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ABSTRACT

Multiscale modeling problems have become an active research area in recent years.
There are many systems involving a large set of variables and these variables mostly
behave in largely different time scales. It is necessary to derive proper effective models
when one needs to obtain dynamical models that reproduce statistical properties of
essential variables without wasting the computational time to compute non-essential
variables in high dimensional systems.

In this dissertation, we develop two new approaches for stochastic effective mod-
els. The Markov chain stochastic parameterization technique is proposed for the
effective models in the first part of this dissertation. This is a numerically oriented
approach where some parts of the right hand side of essential variables are mod-
eled by conditional Markov chains. It is shown that, under the proper conditioning
scheme, statistical properties of essential variables from effective models have a good
agreement with full models. Furthermore, we illustrate that the implementation of ef-
fective models including the conditioning scheme and the estimation of the transition
probability matrices is simple and straightforward.

For the second part of this dissertation, we propose effective models using a
stochastic delay differential equation. The memory part in stochastic delay mod-
els is a simple linear combination of essential variables with finite number of delays.
We apply this technique to the Truncated Burgers-Hopf equation and show that the

effective model reproduces statistical behaviours of the full model.
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Chapter 1

Introduction and Background

1.1 Background

In many high-dimensional systems, the system variables evolve on largely different
time scales. Often, only a small subset of variables is of interest. These variables
are called the essential variables (also sometimes called slow variables or resolved
variables) in the multiscale modeling literature. The essential variables mainly repre-
sent the large-scale behaviour of the system whereas the non-essential variables (fast
variables or unresolved variables) represent the small-scale behaviour of the system.
To obtain statistical properties of essential variables, these systems have to be fully
solved for all variables. Most of the computational time in numerical simulations
is wasted on resolving the non-essential variables. Furthermore, since most of non-
essential variables evolve on a fast time scale, a small time step must be utilized in
the numerical integration in order to have a reasonable accuracy of a solution. Thus,
it is not efficient to fully solve the full system in order to obtain statistical properties
of essential variables. Therefore, there is a need for effective models that describe the
dynamics of only essential variables. However, in many applications, the main objec-

tive of the effective models is not to reproduce the trajectory of essential variables



exactly, but to develop the effective models that reproduce statistical behaviours of
essential variables of full systems.

The multiscale models are often found in many applications. For example, it is
common in the atmospheric-oceanic models [3, 5, 6] that the variables vary on very
different time scales. The atmosphere variables dominantly evolve on the time scale
of days or weeks. On the other hand, the ocean variables evolve on a longer time scale
such as months or years [5, 3]. To study the climate change problem, it is necessary
to consider coupled atmospheric-oceanic system. However, the numerical integration
is extremely inefficient since the time step is limited by atmosphere variables.

Another application of multiscale modeling is chemical reaction models [22, 23,
24]. Many chemical reactions often occur on largely different time scales. The fast
reactions are fired more frequently than the slow reactions. Both of fast and slow
reactions involve some of the same chemical species. In general, the slow reaction
plays an important role of the system. However, most of computational time is spent
on the fast reaction. Therefore, from the computational point of view, there is a need
for the effective models that can describe behaviours of the slow reactions.

The derivation of effective models for essential variable has been actively studied in
recent years. Several approaches have been developed for the effective models. These
approaches can be categorized as semi-analytical approaches and numerically oriented
approaches. Some semi-analytical approaches are based on Mori-Zwanzig formalism
[31, 25]. It is based on the projection of all variables to the space of essential variables.
The dynamics of essential variables obtained from Mori-Zwanzig formalism is called
the generalized Langevin equation. It generally consists of three parts. The first
part depends on the current values of essential variables. Therefore, it is referred to
Markovian term. The second part involves the past values of essential variables and,
therefore, represents the memory effect. The last part can be viewed as a noise term

of the effective models. The techniques based on Mori-Zwanzig formalism include the



optimal prediction framework [10, 11, 12, 13, 8, 9]. Other semi-analytical approaches
include the stochastic mode reduction technique [1, 2, 3, 4, 5] and the coarse-graining
of spin-flip stochastic models [33, 34, 35]. These techniques are based on results of
convergence of stochastic processes [42, 43, 44, 45].

Some of the stochastic mode reduction techniques utilize the asymptotic mode
elimination approach. The asymptotic approach is the method that eliminates non-
essential variables based on an infinite time scale separation. It is assumed that
essential variables and non-essential variables are in very different regimes. Gener-
ally, to derive effective models, non-essential variables are replaced by their average
quantities. This technique is called the averaging method. The average quantities
can be constant values or functions that depend on essential variables. However, if
the average quantities are zero, this approach cannot correctly reproduce the statisti-
cal properties of the full model. In this case, one needs to utilize the homogenization
method which assumes a faster time scale of non-essential variables. In principle, both
averaging and homogenization methods require an infinite scale separation. However,
in many systems, the time scales of essential and non-essential variables might overlap
and, therefore, there is no clear separation of time scales in this case. The effective
models from the asymptotic approach may not be able to reproduce the statistical
properties of the full system.

The numerically oriented approaches include methods for estimation of stochastic
differential equations from numerical or observational data [36, 16, 17, 15], Heteroge-
neous Multiscale Methods [28, 29, 30, 14], and application of Hidden Markov Models
26, 32]. These techniques use numerical or observational data to estimate the effective

model.



1.2 Dissertation Outline

In this dissertation, we propose two approaches to obtain the effective models. These
two approaches can be categorized as numerically oriented approaches. For the first
approach, we introduce the Markov chain variables in the effective models. We pa-
rameterize the interaction of non-essential variables appearing in the dynamics of
essential variables by conditional Markov chains. Markov chains are conditioned on
the state of essential variables. The details of Markov chain parameterization are
given in chapter 2. We give an algorithm to construct Markov chains from numerical
data in section 2.2. The construction of a Markov chain is simple and straightfor-
ward. It can be easy to implement for effective models. We apply this algorithm to
the stochastic triad model and the Truncated Burgers-Hopf equation.

Another approach is the linear stochastic delay differential equation model. Gen-
erally, the effective models that obtain from the projection of non-essential variables
consist of the Markovian term, the memory effect term, and the noise term. In our
approach, we choose the memory term as a finite linear combination of the past his-
tory of the essential variables and approximate the noise term by some stochastic
processes. The coefficients in a linear combination term are obtained by fitting equa-
tions with a least square method. This approach does not assume any knowledge
of the model and is entirely data driven. If there is a strong time scale separation
between essential variables and residuals, then residuals from least square method
can be approximated by white noise. The white noise approximation is based on the
asymptotic mode elimination technique [37, 38]. This approach is given in details in

chapter 3.



Chapter 2

Markov Chain Modeling Approach
for Effective Models

2.1 Introduction

As we mentioned in Chapter 1, the Markov chain effective models are based on
a numerically oriented approach. The main idea of this approach is to construct
a Markov chain that represents the behaviours of the interactions of non-essential
variables. The main difference from other reduction techniques is that the time scale
separation is not essential for this approach. This chapter describes the construction
of the Markov chain effective models including the estimation of transition probability
matrix and the estimation of the value of the Markov chain. The rest of this chapter is
organized as follows. In section 2.2, we describe the construction of the Markov chain
in general models. We describe how to setup Markov chain effective models from the
numerical data obtained from the full model. Parameter estimation is also described
in this section. Then, we apply the concept of Markov chain effective models to
prototype models in section 2.3. We study the factors that affect the behaviours of

the Markov chain effective models. These factors include the time step used in the



parameter estimation and numerical integration of the effective models, numbers of
states in Markov chain models, and the number of conditional Markov chains. We also
apply the Markov chain effective models to a high-dimensional deterministic system
such as the Truncated Burgers-Hopf (TBH) equation. The details are provided in

section 2.4. Finally, conclusions are included in section 2.5

2.2 General Setup for Markov Chain Modeling

We consider the dynamical systems where the dependent variables can be categorized
into two groups: the essential variables, z, and the non-essential variables, y. The
essential variables are typically the variables of interest. They represent the average

behaviour of the system. Let us consider the system of the following form

S = f@)+ e, (2.12)
dy
= = h(z,y). (2.1b)

Both z and y are vector-valued variables where the dimension of x is normally less
than the dimension of y. The main objective of this chapter is to obtain the effective
model that describes the dynamics of the essential variables by replacing the interac-
tion of the non-essential variables and the essential variables with the approapriate
set of conditional Markov chains. We would like to emphasize that the purpose of
the effective model is to reproduce the long term statistical behaviours of essential
variables, not the original trajectory of essential variables. Thus, in (2.1), g(z,y) is
replaced by the Markov chain. For the effective model, we seek the equation of the
following form

dX
— = fX) +m(Z; X) (2:2)

where m(Z; X) represents the collection of conditional Markov chains. These Markov

chains are conditioned on the states of essential variables. The future values of the

6



Markov chain not only depend on the current values of the Markov chain, but also
depend on the current values of the essential variables. Since the Markov chain
modeling approach is an empirical approach, the data are obtained by sampling from
the continuous model with a discrete time step. Thus, we consider the discrete version

of (2.2) which can be written equivalently as follows

Here 7,1 = m(Z,; X,) is the Markov chain value at time step n + 1 generated by
conditioning on the value of Z,, and X,,. X,, := X(nAt) represents the time series of
the essential variables.

To construct the conditional Markov chain, the discrete data of g(z,y) has to be
obtained from the full system. This can be done by integrating the full system with
time step 0t and sampling the data with time step At. In general, we assume that
0t < At. The time step, At, is the same time step used in the numerical integration
of the effective model (2.3).

For our simulations, we are interested in stationary statistical quantities of es-
sential variables. If the process is ergodic, stationary statistical quantities can be
obtained by time averaging instead of ensemble average [40]. In our simulations, we
use time averaging to obtain statistical properties and we denote T as a time length
for computing statistics by time averaging. Typically, T is a large number in order
to get accurate statistical quantities.

To obtain the time series of the full model, we sample data with a time length of
Ty. Generally, T} is a short length of time such that the data are obtained enough to
construct the effective model. Tj is typically much less than 7' (T << T').

Let g, = g(zn, yn) = g(x(nAt), y(nAt)) be a time series of g(z,y) sampled at time
step At and z,, = x(nAt) a time series of x sampled with time step At. Let Ny = L%J
where |z | denotes the greatest integer that is less than or equal to . Thus, N is the

length of time series that we use in the construction of the Markov chain. Since x has
7



a continuous state space, it requires an infinite number of conditional Markov chains
in order to condition on every state space value of x. This is not possible in a practical
situation. To avoid this problem, we define a finite partition on x and construct the
conditional Markov chain based on this partition. The number of subintervals in this
partition plays an important role in the statistical properties of the effective model
as we will show in section 2.3 and section 2.4 of this chapter.

In general, if = is a vector-valued variable, a Markov chain can be conditioned on
one or more components of x. However, for simplicity, we illustrate the construction
of the conditional Markov chain based on one component of x. The case where the
Markov chain is conditioned on two or more components of z is similar to the case
where the Markov chain is conditioned on one component of xz, but the conditioning
scheme is more complicated. In this section we assume that z is a one-dimensional
variable. Let J = {—co = 2" < 2! < ... < 2™ = 0o} be a partition on x and let Jj
denote the interval (z*~!, z*]. Then, the number of subintervals is M. This number,
M, equals to the number of condititional Markov chains. Each conditional Markov
chain consists of its own transition probability matrix. The detail for estimating
the transition probability matrix is given in the next subsection. Similarly, since we
assume that the number of state spaces of the Markov chain is finite, it also requires
a finite partition of g(x,y). Let N be the number of states of the Markov chain and
let [ ={—00=¢"<g'<...<g" =00} be the partition of g(z,y) and let I; denote
the subinterval (¢°~!, ¢']. The size of the transition probability matrix is, therefore,
N x N. Based on the number of conditional Markov chains and the number of states,
it requires M N? coefficients to be estimated for the effective model. As we will see
later, the typical values of M and N are in the order of 5 to 10 and the empirical result
shows that the time series with 10* — 10% sample points provides a good estimate for
the effective model. The partitions I and J are empiricallly determined. After we

define these partitions, the transition probability matrices have to be estimated. The



next subsection gives the detail on the estimation of transition probability matrices.

