonequilibrium open dynamical system. We define a notion of memory loss for
nonequilibrium open systems that is both statistical and conditional in nature as

follows:

Definition 5.4.2. Let ¢y and 1)y be two initial probability densities defined on X.

Let ¢; and 1, denote the evolved densities under the action of the nonequilibrium
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5.4. CONDITIONAL MEMORY LOSS

open system. Since mass is allowed to escape through the holes, ¢, and ; will not be
probability densities in general: we expect ||| 1y < 1 and [[¢h]| 11,y < 1. We say
that a nonequilibrium open system exhibits conditional memory loss in the statistical
sense if for all initial densities pg and ¥y chosen from a suitable class, we have

Pt Py

— =0.
leellprgy el

L))

lim
t—o0

Ideally one explicitly estimates the rate of convergence as well.
We are motivated by the study of the statistical properties of open billiards with

slowly moving scatterers. In the following Chapter, we study a one-dimensional

setting as a nontrivial first step.
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CHAPTER 6

Memory Loss for Nonequilibrium Open Dynamical Systems

In this chapter we establish conditional memory loss in the statistical sense for
a class of nonequilibrium open systems generated by one-dimensional piecewise-
differentiable expanding Lasota-Yorke maps. We work in this setting because it
is simple enough to allow for a clear development of ideas yet complicated enough in
that it has some of the features of more realistic settings. Using convex cones and a
projective metric known as the Hilbert metric, we show that memory loss occurs at

an exponential rate and we explicitly estimate this rate.
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6.1 Setting and statement of results

6.1.1 Underlying closed dynamical systems

Let [0,1] be the phase space on which our dynamical processes act. Let A denote

Lebesgue measure on [0, 1].

Definition 6.1.1. For s < 1, let M(s, K3) denote the set of maps ¢ : [0,1] — [0, 1]
that satisfy the following hypotheses:
(a) there exists a finite partition A(g) of [0, 1] into subintervals such that for
each J € A(g), g is C* on J and extends to a C? function on J;
(b) max;eas) SuPaey |9'(2)] 7" < 55
(c) maxjea(g) Sup,es 9" (%) < Ko.

We now define d-perturbations within M(s, K3). Let g € M(s, K3). Let Q(g) =

{0 ==x1,..., 2, = 1} be the set of partition points associated with A(g) and define
do(g) = minigick—1 Tiv1 — Ti.
Definition 6.1.2. We say that f € M(s, K5) is a d-perturbation of § € M(s, K>) if
(a) & < 3da(9);
(b) Q(f) ={0=1y1,...,y, = 1} where |y; — 2] < & for every 1 <i < k;
(c) if & 7, maps each interval [x;, x;11] affinely onto [y;, y;+1], then on every J €

A(g), we have

fogfg—f] < 0.

c2(J)
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Let N(g,d; s, K3) denote the set of d-perturbations of g.

Remark 6.1.1. The set
. . ..
{N(g757 57K2) - g € M(SvKQ)v 5 < ZdQ<g)}

is a basis for a topology on M(s, K3).

Iterates of a single map g € M(s, K3) do not necessarily exhibit memory loss.
Indeed, memory loss is equivalent to measure-theoretic mixing in this context, and
a single map g € M(s, K3) may not even be ergodic. For this reason, we formulate

an appropriate mixing condition.

Definition 6.1.3 (class €). Let ¢; € (0,1) and ¢, € (1,00). We say that g : [0,1] —

0, 1] belongs to €((1, (2) if the following hold.

(a) For every partition Q of [0, 1] into subintervals of equal length, there exists

a time E(Q, (y, (2) such that for every J;, Jo € Q, we have

M NG (J2)

AL (61

G <

for every i > E(Q, (1, ().

(b) For every z; € (g) and every ¢ € N, we have

dist (hm gi(z),Q(g)\{0,1}> >0, dist < lim, gi(z),Q(g)\{o,u) > 0.

Z2—x zZ—x
J J

For z; =0 (z; = 1), only the limit from the right (left) is considered.
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6.1.2 Nonequilibrium open dynamical systems

Start with a ‘base map’ g € M(s, K3). Let § > 0 be small and consider a sequence
of maps (f;)22, in N(§,0;s, K,). For m € N, let E, = fno-ofi. We call the
sequence (ﬁm)ﬁzl a nonequilibrium closed dynamical system.

We now introduce holes. For j € N, let H; C [0,1] denote the hole at time j.
We assume that H; consists of at most L pairwise-disjoint open subintervals H} of

[0,1]. For m € N, define

Sm = [0,1]\ U(E)’l(Hi)-

We call S,,, the time-m survivor set. Let F,, denote the restriction ﬁm\Sm We call

the pair ((£,), (H;)) a nonequilibrium open dynamical system.