Note that, in the case of vector-valued variable, z, the conditioning scheme of
the Markov chain is more complicated. We give an example for a two-dimensional
case, i.e. x = (1, x3). Assume that the Markov chains in the effective model depend
on both z; and z,. Also, assume that the partitions of x; and xo have M; and M,
subintervals, respectively. Then, the number of conditional Markov chains in this
case is M; Ms. The number of required coefficients is, therefore, M; My N?2. It requires
more sample points in order to have an accurate estimation of the Markov chain.
This general idea can be applied to the conditioning scheme on two or more essential
variables. However, it may not be possible in practical situations since it requires

more data as the dimension of essential variables increases.

2.2.1 The Estimation of Transition Probability Matrices

The method that we use to estimate the transition probability matrices is a simple
counting method. The method counts the number of state changes and normalizes
this number by the total sum of state changes to obtain the transition probability.
Let @ be the transition probability matrix for the k** conditional Markov chain.
This matrix is used to generate the value of the Markov chain in the effective model

when the value of X is in the subinterval (z*~!, z¥]

. Let qi;; denote the element of
Q) at row 7 and column j. By the definition of the transition probability matrix, we
write

Qij = Pr(gn+1 €L | gn € L;, z, € Tp). (2.4)

Equation (2.4) is the probability that the Markov chain changes from state i to state

7 conditioned on the essential variable, x, being in state k. Thus, to estimate this

i—1

probability, we count the number of data points such that g, € (¢°', "], gni1 €



(¢’7%, ¢’], and z, € (z*1,2*]. Define the indicator function as follows

;

1, if goy1 € (¢ 1 ¢'] and g, € (¢" ', ¢'] and

1kij(gn+179mxn> = Ty € (S(Zk_l,xk] (25)

0, otherwise.
\

The counting method that we described above can be expressed in mathematical

notation as follows
No—1
Znio 1kij (gn+17 9n, xn)

Qrij = =N N T :
Zj:l[znio 1kij(gn+1>gn>$n)]

Equation (2.6) can be viewed as the number of changes that ¢ changes from I; to I;

(2.6)

where x is in J,. Then, this number is normalized by the total number of changes from
state I; to all of the states. Thus, the summation over each row of () equals to 1 and
(. satisfies the stochastic matrix property. Recall that there are two components for
the Markov chain. One is the transition probability matrix and the other is the value
of the state space of the Markov chain. The procedure to obtain transition probability
matrix was already described in this subsection. The next subsection gives the detail
on how to generate a state space value. The state space can be either discrete state
space or continuous state space. However, based on the numerical experiment in
section 2.3, both discrete state space method and continuous state space method
provide similar statistical results for the effective model. We will comment on the

state space later in section 2.3.

2.2.2 The State Space of the Markov Chain

We provide two approaches for the state space of the Markov chain: the discrete
state space and the continuous state space. The comparison result between these
two approaches is presented in section 2.3. The details of these two approaches are

described as follows.

10



Discrete State Space

In the effective model, the Markov chain is constructed from the time series of g(x,y)
obtained from the full model. The state space of g(x,y) from the full model is
continuous. For the discrete state space, the value of the Markov chain in each state
is simply a single value. This value must be chosen such that it approximates g(x,y)
over the particular subinterval. Recall that the partition T = {I; = (¢*7!, ¢'|}, the

Land ¢'. In the discrete

value of the state space for state i can be chosen between ¢'~
state space scheme, we adopt the average value of g(z,y) with respect to the density
of g(z,y) over the subinterval (¢°~!, ¢'] as the value of the Markov chain at state 1.
Let m(Z; X)|x; denote the value of the Markov chain at state ¢ with X being in
state k, then m(Z; X)|; can be computed from the time series of g(x,y) as follows
> nco 9nLki(Gns )
foial Lii(gns 2n)

m(Z; X) ki = (2.7)

where

1, ifg, € (¢ ¢ and z, € (2F1 2*]
13i(Gns 7)) = (2.8)
0, otherwise.

Equation (2.7) is simply the average value of g(x,y) over the subinterval (¢'~!, ¢'|
when X is in state k. Note that it is possible to choose the value of the Markov chain
by other methods. For example, one can choose the mid-point of each subinterval, I;,

as a state space value of the Markov chain.

Continuous State Space

In this scheme, we assume that the value of the Markov chain at state ¢ can be any
number in the subinterval (¢!, g']. We generate the value of the Markov chain by
using a uniform distribution over (¢*~!,¢’]. If the state space of the Markov chain
involves 400, we adopt the exponential distribution over that subinterval for gener-

ating the value of the Markov chain. The parameter of the exponential distribution
11



is obtained from the standard maximum likelihood estimator.

2.3 Prototype Models

We consider the stochastic triad system coupled with non-essential variables. The
triad model can be viewed as the simple model of the wave interaction in the fluid
dynamics. In this section, we apply the Markov chain modeling approach to the
two different triad systems. For the first triad model, non-essential variables are
independent of essential variables whereas, in the second model, non-essential variable
depends on one of the essential variables. We illustrate some aspects that impact the
statistical results of the effective models. These aspects include the time step used
in the effective models, the number of states of the Markov chain, the number of

conditional Markov chains, and the type of the state space of the Markov chain.

2.3.1 Triad Model Coupled with 2 Independent

Non-essential Variables

We start with the simplest model of the triad system. Since non-essential variables are
independent of essential variables, the Markov chain does not have to be conditioned
on essential variables. Thus, it simplifies the Markov chain model.

Before we step into the detail of the Markov chain modeling approach. Let us

sumarize the major benefits of the Markov chain modeling approach as follows

e The number of the state space is typically in the order of 10. The small number
of the state space requires small sample data for the estimation of the Markov
chain. Thus, the effective models can be constructed from a short simulation of

the full model.

e The Markov chain modeling approach is robust to the type of the state space.

12



We show that both discrete state space method and continuous state space

method provide a good statistical behaviour for the effective model.

e The time step in the numerical integration of the effective model is generally
greater than the time step used in the full model. Thus, the computational time
in the effective model is generally faster than the computational time in the full

model.

e The Markov chain modeling approach provides a good result on both strong
scale separation and weak scale separation. Unlike the asymptotic approach

where the method can not provide a good result under the weak scale separation.

For a stochastic triad system, let us consider the following system

dl’l = All'gl’gdt + aylygdt — bll’?dt

dIQ = Agl’lxgdt — bgl’gdt + O'Qng

dLU3 = Agl’lxgdt — bgl’gdt + 0'3ng (29)
dyl = —vyldt + O'dWl
dy2 = —’}/’ygdt + O'de

0 = A+ A+ As.

Wi, Ws, By, and Bs are independent Brownian motions. A;, Ay, and As are known
coefficients. The parameters by, by, b3, 01, and o5 control the stationarity of the system.
The essential variables consist of x1, x5, and x3. These essential variables are coupled
with the non-essential variables, y; and .. wy; and gy, are the Ornstein-Uhlenbeck
processes which are independent of essential variables. The time scale separation
between essential variables and non-essential variables is determined by . A large
value of v gives a strong scale separation. We simulate the effective model both
under the strong scale separation and weak scale separation. From (2.9), z; interacts

directly with y; and y,. Thus, we have g(z,y) = y1y2. In the effective model, yiys
13



is replaced by the Markov chain. Since non-essential variables do not depend on the
essential variables, the Markov chain modeling approach has only one Markov chain.
The Markov chain effective model can be written as follows

dX, = A1 XoXsdt +am(Z)dt — by X{dt

dXo = Ay X1 Xsdt — by Xodt 4+ 09d By (2.10)

dXs; = A3X1Xodt — b3 Xsdt + 03dBs

0 = A+ Ay + As.

Since we are interested in the average quantities of the essential variables, we compare
the statistical properties of the Markov chain effective model to the statistical prop-
erties of the full model. We measure mean and variance of the essential variables. We
also measure the auto-correlation function (ACF) and the probability density func-

tion (PDF) of the essential variables. The auto-correlation function of a zero mean

stationary process, X (t), is defined as
ACFx(r) =E[X(#)X(t+71)], Vt>0.

We also compare the Markov chain effective model with the reduced model derived
from the asymptotic approach. The asymptotic reduced model is briefly described as
follows. To derive the reduced model, € is introduced in the full model as follows
1
dl‘l = All’gl'gdt + —Oéylygdt — bll’%dt
€

dl’g = Agl’ll’gdt — bgl’gdt + O'QdBQ

dl’g = Agl’ll’gdt — bgl’gdt + 0’3ng (211)
1 1
dyl = ——2’yy1dt + —O'dW1
€ €
1 1
dy2 = ——2’}/y2dt + —O'dWQ
€ €

O - A1+A2+A3.

We consider the limiting case where ¢ — 0. This corresponds to the infinite

scale separation between x,xs, r3 and yi,ys. The reduced model can be derived by
14



using the homogenization method provided in the appendix A. Thus, the asymptotic
reduced model can be written as follows

5 ao?
d!L’l = All’gl'gdt — bll’ldt + —SdBl
272
d!L’Q = Agl’ll'gdt — bgl’gdt + O'Qng
dflfg = Agl‘ll’gdt — bg$3dt + O'gng (212)

0 = A+ Ay + As.

Note that, in the asymptoic reduced model, y; and y, are approximated by Brow-

nian motion with a specific coefficient.

Numerical Settings

In this simulation, the parameters of (2.9) are as set follows

oy =0.6, 03=0.7, (2.13)

v =500, o=10V2.

The value of v is relavtively large. Thus, this case corresponds to the strong scale
separation between essential variables and non-essential variables. Figure (2.1) shows
the auto-correlation functions of essential and non-essential variables. The auto-
correlation functions of non-essential variables decrease much faster than the auto-
correlation functions of essential variables. In the simulation, we use the Euler-
Maruyama method for the numerical integration [21]. The time step used in the
numerical integration for the full model and the asymptotic reduced model is 107%.
We sample data at the time step of 1073 for the period of 200 (Ty = 200). Thus, the
number of sample points is 200/107 = 200, 000.

For the Markov chain effective model, the number of states is 11. We measure the
15
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Figure 2.1: Auto-correlation functions of essential variables, xy,zs,x3, and non-

essential variables, y1, yo, from a full model in equation (2.9).

mean and standard deviation of the sample data, g, = y1(nAt)y2(nAt), and construct

the partition for the state of the Markov chain as follows

I = {—oo<p,—300, <p,—2.00, <
pg — 1204 < g — 0.604 < g —0.10, <
pg +0.10y < pg+0.604 < py +1.20, < (2.14)

pg +2.00, < py+3.00, < 0o}

where iy = —0.03 and 0, = 2.03 are obtained from the time series of g,. Then, the
effective model is integrated with the time step of 0.001 and we choose the discrete
state space scheme for the Markov chain.

We compute statistical behaviour of three systems: full model, asymptotic reduced
model, and Markov chain effective model. We integrate numerically all of these three
systems for T = 20,000 and compute the statistical properties of all three systems.

Table (2.1), Figure (2.2) and (2.3) show the comparison of the statistical results from
16



these three models. The auto-correlation functions of x1, xs, and x3 from the Markov
chain effective model have a good agreement with the auto-correlation functions from
the full model and the asymptotic reduced model. The relative errors of the variances
of the essential variables are relatively small (less than 5%). This result shows that the
Markov chain effective model is a good representative for the full model. However, as
we mentioned earlier, there are many factors that impact on the results of the Markov

chain effective model. We will illustrate all of these impacts in later subsections.