6.1.2.1 Densities and transfer operators

Let BV([0,1],R) denote the space of real-valued functions of bounded variation on
[0,1]. The evolution of probability densities in BV ([0, 1], R) under the action of a
nonequilibrium open dynamical system ((F},,), (H;)) is described by the family (Lp,,)

of transfer operators defined by

L@ = Y 2

z:Fm (2)=x ‘ m(Z) |

(LF, (p)(z) =0if F1(x) = 0). Of course, we expect to see 1LE, (2 < el
in general, since mass will escape through the holes. We define operators Ry, by

renormalizing:

_ Lk, (¢)
| LE. (@)l 21y

R, ()
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Notice that R, is not linear. We are interested in the action of the sequence (Rp,,)

on the space

D={peBV(0,1R): 9 >0, [[ellpp =1}

6.1.2.2 Main theorem

Theorem 6.1.4. Let g € M(s, K2) N E(C1, ) and let L € N. There exist dy > 0,
g0 > 0, and A < 1 such that the following holds. Let (f;), be any sequence of
maps in N(g, do; s, Kz) and let (H;)32, be any sequence of holes such that H; consists
of at most L pairwise-disjoint open intervals and N(H;) < ey for every j € N.
The resultant nonequilibrium open dynamical system ((Fy,), (H;)) exhibits conditional
memory loss in the following sense. There exists a convex cone C, C BV([0,1],R)

and a constant Cy > 0 such that for every ¢, € DNC,, we have
IR F (0) = R, () 1y < CLA™ (6.2)

for all m € N.

Remark 6.1.2. See Section [6.2.2{ and (6.15]) for the definition of C,.

6.2 Proof of Theorem

6.2.1 A Lasota-Yorke inequality

We introduce several useful partitions of [0,1]. Let Zg") = Zﬁ"’( fiy-. .. fn) denote
the dynamical partition for F,. Let Z{” be the coarsest refinement of 2\ such

that every element of 25”) is divided into subintervals of equal length and we have
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A(J) < ns K5 " for every J € 28", For J € 20", we have
Fi()
(Fy(x))?

Let Zg") be the coarsest refinement of :Z,g”) such that for every J € Z.é"), we have

Var(|F! |7, J) = / dz < Ky$2A(J) < s™ (6.3)
J

JcS,orJNS,=0.

Proposition 6.2.1. Let 0 € (s,1) and (f;)2, be any sequence of maps in M(s, K»)
and let (Hj)‘]?‘;l be any sequence of holes such that H; consists of at most L pairwise-

disjoint open intervals. let Ny € N be such that
0N > 65N (LN; +1). (6.4)

For every k € N and every nonnegative ¢ € BV([0,1],R), we have

Var <£szv1 (), 0, 1])

< 0 Var(p, [0,1])

+ ((1 — M)t 5sM(LN; +1) sup A(Z)‘l) 1l r e -
ZezND)

(6.5)

Proof of Proposition [6.2.1. Computing Lr, (), we have

Lr,(9)= Y Lr(lz) (6.6)

zex{™M
ZC 5,

= Y (Plz-|E o (Fl2)" (6.7)

zex{M
ZC8n

Therefore

Var(Lr, (), 0,1]) < > Var ((plz - [Fp| ") o (Fa]2)7,[0,1]) - (6.8)

zez{™
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We estimate each term in the sum on the right side of (6.8). For Z C Zg") such that

Z C Sy, let 7 € Zén) be such that Z C Z. For any such Z, we have
Var (¢ - |7 0 (F12)7.[0.1]) < Var (A|FL~. Z) + 2sup |
Z
< 3 Var <<p|F1;|_1, Z) + Zirzlfg0|F,’L|_1
<3 {s” Var(p, Z) + (sup ) Var (]F;l]’l, Z) }
Z
+2inf | F |7
Z
<3 {s” Var(p, Z) + s"(sup 90)} + 25" ierfgp
Z
< 65" Var(p, Z) + 5s" inf . (6.9)
Next observe that for every Z e zé"’ we have
#{Zezgn):ZcSn anchZ}gLnH. (6.10)
Estimates , , and imply

Var(Lp, (),0.1]) < (Ln + 1) (6s" Var(p,0.1]) + 55" sup MZ)™) el )
zezy"

(6.11)

We choose N; € N such that
oM > 6sNM (LN, + 1)
(see (6.4)), yielding

Var(Ley, (), [0, 1]) < 0™ Var(p, [0,1)) + 55" (LN, + 1)(_sup MZ2) ™) @]l -

Zex{N)
(6.12)
We obtain the Lasota-Yorke estimate (6.5 by iterating (/6.12]). [ |
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6.2.2 Parameter selection

We prove Theorem by studying the action of {Lf, } on a suitable convex cone
C, of functions inside BV([0,1],R). We choose Q (recall Definition [6.1.3|(a)) and
introduce o, T, and a such that (P1)—(P3)) are simultaneously satisfied.