Full Model Asymptotic | Error(%) | Markov Chain | Error(%)
oy | 4778 x 1073 | —8.435 x 1073 —3.855 x 1072
fay | 1.011 x 1072 | 1.537 x 1072 1.093 x 1072
s | —1.598 x 1073 | 1.139 x 1072 1.150 x 1072
o2 | 1.905x 107" | 1.908 x 107" 0.2 1.814 x 107! 4.8
or, | 4.022x1071 | 4.183 x 107! 4.0 4.080 x 107 1.4
o2, | 4489 %1071 | 4.346 x 107" 3.2 4.468 x 1071 0.5

Table 2.1: Mean and variance of x1, x5, and x3 in the simulation of the full model
defined in (2.9), the asymptotic reduced model in (2.12), and the Markov chain ef-
fective model in (2.10). The parameters of the stochastic triad system are defined in

(2.13)
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Figure 2.2: Auto-correlation function of z; from the full model in (2.9), the asymptotic
reduced model in (2.12), and the Markov chain effective mdoel in (2.10). The Markov
chain effective model has 11 states for the Markov chain. The partition for the state

is defined in (2.14).
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Figure 2.3: Auto-correlation functions of zo and 3 from the full model in (2.9), the
asymptotic reduced model in (2.12), and the Markov chain effective mdoel in (2.10).
The Markov chain effective model has 11 states for the Markov chain. The partition
for the state is defined in (2.14).

Note that non-essential variables, y; and ys, interact directly with x; only. Thus,
the statistical results of x9 and x3 are impacted less by these non-essential variables.

Thus, for the rest of this section, we concentrate on the statistical behaviours of ;.
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Discrete State Space V.S. Continuous State Space

In section (2.2.2), we provide two approaches for the state space of the Markov chain;
discrete state space and continuous state space. In this section we perform two
simulations for the effective model; one with the discrete state space and the other
with the continuous state space. Table (2.2) and Figure (2.4) show statistical values
of the effective model with two different approaches for the state space. There is no
significant difference between discrete state space and continuous state space. The
effective model from the Markov chain modeling approach has a robustness over the
state space scheme. However, the implementation of the discrete state space Markov

chain is easier and less complex than the continuous state space Markov chain, we

will use the discrete state space Markov chain for the rest of this section.

Full Model Continuous | Error(%) Discrete Error(%)
State Space State Space
fay | 4778 x 1073 | —3.385 x 1072 —3.855 x 1072
fay | 1.011 x 1072 | 1.040 x 1072 1.093 x 1072
s | —1.598 x 1073 | 1.259 x 1072 1.150 x 1072
o2 | 1.905x 107" | 1.831 x 107" 3.9 1.814 x 107" 4.8
o2, | 4.022x 1071 | 4.101 x 107! 2.0 4.080 x 1071 1.4
or, | 4489 x 1071 | 4.475 x 107! 0.3 4.468 x 107 0.5

Table 2.2: Mean and variance of x1, x>, and x3 in the simulation of the full model
in (2.9), and the Markov chain effective model in (2.10). The Markov chain effective
model has 11 states. The state spaces for the effecitve model are both discrete and

continuous.
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Figure 2.4: Comparison of the auto-correlation function of x; between discrete state

space and continuous state space. The number of states is 11.
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Number of States of the Markov Chain

We study the property of the effective model with different numbers of states of the
Markov chain. It is expected that the Markov chain effective model with a large
number of states will provide a good agreement with the full model. In this section,
the numbers of states of the Markov chain are chosen to be N =5,7,11, and 15. The
partition, I, for each N will be as follows.

For N = 5, the partition is

I = {—oo<p,—21o, <p,—0.50, <

pg +0.50, < py+2.10, < oo}
For N =7, the partition is

I = {-oc0o<py—21o, < py—1.00, < p,—0.30, <

pg +1.00, < pg+2.10, < py + 0.30, < 00}
For N = 11, the partition is

I = {—oo<p,—3.00,<p,—2.00, <
pg — 1204 < g — 0.604 < g —0.10, <
pg +0.10y < pg+0.604 < py +1.20, < (2.15)

pg +2.00, < pyg+3.00, < 0o}
Lastly, for N=15, the partition is

I = {—oo<p,—300,<p,—230, < py,— 170, <
pg — 1.204 < pig — 080y < g — 0.40, <
pg —0.10y < pg +0.10y < pig + 0.404 <
g +0.80y < pig + 120, < g+ 1.704 <

pg +2.30, < pg + 3.00, < 0o}
22



Table (2.3) and Figure (2.5) show the statistical properties of the effective model with
different numbers of states of the Markov chain. The auto-correlation functions of z;
from the effective models with different N are similar to the auto-correlation function
of x; from the full model. However, the variances of x; from the effective models
are different from the variance of x; from the full model when N is small. From the
table, as N increases the relative error of the variance of x; decreases. For N > 11,
relative errors are less than 5%. The statistical results from the effective model with
N =11 and N = 15 provide a good agreement with the full model. However, a large
value of N requires more sample data in order to accurately estimate the transition
probability matrix. The required number of data is proportional to N2. In general,

the value of N between 7 to 11 provides a good agreement with the full model.

Autocorrelation of X,

1.2

T T T
Full Model
Markov Chain, N=5
— - — - Markov Chain, N=7 |[]
— — — Markov Chain, N=11
— —~ — Markov Chain, N=15

Figure 2.5: Auto-correlation functions of x; from the full model in (2.9) and the
Markov chain effective model in (2.10) with different numbers of states of the Markov

chain.
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2 2 2
Ux 1 Ux 2 Ux 3

Full Model | 1.905 x 107! | 4.022 x 107! | 4.489 x 107!

MC (N=5) | 1.666 x 10~ | 4.055 x 10" | 4.445 x 10~
Rel Error(%) 12.5 0.8 1.0

MC (N=7) | 1.750 x 10! | 4.070 x 10" | 4.452 x 10~"
Rel Error(%) 8.1 1.2 0.8

MC (N=11) | 1.814 x 107! | 4.080 x 107! | 4.468 x 107!
Rel Error(%) 4.8 1.4 0.5

MC (N=15) | 1.859 x 107" | 4.088 x 107! | 4.475 x 107"

Rel Error(%) 2.4 1.6 0.3

Table 2.3: Mean and variance of xq,x, and z3 from the full model in (2.9) and the
Markov chain effective models in (2.10). The numbers of states in the Markov chain

effective model are 5, 7, 11, and 15.

The Effect of the Time Step

In this section, we investigate the result of the Markov chain effective model when
the time step is varied. The referred time step is the time step used in the numerical
integration of the Markov chain effective model defined in (2.3). The time step used
in the numerical integration is the same as the time step used in the estimation of
the Markov chain. We simulate the Markov chain effective model with five different
time steps: 0.0001, 0.001, 0.005, 0.01, and 0.1. Statistical results are shown in Table
(2.4) and Figure (2.6).
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Figure 2.6: Auto-correlation function of z; from the full model in (2.9) and the Markov
chain effective model in (2.10). The time steps used in the Markov chain effective
model are 0.0001, 0.001, 0.005, 0.01, and 0.1. Note that the Markov chain effective
models with At = 0.0001 and 0.1 do not properly reproduce the auto-correlation

function of x.
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oz o2, o2,
Full Model 1.905 x 1071 | 4.022 x 107! | 4.489 x 101
MC (At =1071) 1.598 x 1071 | 3.959 x 107! | 4.355 x 101
Rel Error(%) 16.1 1.6 3.0
MC (At =107%) | 1.814 x 107" | 4.080 x 10" | 4.468 x 10~
Rel Error(%) 4.8 1.4 0.5
MC (At =5 x 1079) | 1.890 x 10" | 4.081 x 10! | 4.466 x 10~
Rel Error(%) 0.8 1.5 0.5
MC (At = 1072) 1.927 x 101 | 4.068 x 10! | 4.504 x 10~
Rel Error(%) 1.2 1.1 0.3
MC (At = 1071 3.224 x 107" | 4.406 x 10" | 4.741 x 10~
Rel Error(%) 69.2 9.5 5.6

Table 2.4: Means and variances of 1, xs, and x3 from the full model in (2.9) and the
Markov chain effective model in (2.10). The time steps used in the effective model

are 0.0001, 0.001, 0.005, 0.01, and 0.1
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From Table (2.4), the variances of the essential variables are significantly different
from the full model when the time step is too small (At = 10~*). When the time step
is small, the transition probability matrix constructed from the time series is close to
the identity matrix. The off-diagonal entries are close to zero and, thus, the accuracy
of the estimation is lost with finite number of data. On the other hand, if the time
step in the numerical integration is too large, there will be a problem on the stability
and accuracy of the numerical integration. This problem can cause the large error in
the effective model. From the empirical results, we expect that the optimal time step

for the Markov chain effective model depends on the correlation time of g(z,y) of the

1 —

5 0.01. The proper value of the

full model. In this case, the correlation time is
time step in this case is either 1072, 5 x 1072, or 1072. The numerical study shows

that the optimal value of the time step is
Aty € [0.17.,0.57,], (2.16)

where 7. is the correlation time of g(x,y). We will mention about the time step again

in the next subsection.

Weak Scale Separation

One major benefit of the effective model using the Markov chain modeling approach is
that the Markov chain effective model can reproduce the statistical behaviour of the
full model in the case of the weak scale separation where as the asymptotic reduced
model can not provide a good result under the weak scale separation. In this section,

we consider values of v that correspond to the weak scale separation. The parameters
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are set as follows

A =-10, Ay, =04, A;=0.6,
a=1.0, b =10, by=04, bs=05,
0y =06, o03=0.7, (2.17)
v =25, o=+10.

We set ¢ = +/10 to maintain the same energy level of non-essential variables as in

the case of the strong scale separation, i.e., Var{y;} = Var{y,} = 2 in both strong

and weak scale separations. The auto-correlation functions of essential variables and

non-essential variables are shown in Figure (2.7). The correlation times of y; and ys

are approximately 0.38 and the correlation time of x; is 0.91. Thus, in this case, the

correlation times of essential and non-essential variables are in the same order. For

1.2
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Figure 2.7: Auto-correlation functions of x1, x9, x3, 31, and yo from the full model in

(2.9) with the parameters in (2.17).

the Markov chain effective model, the Markov chain has 11 states. The partition is

defined in (2.14). We

simulate the effective model with two time step, At = 0.01 and
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At = 0.1. The correlation time of g(z,y) in this case is 5z5= = 0.2. Therefore, the

proper At should be in the range of 0.02 to 0.1. Table (2.5) and Figure (2.8) show the

statistical results of the Markov chain effective model with two time steps, At = 0.01

and 0.1.
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Figure 2.8: Auto-correlation function of z; from the full model in (2.9), the asymptotic
reduced model in (2.12), and the Markov chain effective model in (2.10). The time

steps for the Markov chain effective model are 0.01 and 0.1.

Note that the asymptotic reduced model does not produce a good agreement with
the full model. The variance of x; is significantly different from the full model and
the auto-correlation function of x; is far from the auto-correlation of z; from the full
model. This is caused by the weak scale separation between x1,x9, 3 and i,y in
the original model. However, the Markov chain effective model has a good agreement
with the full model when the time step is 0.1. Thus, with the appropriate time step,
the Markov chain modeling approach can be a good effective model for the case of
weak scale separation.

We would like to mention that in many systems, for example, the TBH system
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o o2 o2

1 z2 s
Full Model 4.859 x 107! | 4.713 x 107! | 5.067 x 107!
Asymptotic Approach | 5.953 x 1071 | 4.795 x 107! | 5.112 x 107!
Rel Error(%) 22.5 1.7 0.9
MC (At = 1072) 4198 x 107" | 4.409 x 10" | 4.988 x 10"
Rel Error(%) 13.6 6.5 1.6
MC (Af = 1071) 4.852 x 101 | 4.603 x 10-! | 5.169 x 10~
Rel Error(%) 0.1 2.3 2.0

Table 2.5: Mean and variance of x1,z5, and x3 from the full model in (2.9), the
asymptotic reduced model in (2.12), and the Markov chain effective model in (2.10)

The time steps for the Markov chain effective model are 0.01 and 0.1.

described in the next section, the scale separation between the essential variables and
the non-essential variables can not be clearly defined. Thus, the asymptotic reduced
model may encounter the problem of the weak scale separation. However, the Markov
chain modeling approach resolves the problem and provides a good statistical result
in this stochastic triad case. Therefore, we expect that the Markov chain modeling

approach can perform well in models without strong scale separation.
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2.3.2 Triad Model Coupled with Dependent

Non-essential Variable

In section 2.3.1, the non-essential variables are independent of the essential variables.
Thus, the Markov chain in the effective model does not need to be conditioned on the
essential variables. In this section, we consider the effective model for the triad where
the non-essential variables depend on the essential variable. The prototype equations

are described as follows

dry = Ajxowsdt + aydt — blx‘z’dt

dry = Asxixsdt — byxodt + 09dBs

drs = Aszizodt — byxsdt + 03dBs (2.18)
dy = —y(y— x1)dt + o1dWy

0 - A1+A2—|—A3,

where B, B3, and W are independent Brownian motion processes. We add the damp-
ing and forcing terms to the right-hand side of x5 and x3 in order to have a stationary
process. The essential variables are x1, s, and x3 and the non-essential variable is y.
Note that y is coupled with x;. From the previous section, the factors that impact
the behaviour of the effective model are the number of states of the Markov chain
and the time step used in both estimation of the transition probability matrix and
numerical integration of the effective model. In this section, we also consider how
conditioning of the Markov chain affects the performance of the effective model. In
particular, we investigate several effective models with different numbers of condi-
tional Markov chains. The statistical results from effective models are compared with

the results from the full model and the asymptotic reduced model. The asymptotic
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reduced model is derived from the full model by introducing e as follows

d!L’l

dl’g

Ajzoxsdt + aydt — blxi’dt
Asx1x3dt — baxadt + 09d By
Asx1xodt — byxsdt + 03dBs
—éyl(y —xp)dt + L(71dVV1

NG
Al —I—Ag—l—Ag

(2.19)

Using the averaging method in Appendix A, the asymptotic reduced model can be

written as follows

dl‘l
dIQ

dl’g

All’gxgdt + Oél'ldt — bll’?dt
AQ.Z’lLUgdt — bgl’gdt + O'Qng
Agl’ll’gdt — bgl’gdt + Ugng

Al +A2 —I—Ag

(2.20)

Note that the asymptotic reduced model works well under the condition of strong

scale separation. We will demonstrate the results of the effective model under both

strong scale and weak scale separation.

Before we go into details of the Markov chain modeling approach, let us summarize

its benefits.

e The Markov chain approach for this case has the same properties as in the

previous case. The number of states of the Markov chain is in the order of 10

states. The time step of the effective model also depends on the correlation

time of g(z,y) and the state space of the Markov chain can be either discrete or

continuous. The statistical results from these two state space schemes are very

similar.

e The effective model with moderate numbers of conditional Markov chains pro-

vides a good statistical result. In the simulation, it is shown that the effective
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model with four conditional Markov chains reproduces the statistical behaviour

of essential variables well.

Numerical Settings

In this section, we begin with the strong scale separation case. The parameters are

set as follows

Al - —10, Ag - 04, Ag - 06,
a=10, b =10, by=04, 0b3=0.5,
09 = 06, 03 = 07, (221)

v1 = 100.0, o3 = 50.0.

We illustrate three effective models having different partitions of x;. The first effective
model is not conditioned on z;. The second model has a partition on x; with two
subintervals and the last model has four subintervals on z;. The partition of x; with

two subintervals is written as follows
Juy = {—00 < piz, < 0} (2.22)
and the partition of x; with four subintervals is
Joy = {—00 < iy, — 0y < gy < gy + 04y < 00} (2.23)

The values of u,, and o,, are calculated from the time series of z; from the full
model. The time length for the sample data is equal to Ty = 200.0. We sample the
data with the time step, At = 0.001. Thus, the time series of x; has 200,000 sample
points. Note that we use this time step in both estimation of transition probability
matrices and numerical integration of the effective model. In this simulation, we have
e, = 0.124 and o,, = 0.832. For each conditional Markov chain, the number of

states is set to 11 states. The partition for each conditional Markov chain consists of
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11 subintervals and can be written as follows

I = {—oo<p,—270, < py—190, <
pg —1.204 < g — 0.604 < pg — 0.10, <
pg +0.1o, < pig +0.60, < g+ 1.20, <

py +1.90, < py+2.70, < co}.

Table (2.6) and Figure (2.9) show the comparison of the statistical properties of
the full model, the Markov chain effective model, and the asymptotic reduced model.
Note that even in the case of strong scale separation, the asymptotic approach using
the averaging method does not have a good agreement with the full model on the

auto-correlation function of xy.

oz o2, o2,
Full Model 6.868 x 107! | 5.012 x 107! | 5.587 x 107!
Asymptotic 7.065 x 1071 | 5.215 x 107! | 5.799 x 1071
Relative Error(%) 2.8 4.2 3.8

MC (1 subinterval) | 2.407 x 107" | 4.350 x 10! | 4573 x 10~
Relative Error(%) 64.9 13.2 18.2

MC (2 subintervals) | 6.254 x 107! | 5.206 x 107! | 5.559 x 107!
Relative Error(%) 9.0 4.0 0.7

MC (4 subintervals) | 6.424 x 107! | 5.055 x 107! | 5.415 x 107!

Relative Error(%) 6.5 0.2 3.0

Table 2.6: Mean and variance of essential variables from the full model defined in
(2.18), the asymptotic reduced model defined in (2.20), and the Markov chain effective

model with different conditioning schemes.
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Figure 2.9: Auto-correlation function of x; from the full model, the asymptotic
reduced model, and the Markov chain effective model with different conditioning

schemes.

The effective model with one Markov chain cannot reproduce statistical properties
of essential variables. The relative errors of variances of essential variables are very
large. The auto-correlation function of x; does not resemble the auto-correlation of
xr1from the full model. With two conditional Markov chains, the variance of x; from
the effective model improves significantly. However, there is a discrepancy between
the auto-correlation function of z; from the Markov chain effective model and the
full model. The effective model with four conditional Markov chains reproduces
the statistical properties well. Both variance and auto-correlation function from the
effective model agree with the ones from the full model. It is expected that the
effective model with many conditional Markov chains is able to reproduce statistical
properties of essential variables. However, this requires more data in order to estimate
the transition probability matrices. From the empirical observation, four to eight
conditional Markov chains should be sufficient to reproduce statistical behaviours of

essential variables.
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2.4 Truncated Burgers-Hopf Model

As we have seen in the previous section, the Markov chain effective model reproduces
the statistical behaviour of the stochastic triad system under both strong and weak
scale separations. In this section, we apply the Markov chain modeling approach to
the Truncated Burgers-Hopf (TBH) system. It is known that the correlation times of
the Fourier coefficients in TBH equation are approximately inversely proportional to
the wave numbers [1, 2, 4]. Therefore, it is difficult to define a time scale separation
between essential variables and non-essential variables. In this section, we apply the
Markov chain modeling technique to derive effective models for one and two Fourier
coefficients. The benefits of the Markov chain modeling approach can be summarized

as follows

e The Markov chain approach is simple to implement. The number of states of

the Markov chain is in the order of 10 states or less.

e In general, the Markov chains have to be conditioned on, possibly, all essential
variables. However, based on the weak correlation among Fourier modes, each
Markov chain can be conditioned on its corresponding Fourier coefficient. Thus,
it simplifies the conditioning scheme of the Markov chain. Moreover, in the case
of zero Hamiltonian, it is shown in [7] that the real and image parts of the Fourier
coefficients are uncorrelated. Thus, the Markov chain can be conditioned only

on the real or image part of that Fourier mode.

e For the non-zero Hamiltonian case, the Markov chain is conditioned on both real
and image of the corresponding Fourier mode. However, the partition for the
secondary variable requires a partition with a few subintervals. In particular,
the partition with two subintervals for secondary variable significantly improves
the statistical behaviour of the effective model. This result is shown in details

later in this section.
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e The time step used in the numerical integration of the effective model is gener-
ally larger than the time step used in the full model. Thus, the computational

cost is reduced significantly.

In the next section, we describe some basic descriptions and properties of the TBH
equation. Then, we apply the Markov chain approach for the effective model. We
consider two effective models: the effective model with one Fourier mode and the

effective model with two Fourier modes.

2.4.1 The TBH Equation

We consider the spectral projection of Burgers-Hopf equation with a periodic solution.

In particular, the model can be written as follows

(Up): + %PA(Ui)w =0 (2.24)

where Up and P,\U represent the finite Fourier projection of U defined as follows

PyU(t,x) = Up(t,z) = Y ug(t)e. (2.25)

k=—A
A is the degree of freedom for the TBH system. Since the TBH system has a periodic
solution, we assume Uy (t,0) = Uy (t, 2m) without loss of generality. We consider the
case of real solution of U (¢, x) such that u_j(t) = ux(t)* where u* denotes the complex
conjugate of u. Substituting (2.25) into (2.24), equation (2.24) can be recasted as a
system of the ordinary differential equations with |k| < A as follows
%uk(t) = —% > ug, (2.26)
k+p+q=0
Ipllg|<A
The TBH system has some constant quantities. These quantities are momentum,

energy and Hamiltonian. The momentum is defined as follows

1 2m
M = %/0 Updz = uy, (2.27)
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the energy is defined as

1 1 A
E=— [ Uidx==|uol? 2 2.28
), UVade 2|uO| +;|uk|, (2.28)

and the Hamiltonian is
1 27 5 1

= m ; PAUAdLU = 6 Z UrUpUg- (229)

k4p+g=0

Ipl,lgl<A

From (2.26), the equation for ug is trivial and, thus, ug is constant. Without loss of
generality, we assume ug = 0.

For a large A, the TBH system tends to have a stochastic behaviour. Statistical
properties were studied extensively in [1, 2, 4]. It was shown that, with H =~ 0, the
Fourier coefficients obtain an equipartition of energy and the joint probability density

function of Fourier coefficients follow the normal distribution
(U, U, ..., up) = Ce PF, (2.30)

where C'is the normalized coefficient. The energy per Fourier coefficient is 371

One interesting statistical property of the TBH is the auto-correlation function.
The correlation times of Fourier coeficients are inversely proportional to the Fourier
numbers. Figure (2.10) shows the auto-correlation functions of the first five Fourier
coefficients. Each Fourier coefficient represents the behaviour of the system at a
different time scale. However, it is difficult to define a scale separation between slow
and fast variables.

We are interested in the average behaviour of the system. The average behaviour
is generally characterized by the low Fourier modes. In this section, we are interested
in deriving the effective models for the first few Fourier modes. We describe the
effective models for the TBH system with one and two essential variables in the next

subsection.
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Figure 2.10: Auto-correlation functions of ug, K =1,...,5. The TBH has A = 20, E =
0.4, and H = 0.

2.4.2 The Effective Model for TBH

Let X be the number of the essential variables, i.e., uq, ..., u) are the essential variables
and uyy1,...,up are the non-essential variables. The right-hand side of the equation
(2.26) can be rewritten as a summation of 2 terms as follows

d % ok
%uk Z upuy — ik( Z UnUpy ). (2.31)

k—l—p—i—q 0 p=A—k+1
Ipl,lgl <A

The first term of the right-hand side consists of the interaction of the essential vari-
ables. The second term represents the interaction of non-essential variables. It in-
volves two types of interactions - (i) essential variables and non-essential variables and
(ii) non-essential variables with themselves. For the Markov chain effective model, we
replace the second term by a collection of conditional Markov chains. The Markov
chain is conditioned on the essential variables. The equation for the Markov chain
effective model is written as follows

iuk = —— Z Wl + my. (2.32)

k+p+q 0
[pl,lg|<X
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Here, my, represents the Markov chain corresponding to k™ essential variable. We
consider the effective models with one essential variable (A = 1) and two essential

variables (A = 2). The details are described as follows.