(P1) 0<o<1

(P2) T € N: choose such that T is a positive integer multiple of Ny, T" >

E(Q,¢1, (), and 07 < 1. In view of (6.5), define

Cry = (1 — 0" 56M (LN, + 1) sup sup A(Z)7L.
F1ren vy EN(G,0035,K2) Zengl)

Definition [6.1.3|(b]) implies that Cry < oo if dy is sufficiently small.
(P3) a > 0: the aperture of the cone C,. We choose a such that

Cl — CQ(I . dlam(Q) > 07 (613)

abd? + Cry
< . .
1 — Goa - diam(Q) =7 (6.14)

To see that (P1)—(P3)) may be satisfied simultaneously, proceed in the following

order:

(a) Choose T sufficiently large so that 67 /((;/2) < o.

(b) Choose a sufficiently large so that

abd” + Cry
(1/2

< oa.

(c¢) Choose diam(Q) sufficiently small so that (sa - diam(Q) < ¢;/2.
(d) Increase T (if necessary) so that 7' > E(Q, (1, (2).
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6.2. PROOF OF THEOREM

6.2.3 Invariance of a suitable convex cone

Define

Co={p€eL'(N):9>0, o0, Var(p) < aE[p|Q]}. (6.15)

We study the action of Lz on C,. For positive integers m > 7, define
Fm,i:fmofmflo"'ofia Fm,i:fmofmflo"'ofia
where fj is the open system corresponding to fk (1 <k <m).

Lemma 6.2.2. There exist 69 > 0 and €y > 0 such that for every ¢ € C, and 1 € N
we have

(¢, — Goa - diam(Q) / o\ <E[Lr,,, (9)]2) < G(1 +a- diam(Q)) / Hd.

[0,1] [0,1]
(6.16)
Proof of Lemma[6.2.9 First, choose dy sufficiently small so that holds for }*A}JFT_LZ-
for all i € N. Second, choose ¢; sufficiently small so that holds for Fyp_q, for
all 7 € N.
Write F' = Fiir_1,. For x € [0,1], let Q(x) denote the element of Q that contains

z. We have

E[Cr(¢)]Q)(z) = m /Q L)
1

~ Q) /Fl(Q(;r)) pd) (6.17)
1

QW 2 Jyrsy PN

81



6.2. PROOF OF THEOREM

Bounding ¢ from below, for every z € Q' N F~1(Q(z)) we have

p(z) = inf o(y)

yeq’

> sup o(y) — Var(p, Q")
y€Q (6.18)

> 57 L, P Varte. @)
-7 ([ ror-x@) vt @)

Using (6.17), (6.18), and (G.1)), we have

1 1 ! !
BILe(0)19)(0) > 1o O /Q o ST ( [ ar-a@)var(e.@ >) aA(2)

Q'eQ
_ 5 M@0 F Q) O Var(e O
"2 RN ([, par-s@varto)

>4 / dA — G - diam(Q) - Var(g, [0, 1])
[0,1]

> Cl/ @d\ — (pa - diam(Q) / odA
[0,1]

[0,1]

= (¢1 — Gea - diam(Q)) /{071] pdA. -
6.19

The upper bound
BILr(2)|9 (@) < 1+ a- diam(@)) [ pdA

[0,1]

follows from an analogous line of reasoning.

Proposition 6.2.3. In the setting of Lemma[0.2.9, for every i € N we have

£Fi+T—1,i (Ca) C Coa-
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6.2. PROOF OF THEOREM

Proof of Proposition . Write F' = Fi 1, and let ¢ € C,. Using (6.5]) and (6 -

we have

Var(Lr(),[0,1]) < 07 Var(g, [0, 1]) + Cuy [[¢ll (6.20)
< (af" + Cry) [lell (6.21)
CLOT + CLY
< TN L) (6.22)
< 0aE[Lr(p)|9Q]. (6.23)
[

6.2.4 Applying Hilbert metric method

Let d¢, be the Hilbert metric defined in section from chapter 4.

Proposition 6.2.4. Assume the setting of Proposition |0.2.5. For every i € N and

for all p,9 € C,, we have

di
e (Lo (90 (9)) < B0 = 2105 (17 ) 42105 (S0 mO)),

(6.24)

Proof of Proposition[6.2.4). Let o*,¢* € Cp,. Suppose ¢ > 0. We have
Var(cg™ — 9", [0,1]) < ¢ Var(e™, [0,1]) + Var(y*, [0, 1]) (6.25)
< coaE[p*|9Q] + oaE[y*|Q]. (6.26)

Therefore cp* — ¥* € C, if

coaB[p"|Q] + oaE[y"]Q] < aE[ep” —¢*|Q].