2.4.3 One Essential Variable, A =1

From the equation (2.32), the first term vanishes for & = 1. Thus, the right-hand side
of uy consists of the Markov chain term. The dynamics of u; for the Markov chain

effective model in the real form is written as follows

d re re(/, re ,.im
F7As B (ui®, ui™) (2.33a)
d m im(, re ,im
%“1 = my"(uy°, uy"), (2.33b)

where m’¢(u}¢, ui™) represents the Markov chain conditioned on u}® and u!™. To
construct m}¢, the partitions of uf¢ and u‘™ need to be defined. Let M; be the number

of subintervals for u}¢ and M, the number of subintervals for u{™. The number of

re
conditional Markov chains for m}® is equal to M; M,. We assume that each conditional
Markov chain has N states. Thus, it requires M;M;N? coefficients to be estimated
for the transition probability matrices. The estimation of the transition probability
matrices was already described in section (2.2). The construction of m{™ is similar to
mj®. In this section, we apply the Markov chain effective model for the TBH system
with zero Hamiltonian. Since there is a weak correlation between u® and ui™ [7], the
Markov chain, m/¢ can be conditioned on u}¢ and, similarly, m!™ can be conditioned
on ui™ i.e.,
i = (), mi = i (),

Thus, the required coefficients is reduced to M;N? coefficients and the number of

conditional Markov chains is M;.
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Numerical Settings

For the full TBH system, it consists of 20 Fourier modes (A = 20). The total energy
is 0.4 (E = 0.4). Thus, the energy per Fourier mode is % = 0.02 and the energy on
the real part and image part for each uy is 0.01. We use the Pseudo-Spectral method
with fourth-order Runge-Kutta method to numerically integrate the full model. The
time step is chosen to be 0.001. This time step is small enough such that the relative
error of the total energy is less than 107°. We integrate the full model with length
Ty = 20,000 and sample the data with time step At = 0.1. Thus, the time series
obtained from the full model has a length of 200,000 sample points. This time series is
used to construct the Markov chain effective model. The Markov chain effective model
is integrated with the same time step, At = 0.1. The Markov chain is conditioned on
ui® (or ui™). The partition of the essential variable has 6 subintervals and is written

as follows
Ju={—00 < py—140, < piy —0.60, < pty, < iy +0.60, < iy, + 1.40, < 00} (2.34)

where u = uf¢, u{™. Each conditional Markov chain has 7 states and the partition for

each conditional Markov chain is written as follows

L, ={—00 < piy, — 2.00, < iy, — 1.00,, <
o — 0.30, < pm + 030, <

tm + 1.00,, < pim + 2.00, < o0}, (2.35)

We simulate the effective model with time step, At = 0.1, and integrate the model
with a total time length of T' = 200,000. We measure statistical properties such
as mean, variance, kurtosis, ACF and PDF of u}® and u{™. Table (2.7) and Figure
(2.11) show the comparison of statistical properties between the full model and the
Markov chain effective model. The mean and variance of u; from the effective model

are very close to the value from the theory. The kurtosis from the effective model is
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Theory  Full Model  Effective Model

Mean of u}® 0.0 —6.169 x107*  1.616 x 1074
Mean of uj™ 0.0 —7.013x107* 8983 x 107~

Variance of u7® | 0.01 9.854 x 1073 1.019 x 1072
Variance of u{™ | 0.01 9.845 x 1073 1.022 x 1072

Kurtosis of u}® 3.0 2.885 3.425
Kurtosis of u{™ | 3.0 2.867 3.386

Table 2.7: Mean, variance, and kurtosis of u; from the full model and the effective

model.

higher than the theoretical value. However, the PDF of u; from the effective model is
similar to the one from the full TBH model. The ACF of u; from the effective model
decorrelates at the same rate as the ACF of u; from the full model. However, there
is a slight discrepancy for time lag 5 < 7 < 10. To compare the performance of the
Markov chain effective model with another method, we consider the stochastic mode
reduction method used in [4]. The Markov chain effective model provides a better
result for the auto-correlation function compared with the auto-correlation function
obtained from [4]. (See [4] on page 787.) The ACF in [4] decays exponentially whereas
the ACF from the full model does not. This is because the derivation of the reduced
model in [4] is based on the asymptotic approach where the infinite scale separation is
assumed. However, as we mentioned earlier, the TBH system does not have an infinite
scale separation. For this numerical results, the Markov chain approach performs well

under the weak scale separation.
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Figure 2.11: Statistical properties of u;. The top left figure is the ACF of u}®. The
top right is the ACF of u{™. The bottom left is the PDF of u}® and the bottom right
is the PDF of ui™.
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2.4.4 Two Essential Variables, \ = 2

The effective model consists of essential variables, u; and wuy (u}® ui™, ub® ui™). The
dynamics of the essential variables is obtained from (2.32) by setting A = 2. The

Markov chain effective model for TBH with A = 2 is written as follows

d . .
re . re, .tm m ., . re re
—ut® = (uifuy” — ui"uy®) +my
dt
d - .
m . re. . re rm , 1m m
—u" = (—upust — uy"uy™) + my
dt
d re __ 2 re, im 4 re
Uy = LUy Uy my
dt
d . . .
m im\ 2 re\2 im
E% = (u}")” — (uf)" +my".

All conditional Markov chains are assumed to be conditioned on the essential vari-
ables. However, from the empirical data, the right-hand side of u; has a weak cor-
relation with us and, similarly, the right-hand side of u, has a weak correlation with
u1. Thus, we can model m; as a function of u; and my as a function of us. Since the

Hamiltonian is zero, we can model m[¢ and mi™, separately, as

i = mi (), mi = ). (2:36)
Similarly, my can be modeled as

my’ = my®(uy7),  my" =my" (uy"). (2.37)

Note that the weak correlation of Fourier modes simplifies the structure of the Markov
chain. If there is a strong correlation between Fourier modes or strong correlation
between real and image part, the Markov chain has to be conditioned on one or
more essential variables. We will mention on this aspect again in the case of non-
zero Hamiltonian. The partition for the essential variables is defined as the same as
previous section. The time step is set to At = 0.1. All parameters are the same as

the case of A = 1.
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Theory  Full Model  Effective Model

Mean of u}® 0.0 —6.169 x 107*  3.459 x 1074
Mean of uj™ 0.0 —7.013x107* 4543 x 1074
Mean of u}° 0.0 —3.351 x 107" —1.531 x 1073
Mean of ui™ 0.0 —2225x10* 2314 x10™*

Variance of u7¢ | 0.01 9.854 x 1073 9.882 x 1072
Variance of u{™ | 0.01 9.845 x 1073 9.968 x 1073
Variance of uf* 0.01 9.789 x 1073 1.001 x 1072
Variance of uy" | 0.01 9.720 x 1073 1.005 x 1072

Kurtosis of u}® 3.0 2.885 3.247
Kurtosis of u{™ | 3.0 2.867 3.158
Kurtosis of ub® 3.0 2.882 3.360
Kurtosis of uy™ 3.0 2.876 3.381

Table 2.8: Mean, variance, and kurtosis of u; and us from the full model and the

effective model with A = 2.

From Table (2.8), Figure (2.12), and Figure (2.13), the effective model reproduces
the statistical properties well. The variances of u; and u, are close to the values from
the theory. The auto-correlation functions of both u; and uy have the same decay rate
as the ones obtained from the full model. However, there is an oscilation in the auto-
correlation function of essential variables in the effective model when 5 < 7 < 10. The
probability density functions from the effective model are similar to those obtained

from the full model.
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Figure 2.12: Auto-correlation functions of u; and us. The top left figure is the ACF
of u}®. The top right is the ACF of u{™. The bottom left is the ACF of u}® and the
bottom right is the ACF of uj™.
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Figure 2.13: Probability density functions of u; and wuy. The top left figure is the
PDF of u®. The top right is the PDF of v{™. The bottom left is the PDF of u}¢ and
the bottom right is the PDF of u4™.
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2.4.5 The Effective Model for TBH with Non-zero Hamilto-
nian

For zero Hamiltonian, the conditioning scheme for the Markov chain effective model
is simple: the Markov chain is conditioned on one essential variable. For non-zero
Hamiltonian, it is shown in [7] that the correlation between the real part and the
image part of the Fourier modes is not negligible. If the Markov chain is conditioned
on only one variable, then the effective model may not be able to reproduce the
cross-correlation between the real and image parts of the essential variables. Thus,
it is essential to model the Markov chain to be conditioned on both real part and
image part of the essential variables. We demonstrate this issue for the case of one
Fourier mode. For mj¢, we consider u® as a primary variable and introduce ui™ as
a secondary variable. Similary, for mi™, we consider u{™ as a primary variable and

introduce u{™ as a secondary variable. Thus, both m[¢ and m‘™ can be modeled as
e = i ), i = (). (238)
The partition on the primary variable is the same as we defined in (2.34) which is
Ju={—00 < py, — Lo, < iy, — 0.60, < iy < iy + 0.60, < pi, + 1.40, < 0}

where u stands for the primary variable. The partition for the secondary variable is
defined as
J, = {—00 <y, < 0} (2.39)

where v is the secondary variable. The number of subintervals for the primary vari-
able is 6 subintervals and the number of subintervals for the secondary variable is 2
subintervals. Thus, in this case, the effective model consists of 12 conditional Markov
chains. Also, we note that the number of required coefficients in the estimation of
the transition probability matrices increases twice.

Table (2.9) and Figure (2.14) show the comparison of the statistical results be-

tween the full model and the effective model where the Markov chains are conditioned
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on both primary and secondary variables. By introducing the secondary variable to
the Markov chain, the effective model reproduces the cross-correlation between u}*

and u{™. All other statistical properties are in a good agreement with the full model.

Theory  Full Model  Effective Model

Mean of u7® 0.0 1.884x107° —1.054x 1074
Mean of uj™ 0.0 3225x10™* —1.173x107*

Variance of u® | 0.01  1.030 x 1072  9.852 x 1073
Variance of u™ | 0.01  1.035 x 1072 9.811 x 1073

Kurtosis of ui* 3.0 2.800 3.188
Kurtosis of u{™ 3.0 2.809 3.290

Table 2.9: Mean, variance, and kurtosis of u; from the full model and the effective

model. The TBH equation has non-zero Hamiltonian.

2.5 Conclusion

We studied the Markov chain modeling of the effective models for some deterministic
and stochastic systems. From numerical simulations, statistical properties of essen-
tial variables can be reproduced using the Markov chain modeling approach. The
factors that impact statistical properties of effective models depend on the number of
states of the Markov chain, the number of conditional Markov chains, and the time
step used in the simulation of the Markov chain. In our simulations, the number
of states is typically in the order of 10. Increasing the number of states improves
statistical properties of the effective model but it also requires more data in order
to estimate the transition probability matrix accurately. The number of conditional
Markov chains depends on the structure of the system. If non-essential variables do

not depend on essential variables, then Markov chains do not have to be conditioned
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Figure 2.14: Statistical properties of u;. The top left figure is the ACF of u}®. The
top right is the ACF of u™. The bottom left is the cross-correlation between u}¢ and

ui™. The bottom right is the PDF of ul®.

on essential variables. Markov chains have to be conditioned on essential variables if
non-essential variables depend on essential variables. This increases the complexity
of the structure of the conditional Markov chain if there are many essential variables.
However, in most systems, the conditional Markov chain can be conditioned on one
or two essential variables. In this case, the complexity is reduced significantly. The
simulations in section (2.3.2) and (2.4) have shown that the effective models with 4
to 7 conditional Markov chains reproduce statistical properties of essential variables.
The time step is also one important factor for the effective model. With an appropri-
ate time step, the effective model reproduce statistical properties of the full model.

The proper values of the time step are generally in the range of 0.1 to 0.5 of the
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correlation time of g(z,y) defined in (2.1a).

One important benefit of the Markov chain modeling approach is that it works well
with the system both strong and weak scale separations. As we have seen the nu-
merical results in this chapter, the Markov chain effective models outperform the
asymptotic reduced models under the weak scale separation. This is an important
benefit from the Markov chain approach since, in many systems, the scale separation

between essential variables and non-essential variables cannot be clearly separated.
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Chapter 3

Stochastic Delay Differential

Equation for the Effective Model

3.1 Introduction

In this chapter, we propose a stochastic delay model for the dynamics of essential
variables. It is a numerically oriented approach. The effective model is constructed
from the time series of essential variables. The effective model mainly consists of three
parts. The first part is the Markovian term. The second part is the memory term
and the last part is the noise term. Generally, the dynamics of essential variables
in the effective model depends on the current and past values of themselves and is
driven by noise. The coefficients of the stochastic delay effective model are obtained
by simple least square method. The details are given later in this chapter.

The rest of this chapter is organized as follows. Section 3.2 describes the general
idea of delay models. It includes the estimation of parameters in the effective model
from the time series of essential variables. In section 3.3, we apply the stochastic
delay model to the TBH equation. In this case, we assume that the effective model

consists of the first Fourier mode. We also describe the approximation of the noise
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term in the effective model by white noise approximation. We also investigate the
case where the effective model consists of the first three Fourier modes in section 3.4.

Finally, we conclude this chapter in section 3.5.

3.2 (General Setup for the Stochastic Delay Model

We consider the equation of the following form

dx

— 1
dt g1 (517, y) (3 a)
dy

— 1
dt 92(517’ y) (3 b)

where z and y are the essential and the non-essential variables, respectively. We
assume that the dimension of x is generally much less than the dimension of y.
We are particularly interested in the dynamics of essential variables. The previous
chapter has shown that the effective model can be obtained by replacing some parts
of the right hand side of essential variables with the approapriate set of Markov
chains. However, this method requires the knowledge of the right hand side of essential
variables. In some cases, the dynamics of models is unknown, i.e., the right hand side
of essential variables is not known explicitly. We can only observe the time series of
essential variables. The objective of this chapter is to construct the effective system of
essential variables from these numerical data. The numerical values of the right hand
side of essential variables can be estimated from discrete consecutive observational
data utilizing, for instance, the Euler discretization scheme. The main idea of this
approach is based on the fact that there are correlations between essential variables
and time derivatives of essential variables. Thus, the right hand side of essential
variables depends on the current value and the past value of essential variables. In

particular, we seek the following form of the effective model

XU _ G (e), X (- 1) + elt). (3.2)

dt
52



Here, X (¢t — 7) represents the past values of essential variables and e(t) is a random
force in the effective system. For simplicity of the effective model, we choose the
linear delay model with finite number of time delays for the effective equation. The

model is written as follows
dX(t) <&
Tdt ;_1: a; X (t —t;) + e(t), (3.3)

where e(t) represents the stochastic behaviour of the system. Without loss of gen-
erality, we assume 0 = t; < ty < ... < t,. We simply set t; = 0 to represent
the current value of the essential variable X. In some cases where there is a strong
scale separation between X (t) and e(t), e(t) can be approximated by a white noise
(time derivative of Brownian motion). Thus, the effective models are represented by
stochastic delay differential equations. In the next section, we describe the model in

details and provide the method for parameter estimation.

3.2.1 Model Setup and Parameter Estimation

We assume that there are m essential variables and the time series of x are observed at
known time step, At. For simplicity of the notation, we use the matrix representation
for discrete data. Let X; be a row vector consisting of the time series of x; with
length N. Let X be a matrix that contains X;,Vi =1, ..., m. The dimension of X is,
therefore, m by N. The element, X ;, represents the value of the it" essential variable
at time jAt, i.e.,

X, ;= x;i(JAL). (3.4)

To estimate the right-hand side of the effective model which is the time derivative
of essential variables, we let Y be the matrix consisting of the approximation of the
time derivative of essential variables. Then, the time derivative can be approximated
from the second order finite difference scheme as follows

X; i — X4 .
Y, = —* b —1,....N .
N 2At ) j ) ) ) (35>
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where we assume that X, o = X;y41 = 0,Vi € {1,...,m}. We assume that the
number of time delays for each essential variable is n, and each essential variable can
have a different time delay. Let ¢, be the j time delay of the k™ essential variable.

We seek the linear delay model of the following form

dxl Zzawk —trj) +eilt), ie{l,...,m}. (36)

k=1 j=1
From equation (3.6), the changes of essential variables are linear functions of them-
selves at different time delays. e;(t) represents a random force for an essential variable.
The coefficients aj; is estimated by the method of least square. The details are as

follows.

Method of Least Square

Let 74; = |tr;/At] where [z]| denotes the largest integer that is less than z. The

value of 73; represents the corresponding discrete time of t;. Let

Tmazx = g]l:ix Tkj (37)
m,
i<j<n

be the maximum discrete time delay of the effective model. To estimate aj;, numerical
data at different time delays are required. Omne can obtain the required data with
specified time delay by shifting the time series. For example, to obtain the time series
of z1(t — t1), we can use the sample data from X;; to X; y as the time series of

x1(t — t1) and the sample data from X 11-) to Xy (v4r) as the time series of x;(t)

where 71 = %. Thus, to estimate the parameters for the effective model from the

data of length N, we need the time series with length N + 7., and numerical data of

length N for x(t —t5;) are obtained from the time series of zj, from Xj, (14+,... to

_Tk:j)
Xk (N+rmaz—r,)- Note that, in this case, X} (14r,.,,) corresponds to the sample point
for xy(t). To put the time series of x; with different time delays in a matrix form,

we define U* as n by N matrix where the row j** of U* represents the time series of
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LL’k(t — tkj); i.e.,

Xk’(l—i_‘r”mm_ﬂ“l) e ka(N“l‘Tmam_Tkl)
Uk = Xk7(1+7-7nam_7—k2) e Xk?(NJ"T'ma,m_Tk:Q) (38)
Xk,(l-l—ﬂ'maz—Tkn) - Xk’(N"l'Tmaz—Tkn)

Let U € R™*N be the matrix where the j"* row consists of U*¥. Thus, U contains
the time series of all essential variables with all time delays defined in (3.6). Next, we
define a time series of the right-hand side of essential variables. We define a matrix

V € R™¥ where the component of V is defined as follows
Vii=Yiin. Vic{l,...om},Vje{l,....N}. (3.9)

Each row of V corresponds to the time series of the right hand side of x(t). Equation

(3.6) can be rewritten in a matrix notation as follows
V = ATU +E, (3.10)

where A € R™*™_ In the context of method of least square, we seek a matrix A such
that the value of |E|? = |[V — ATU||? is minimized where |E|? = 37" S E2.

Using the method of least square provided in Appendix B, A is obtained as follows
A = (UUH)Huvh. (3.11)

The coefficient af;j of the right-hand side of z; in equation (3.6) is A(x_1)4j:. The
random force, e;(t), in (3.6) is obtained directly from the residual from least square

method as follows

E=V-A'U. (3.12)

Here, the i'" row of E, E;, is the time series of e;(t). Note that it is possible to
approximate the random force, ¢;(t), by white noise approximation if there is a strong
scale separation between e;(t) and x;(t). We illustrate the white noise approximation

for the TBH case in the next section.
55



3.3 The Effective Model for the
First Fourier Mode of TBH System

We consider the case where the effective model consists of the first Fourier mode. We
write u; as a real part, u}¢, and an image part, u{™, and assume that the delay model

consists of n time delays. Thus, the delay effective model can be written as follows

dul® = Z“Z (t—ti)+ ) buf™(t —t;)| dt + ej°dt (3.13a)

duim = Zcz (t—t;)+ > daui™(t —t;) | dt + ei™dt. (3.13b)

The coefficients a;, b;, ¢;, and d; are estimated from equation (3.11). The processes
et® and €™ are constructed from the time series of residuals obtained from (3.12).
In practice, the random forces behave stochastically in a fast time scale. Thus, it is
possible to model these random forces by white noises. We assume that the random
forces are stationary and ergodic processes with zero mean. We assume that the

random forces are written as follows

der” = fi(e1)dt + hi(e1®)dWh (3.14a)

where W, and W, are independent Brownian motions. Combining (3.13) and (3.14),
and introducing €, the system of equations can be written as follows

n

- 1
durt = | Y et —t) + > bt — )| dt + ~eifdt  (3.15a)
€
=1 i=1 ]
) i 1 .
dui™ = it (t —t;) duim (t—t;)| dt + —e™dt 3.15b
uy Z ci )+ ; ul™( i) + Z€1 ( )
1
del® = 6—2f1(e’1"e)dt + Ehl(eqe)dwl (3.15¢)
, 1 . 1 )
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We apply the homogenization method provided in Appendix A to (3.15) to obtain

the stochastic delay effective model. The stochastic delay effective model is written

as follows
dul® = Z a;u(t —t;) + Z biu™(t — ;) | dt + v/201dB, (3.16a)
Li=1 i=1 i
du™ = | ea(t—t) + Y dul"(t —t;)| dt + v202dB,,  (3.16D)
Li=1 i=1 i

where By and Bj are independent Brownian motions and the values of o7 and oy are

defined as follows

o} = /OOOIE[erl’e(t)erl’e(O)]dt (3.17a)

o2 = / " Bl (£)eim (0)]dt. (3.17D)

Here, E[.] denotes the expectation with respect to the invariant measure generated by
e1. In practice, o; and o5 can be computed numerically from the time series defined
in (3.12). The expected value in (3.17) is computed by using the time average on a

single realization. Thus, we write E[e]¢(¢)e7¢(0)] as follows

1 T
BT (e 0) = Jim 7 [ e (e+ o) (s, (318)

and (3.17) can be rewritten as

00 T
o} = / [lim %/ erc(t+ s)e{e(s)ds] dt (3.19a)
0 0

T—o00

T—o00

o0 1 T ) ]
o = / {lim ?/ ef™(t + s)eﬁm(s)ds} dt. (3.19Db)
0 0

3.3.1 Numerical Results for One Fourier Mode

We simulate the full TBH equation with parameters as follows. The number of Fourier
modes is 20. (A = 20). The initial values of Fourier modes are chosen randomly

such that the total energy of the system is 0.4. Thus, the energy for the real and
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image of each Fourier mode is 0.01. We also choose the initial values such that the
Hamiltonian of the system is not zero. The full model is numerically integrated by
Pseudo Spectral method combining with the fourth-order Runge-Kutta method. The
time step in the numerical integration of the full model is 1073, To obtain the time
series of the essential variable, we sample data at time step At = 0.01 with the total
time of 2,000. Thus, the length of the time series is 200,000 points. For convenience

of notation, we assume that the dynamics of u; is written as follows

duge . re
dullm _ im
dt - gl )

where ¢}¢ and ¢i™ depends on the current and past values of u{® and wi™. The
numerical data of g¢ and gi™ are obtained by the method described in section (3.2.1).
Figure (3.1) and (3.2) show the cross-correlation between essential variables and the
right hand side of essential variables. In this effective model, there are two essential
variables which are u® and u{™. Both g¢{¢ and ¢i™ are correlated with u}¢ and u{™.
The cross-correlations are significant when the time lag is between 0 and 4. The
cross-correlations decay to zero as the time lag increases. This suggests that ¢]¢ and
gi™ depend on the current and past values of u}¢ and u{™ with a short period of

memory. In this particular model, we choose a maximum time delay ¢,,,, = 4.
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Figure 3.1: Cross-correlation function between ¢ and u;. The solid line is the cross-
correlation between ¢7¢ and u}°. The dashed line is the cross-correlation between gi*

and ul™.
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Figure 3.2: Cross-correlation function between gi™ and u;. The solid line is the cross-
correlation between ¢i™ and u!™. The dashed line is the cross-correlation between

m re
gi™ and ui°.
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For the effective model, we set the number of delays to 5 (n = 5). Figures (3.1)
and (3.2) show that the cross-correlations are strong at the time lag between 0 and
4. We choose the time delays for the effective model at time lags of 0.0, 1.0, 2.0,
and 4.0. Note that the time lag ¢t; = 0.0 corresponds to the current value of essential
variables. Table (3.1) shows the coefficient values in (3.16) obtained from the least

square method.