33



6.2. PROOF OF THEOREM

This is equivalent to

l1+o E[¢*|Q]
<ec. 2
(25) (5t57) < (027
Arguing analogously, for » > 0 we have ¢* — rp* € C, if
-0\ (E[pr]9
< : 2
<(17¢) (B5mm (0:2%)

Bounds ((6.27)) and (/6.28]) imply
140 E[*|Q] ((1—0) , EW*\Q])
de, (™, 0") <lo —— | sup =———= | —1lo inf ——
el 97) < log <(1—0)x€[0}i] E[¢*|9] S\\1+ 0/ wc01 E[p*|Q]
l+o E[*|9] ( : EWM)
<2log| —— | + 1o su —1lo inf . (6.29
(157) s <we[§,i] Bl ) 8 L ) )
Proposition [6.2.3 and estimates (6.16) and (6.29) imply (6.24) with

B l+o C2(1 4 a - diam(Q))
Ao = 2log (E) +2log ( (1 — Ga - diam(Q) ) '

Corollary 6.2.5 (corollary of Proposition [6.2.4)). Assume the setting of Proposi-

tion[6.2.4 For everyi € N and for all p,¢ € C,, we have

e (9, Ly () < i (5 ) deor). (030

Proof of Corollary[6.2.5. The result follows directly from Birkhoff Theorem

from chapter 4 and Proposition [6.2.4 [ |

We are nearly in position to derive (6.2)). One additional ingredient is needed: a

Lipschitz estimate involving R.
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6.2. PROOF OF THEOREM

Lemma 6.2.6. Assume the setting of Corollary[6.2.5. There exists Cry, > 0 such

that for all integers n satisfying 1 < n < T, for everyi € N, and for all p,v € DNC,,

we have
IRre ) = Rt @iy < Crinllo = Vllsy - (631
Proof of Lemma 628, Wiite F = Fren_1, and ||| = ||z, Let ¢, € DNC.
We have
IRete) ~Re@) = | 225 ~ zran| (632
- vz~ e e e

( (
eI = 1L oo (6.34)

L@ IR W)
1
2(G — Ga - diam(Q)) ™ [Lr(p) = Lr(¥)] (6.36)
< 2(G1 = Ga - diam(Q) |y — (6.37)

using (6.16)). Set

CLip - Q(Cl — CQCL . dlam(Q))_l

We now derive (6.2). Write [|-||; for the L! norm. Let ¢, € DNC,. Let m € Z*
and write m = kT +n where k € Z* and 0 < n < T. If k > 1, by using (6.31)),

Proposition [5.2.5) (6.30]), and (6.24)) respectively, we have
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6.2. PROOF OF THEOREM

IR, (¢) = R, ()]l € CLip [RE (@) = R ()
< CLip (exp (dca (RFkT (90)’ RFkT (¢))> - 1)

= Crip (exp (de, (Lrir (#), L (V) = 1) (projectivity)

Ag\\ !
< Cuy (exp ((tanh () dcawFT(so),.cFT(w») - 1)
k-1
< OpipAoe™ (tanh (%))
1T\ ™
< CripAge™ tanh ™2 (%) ((tanh <%>) )

Consequently, for any m € Z* we have

1/T
IR () = R, ()]l < Crip max {Ao, 1} ¢ tanh 2 (AI> (Ganh <AI)) )

m

This establishes (6.2)) with

A
Cy = Cprjpmax{Ag, 1} e20 tanh 2 (ZO) (6.38)

o (o (2)) 639
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CHAPTER [/

Discussion

We conclude the dissertation with some observations and possible future directions.

Following future directions can arise from the first part of the dissertation.

Our results apply to heteroclinic cycles wherein each saddle has a one-dimensional

unstable manifold. What happen if saddles has more than one unstable manifolds?

e Do our results extend to infinite-dimensional dynamical systems?

Can we formulate results for heteroclinic networks?

We assume the existence and form of the global map in our settings. There can
be detail study of existence and explicit computation of global maps relating

to forcing functions in general. Numerical algorithms may be useful in this
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context.

Our work on conditional memory loss suggests the follwing future directions

e Formulation of the conditional memory loss idea in other different interesting
settings such as nonuniformly hyperbolic systems, skew product and lattice

systems.

e Extension of the result to higher dimensions where the geometry is complicated

due to presence of holes in the domain.
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