7 Ti a; bl C; dz

1100 1.1088 | -0.1408 | 0.1358 | 1.1136
21 1.0]-1.5861 | 0.1902 | -0.1888 | -1.5959
2.0 0.4874 |-0.1299 | 0.1374 | 0.5006
3.0 [ -0.0956 | 0.0663 | -0.0744 | -0.0996

Tt o= W

4.0 | 0.0193 | -0.0290 | 0.0319 | 0.0189

Table 3.1: The coefficients of the stochastic delay differential equation defined in
(3.16). The coefficient values are obtained by the least square method defined in
(3.11).

Once the coefficients are obtained, the time series of €/¢ and e{™ can be obtained
from the residual defined in (3.12). Note that the time series of €}¢ and €™ has to
be uncorrelated with u}¢ and u%™ since, by the concept of least square method, the
residuals are orthogonal to the independent variables. Figure (3.3) shows the cross-
correlation functions between noises (¢}¢, e{™) and essential variables (u}®, u{™). From

the figure, the cross-correlation functions are almost identically zero.
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Figure 3.3: Cross-correlation functions between noises (€€, €}™) and essential variables

(i, uy™).
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To approximate €} and e{™ by white noise, a time scale separation between /¢,
et™ and u}®, ui™ has to be assumed. Their auto-correlation functions are illustrated
in Figure (3.4). The auto-correlation function of €}¢ decays faster than the auto-

correlation function of uj®. The correlation time, which is defined as

JE[X (4 7)X (8))dT

correlation time of X = 20 E[X ()] )

(3.20)

represents how fast the stochastic processes decorrelate. In this particular case, the
correlation times of €}¢, /™, u}® and u{™ are shown in Table (3.2). The correlation

times of €}¢ and e{™ are approximately one tenth of the correlation times of u}¢ and

Correlation time
ere 0.1440
elm 0.1573
u’® 1.4738
ulm 1.5378

Table 3.2: The correlation time of 7€, ei™, u®, and u{™.

In practice, the diffusion coefficients defined in (3.19) need to be approximated
numerically from the time series of E defined in (3.12). The diffusion coefficients are

calculated by the following equation

2 = 1
ol =
‘ N - M

m=1

N-M
> EinimEin| At, i€ {1,2}, (3.21)
n=1

where M = L%j and Tz = 10. In principle, T¢ has to be a large number but, from
the numerical data, the auto-correlation function of e; decays to zero quickly. Thus,

it is sufficient to set T = 10. The values of oy and oy computed from (3.21) are

o, = 937x1073

oy = 9.75 x 1073,
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Figure 3.4: Auto-correlation functions of e}® and uj®. Note that the auto-correlation

of e]® decorrelates faster than the auto-correlation of uf°.

To perform the simulation of the stochastic delay effective model, the equations
in (3.16) are integrated by Euler-Maruyama method [21]. The discretized equations

of (3.16) are written as follows

we(t + At) = Za, (t —t;) +Zbu (t —t;)| At +
V20,1V ALz (3.22a)
Wit + At) = ch (t —t;) —I—Zdu (t —t;)| At +

\/702\/_22, (3.22b)

where z; and 25 are independent standard normal distribution random variables. For

simplicity, the time step, At, is chosen such that £, i = 1,...,n, are integer. Here,

L
we choose At = 1072, Note that in the context of numerical programming, we have
to store the past values of u; in a memory array. The length of the array equals to
Tmaz defined in (3.7). In this case, 7,0 = 4/0.01 = 400. This array is updated every

time the value of u; is computed. We integrate the effective model with 7" = 200, 000
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and measure mean, variance, and kurtosis of u}¢ and u%™. We also measure the auto-
Lm re

correlation functions of u}® and u{™, the cross-correlation function between u}¢ and

ui™, and the probability density functions of u[¢ and u{™.

mean variance kurtosis
Theory 0.0 1072 3.0
Full model wre | =223 x 1073 | 1.01 x 1072 | 2.792

ul™ | —1.64 x 1073 | 1.01 x 1072 | 2.922

Effective model | uf¢ | —1.69 x 107 | 1.01 x 1072 | 2.996

u™ | —4.53 x 1071 | 1.03 x 1072 | 2.941

Table 3.3: Mean, variance, and kurtosis of u}¢ and u%™ from the full model and the

stochastic delay effective model defined in (3.16).

The stochastic delay effective model provides a good agreement with the full
model. The relative error of the variance of u; is less than 5%. The kurtosis approxi-
mately equals to 3. The auto-correlation functions of u}¢ and u{™ from the stochastic
delay effective model are very close to the auto-correlation functions from the full
model. There is a little discrepancy of the cross-correlation function. Overall, the
effective model reproduces statistical behaviours of the full model both one-point and

two-points statistics.

The Effect of the Number of Time Delays

In this section, we investigate the effect of the number of time delays in the effective
model. We study two cases for the numerical simulations. The first effective model
has two time delays (n = 2) and the time delays are at 0.0 and 1.0. The second
effective model has ten time delays (n = 10) and the time delays are at 0.0, 1.0, ... ,
9.0.
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Figure 3.5: Comparison of statistical properties of u; between the full model and the
stochastic delay effective model defined in (3.16). The auto-correlation of u}® is on
the top left. The auto-correlation of u{™ is on the top right. The cross-correlation
between u}¢ and u{™ is on the bottom left. The probability density function of uf¢ is

on the bottom right.

Table (3.4) and (3.5) show the coefficients of stochastic delay models with two
and ten delays, respectively. Statistical results from the effective model with two
time delays are shown in Figure (3.6) and Table (3.6).

The variances of u}¢ and u{™ from the stochastic delay effective model with two
time delays are significantly larger than the variance from the full model. Both auto-
correlation function and cross-correlation function from the effective model behave
differently from the full model. There is a large oscillation in both auto-correlation
and cross-correlation functions of the effective model. Overall, the effective model
with two time delays is unable to reproduce the statistical behaviours of the full
model. The result shows that the effective model requires more time delays in order

to reproduce the statistical properties of the system. On the other hand, the effective
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) Ti a; bl C; dl
110.0] 0.8301 | -0.1537 | 0.1582 | 0.8297
211.01-0.9765 | 0.1431 | -0.1436 | -0.9667

Table 3.4: The coefficients of the stochastic delay effective model defined in (3.16)
with two time delays. The coefficient values are obtained by the least square method

defined in (3.11).

model with ten time delays reproduces the statistical properties of the full model.
These statistical properties are shown in Figure (3.7) and and Table (3.7). Note that
increasing the number of time delays from five to ten does not significantly improve
statistical properties of the essential variables. The statistical behaviours from the
effective models with five and ten time delays are similar. Moreover, the stochastic
delay effective model with ten delays is more complex than the effective model with
five delays. The computation needs more memory arrays to store the past values of
essential variables. It is sufficient to model the stochastic delay effective model with

five time delays.
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) Ti a; bl C; dl

1100 1.1155 | -0.1300 | 0.1354 | 1.1116
2 1.0 |-1.5872 | 0.1751 | -0.1739 | -1.5732
2.0 | 0.4881 | -0.1215 | 0.1140 | 0.4712
3.0 1 -0.1044 | 0.0766 | -0.0526 | -0.0867
4.0 | 0.0030 | -0.0650 | 0.0247 | 0.0173

3
4
3
6 | 5.0 |-0.0064 | 0.0418 | 0.0057 | 0.0012
7 16.0] 0.0071 | -0.0191 | -0.0129 | -0.0034
8 | 7.0 |-0.0161 | 0.0059 | 0.0141 | -0.0067
9 | 8.0 0.0052 | 0.0030 | -0.0115 | 0.0088

101 9.0 | 0.0017 | -0.0022 | 0.0023 | -0.0038

Table 3.5: The coefficients of the stochastic delay effective model defined in (3.16)
with ten delays. The coefficient values are obtained by the least square method

defined in (3.11).

mean variance kurtosis
Theory 0.0 1072 3.0
Full model ul® | —2.23 x 1073 | 1.01 x 1072 2.792

ul™ | —1.64 x 1073 | 1.01 x 1072 | 2.922

Effective model | uf¢ | —1.39 x 107 | 3.03 x 1072 | 3.001

™ | —7.28 x 1071 | 3.01 x 1072 | 2.955

Table 3.6: Mean, variance, and kurtosis of u}¢ and u%™ from the full model and the

effective model defined in (3.16). The effective model consists of two time delays.
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Figure 3.6: Comparison of statistical properties of u; between the full model and the
stochastic delay effective model defined in (3.16). The effective model has two time
delays. The auto-correlation of u}¢ is on the top left. The auto-correlation of u%™ is
on the top right. The cross-correlation between u}® and u!™ is on the bottom left.

The probability density function of u}® is on the bottom right.

mean variance | kurtosis
Theory 0.0 1072 3.0
Full model ui® | —2.23 x 1073 | 1.01 x 1072 | 2.792
uim | —1.64 x 1073 | 1.01 x 1072 | 2.922
Effective model | uf¢ | —8.15 x 107* | 1.05 x 1073 | 2.938
wf™ | 114 x 107 | 1.01 x 1072 | 3.007

Table 3.7: Mean, variance, and kurtosis of u}¢ and u%™ from the full model and the

effective model defined in (3.16). The effective model consists of ten time delays.
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Figure 3.7: Comparison of statistical properties of u; between the full model and the
stochastic delay effective model defined in (3.16). The effective model has ten time
delays. The auto-correlation of u}® is on the top left. The auto-correlation of u%™ is
on the top right. The cross-correlation between u}® and u!™ is on the bottom left.

The probability density function of u}® is on the bottom right.
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The Effect of the Time Step in Numerical Integration

In this section, we study the effect of the time step used in the numerical integration
of the stochastic delay effective model. We choose the stochastic delay model with five
time delays as an effective model. The coefficients of the effective model are shown
in Table (3.1). We simulate the stochastic delay effective models with four different
time steps, At = 0.01,0.02,0.05,0.1. Note that these time steps are not related to
the time step used in the parameter estimation. The time step used in the parameter

estimation is 0.01 for all cases.

mean variance | kurtosis
Theory 0.0 1072 3.0
Full model with ui® | —2.23 x 1072 | 1.01 x 1072 | 2.792
At =107 uim | —1.64 x 1072 | 1.01 x 1072 | 2.922

Effective model with | u7® | —1.69 x 1073 | 1.01 x 1072 | 2.996
At =102 ui™ | —4.53 x 1071 | 1.03 x 1072 | 2.941

Effective model with | u¢ | —1.20 x 1073 | 1.02 x 1072 | 3.042
At =2 x 1072 wim | 3.95x 1075 | 1.02x 1072 | 3.005

Effective model with | u7® | —=1.99 x 1073 | 1.02 x 1072 | 2.991
At =5 x 1072 ui™ | 1.47 x 107° | 1.03 x 1072 | 2.999

Effective model with | v} | —=1.24 x 1073 | 1.09 x 1072 | 3.005
At =101 wi™ | 272 x 107 | 1.10 x 1072 | 3.005

Table 3.8: Mean, variance, and kurtosis of u}® and u%™ from the full model and the
effective model with five time delays. The effective model is numerically integrated

with different time steps.

Table (3.8) shows the one-point statistics of the effective model with different time

steps. The variances of u}¢ and u{™ from the effective model with At = 0.01,0.02,
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Figure 3.8: Auto-correlation functions of u}® from the effective model. The effective

model is numerically integrated with different time steps.

and 0.05 are very close to the theoretical value. For At = 0.1, the variance is a
little higher than the theoretical value. However, the auto-correlation function of
ut® from the effective model with At = 0.1 behave differently from the others. In
this simulation, the effective model with 0.01 < At < 0.05 reasonably reproduces
statistical properties of the full model. It is possible to increase the accuracy of the
result by using the higher order numerical integration scheme for the stochastic delay
model. The details of numerical solution of delay differential equations can be found

in [20, 41].

3.4 The Effective Model for the

First Three Fourier Modes

In this section, we consider the case where the essential variables consist of the first

three Fourier modes. As we have seen in section (3.3.1), the effective model with five
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time delays reproduces statistical properties of the full model. Thus, we use n = 5 for
the effective model in this section. However, these three Fourier modes have different
correlation times. The auto-correlation functions decorrelate at different rates. The
effective model should have different time delays for each Fourier mode. Figure (3.9)
shows the cross-correlation between ¢/ and u}¢, 7 = 1, 2, 3, where ¢/“ is the right-hand

side of ul®.
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Figure 3.9: Correlation functions between ¢;¢ and u[¢,i = 1,2, 3.

From Figure (3.9), there is a strong correlation between ¢7¢ and u}® when 0 < 7 <
4. Thus, for the first Fourier mode, we choose time delays at 0.0, 1.0, 2.0, 3.0, and
4.0. For the second Fourier mode, the cross-correlation function between g5¢ and u5°
is significant when 0 < 7 < 4. We choose the time delays within this interval. The
time delays are at 0.0, 0.5, 1.0, 1.5, and 2.0. Similarly, the time delays for the third
Fourier mode are chosen at time 0.0, 0.4, 0.8, 1.2, and 1.6.

To estimate the parameter of the effective model, U is constructed such that its
dimension is 30 by 200,000. Recall that the effective model has three Fourier modes

with real and image. Thus, it has six essential variables. Each essential variable has
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five time delays. Therefore, the number of rows in U is 3 x 2 x 5 = 30. The number
of columns in U is simply equal to the length of a time series which is 200,000. V is a
matrix with a dimension of 6 by 200,000. The coefficients of the effective model and

the residual are obtained from (3.11) and (3.12), respectively. Figure (3.10) shows

1 1
\\ _ <eP(tmef> AN _ <eltmeln>
\ re re \ re re
05 N VA (tﬂ)u1 (t)> 05 . R VA (t+r)u2 (t)>
. \ ’ \
\ \
\ \
0 A e 0 T
-0.5 -0.5
5 10 1 2 3 4 5
time time

<€l (e (>

05 N _ _ <ug(thiug(t>

Figure 3.10: The auto-correlation functions of e} and u[¢,i = 1,2,3. Note that the

decorrelation time of e; is faster than wu;, for 1 = 1,2, 3.

the comparison between the auto-correlation functions of the residual and the auto-
correlation functions of the essential variables. Note that the residuals decorrelate
faster than the essential variables. Thus, we apply the homogenization method to
obtain the diffusion coefficients of the effective model. Table (3.9) shows the mean,
variance, and kurtosis of u/¢ and u!™ for i = 1,2,3. The variances of u;,i = 1,2, 3,
are close to the theoretical value. The relative errors of the variances are less than
10 %. The kurtosis from the effective model approximately equals to 3. Figure
(3.11) - (3.13) show the comparison of the correlation functions between the full
model and the effective model. There is a slight discrepancy of the auto-correlation

and cross-correlation functions of w;,7 = 1,2,3. However, the decorrelation times
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mean variance | kurtosis
Theory 0.0 1072 3.0
Full model ui® | —2.23 x 1073 | 1.01 x 1072 | 2.792
ul™ | —1.64 x 1073 | 1.01 x 1072 | 2.922
ub® | —4.05 x 107° | 1.05 x 1072 | 2.829
ub™ | =1.51 x 1073 | 1.03 x 1072 | 2.823
ub® | —1.59 x 107* | 1.03 x 1072 | 2.831
ud™ | 247 x107° | 1.03x 1072 | 2.822
Effective model | u]® | —1.23 x 107° | 1.00 x 1072 | 3.011
uim | 2,91 x 107 | 1.01 x 1072 | 2.942
wF | 227 x 107 | 1.04 x 1072 | 3.002
ud™ | 6.76 x 107> | 1.07 x 1072 | 3.040
uf | 913 x107° | 9.38 x 1073 | 3.012
wm | —6.18 x 1075 | 1.03 x 1072 | 2.992

Table 3.9: Mean, variance, and kurtosis of u[® and u!™ for i = 1,2,3 from the full

model and the effective model.

of u;;1 = 1,2,3, from these two models are approximately the same. Overall, the

effective model reproduces the statistical behaviours of the full model.
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Figure 3.11: Statistical properties of u; from the full model and the stochastic delay

effective model. The auto-correlation of u}® is on the top left. The auto-correlation of

u%™ is on the top right. The cross-correlation between u}® and u{™ is on the bottom

left. The probability density function of u}® is on the bottom right.
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Full Model
— — — Effective Model

10

Full Model
— — — Effective Model

10
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Figure 3.12: Statistical properties of us from the full model and the stochastic delay

effective model. The auto-correlation of u5® is on the top left. The auto-correlation of

ui™ is on the top right. The cross-correlation between u® and uy™ is on the bottom

left. The probability density function of u5® is on the bottom right.
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0.5
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Figure 3.13: Statistical properties of ug from the full model and the stochastic delay
effective model. The auto-correlation of u4° is on the top left. The auto-correlation of
uf™ is on the top right. The cross-correlation between u}® and u§" is on the bottom

left. The probability density function of u3® is on the bottom right.
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3.5 Conclusion

We have shown in this chapter that the stochastic delay effective model reproduced
statistical behaviours of essential variables of TBH system. The stochastic delay
effective model is simple and straightforward. It is a linear combination of essential
variables at different time delays. One benefit of this effective model is that it does
not require the knowledge of the dynamics of essential variables. The stochastic
delay effective model can be obtained from a single realization of essential variables.
Parameters of the stochastic delay effective model are obtained from least square
method. We also showed that the factor that impact the effective model is mainly the
number of time delays. It is shown that effective models with five or more time delays
provided a good agreement with the full model. However, as we mentioned earlier in
this chapter, the numerical simulation requires more memory arrays as the number of
time delays increases but the statistical results are not significantly improved. Thus,
it is best to employ minimal number of time delays in the stochastic delay effective
model. We also showed that, under the strong scale separation assumption, the
random force in the effective model can be approximated by Brownian motion. This

simplifies the structure of the stochastic delay effective model.
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Appendix A

Asymptotic Mode Elimination

A.1 Forward and Backward Equations
Consider a one-dimensional time homogeneous SDE

de(t) = p(x)dt +o(z)dW(t),

z(0) = . (A.1)

Here p(x) and o(z) are the drift and diffusion coefficients, respectively. Let f(z) be

a twice differentiable function. Define the operator L as follows

1) = g B0 = 1(2) o)
It can be shown that
2
Lf(x) = ,ug—i + 302%. (A.3)

To see this, consider the Ito’s formula for f(x)

fla(t) — fz) = /0 (u%—l—%az%)du—l— O a%dW(u). (A.4)

79



By taking the expectation of (A.4) and taking the limit ¢ — 0, we have

E [(nd + %aQﬁ)du

)y BT 2l
oy i
t—0 t
of 1 .0

Now consider the function of the form v(t,z) = E[f(z(?))|z(0) = z] = E*[f(z(t))].

Applying the operator L to v(¢,x), then

Lo(t,z) = lim E*v(t, z(h))] — v(t, x)

h—0 h
z [rx(h) _
L EEOY ) - o)
h—0 h
_ iy EETS @+ 1) [Fa]] - ot 2)
= lim
h—0 h
B )] - o)
h—0 h
. v(t+hx)—ov(th)  Ov
Thus, the evolution of v(¢,x) can be represented by the following PDE.
v v 1 ,0%
v(0,2) = f(z). (A.7b)

Equation (A.7) is called the Chapman-Kolmogorov equation. More details can be
found in [39]. The solution of the Chapman-Kolmogorov equation can be written in

the semi-group notation as follows
v(t,z) = M f(2). (A.8)

Another equation that is related to the Chapman-Kolmogorov equation is called the
Fokker-Planck equation. It represents the evolution of the probability density function

of z(t). To obtain the Fokker-Planck equation, we again consider the Ito’s formula
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(A.4). We consider the following equation

/f 8ptx :}ILHI(I)/f t+h:c) p(t,x >dx
Bl ) - Bl ()
h—0 h
t+h
_ Hig e PE T30 8_f)alu]
h—0 h
of 1
— E[Zl 4=
o + 3 ]
_ of >*f
- /( P —l— 0 5)p(t, x)dx. (A.9)
Using the integration by part and the fact that lim, .., p(t,z) = 0 and
lim, o, 22 890 = 0. It can be shown that
8f 1 1 0*(0?p)
Equation ( A.9) can be written as
8p (t, ) 182 a’p
/f /f - 2 éxz ))dx (A.11)
The above equation is true for any f(x). Thus,
Op(t,x) — Aup(t,x))  19P(*p(t,x))
o ar 2 o2 (A.12)

Therefore, the probability density function of x(t) can be solved from

op(t,x)  O(up(t,z)) 18*(a?p(t,z))
o~ T or T2 o (A-13a)
p(0,7) = po(). (A.13b)

Equation (A.13) is called Fokker-Planck equation. Similarly, the solution p(t, x) can
be written in semi-group notation as p(t,z) = e* " py(x) where

. Oup) | 10%(c°p)
L*p = e —1—2 EICI (A.14)

L* is called the adjoint operator of L and satisfies < v, L*p >=< Lv,p > where

< f,g>= fR (z)dz. Another important relationship between v and p is

/R e () pola)de = / e () (). (A15)
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If x(t) is the ergodic process, then the invariant density function which is defined as

Poo () = limy_,oo X"t po(z) exists and satisfies L*po = 0.

A.2 Asymptotic Mode Elimination

Let us consider the system of m + n variables

de = f(x,y)dt+ a(x,y)dB (A.16a)

dy = g(z,y)dt + b(z,y)dW, (A.16b)

where x € R™ and y € R". B and W are independent multivariate Wiener processes
with dimensions d; and ds, respectively. The functions f(z,y) and g(z,y) are real-
valued vector functions. We also assume that a(z,y) € R™% and b(x,y) € R**%,
We also assume that x and y have a strong scale separation where x is in a slow regime
and y is in a fast regime. The main objective of this section is to obtain the reduced

equation for z. Particularly, we seek the reduced equation for x of the following form
dX = F(X)dt + A(X)dB. (A.17)

By assuming scale separation between x and y, the asymptotic approach can be
used to obtain the reduced equation. Two methods of the asymptotic approach are
described in this section; the averaging method and the homogenization method. The

approapriate method is determined from the structure of the full system (A.16).

A.2.1 Averaging Method

For the averaging method, the scale separation between x and y is defined by the

parameter €. We assume € < 1. We introduce ¢ to the full system as follows

de = f(x,y)dt+ a(z,y)dB (A.18a)
dy = %g(x,y)dth%b(:v,y)dW. (A.18b)
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The corresponding Chapman-Kolmogorov equation for the system (A.18) can be writ-

ten as follows

0 1
5 = 1@y) - Vout STrace(a(e, y)a” (2,9)V.a(V0) +
1 1
2(9(1’7 y) - Vyu+ §Trace(b(x, YO (2, )V, (Vyu)), (A.19)
where V, u denotes the gradient of u with respect to x, i.e., V,u = [5)—;‘1 e %]T, and
. . . . 8%
V.(V,u) denotes the second order partial derivative of u, i.e., (V,(V,u));,; = Bride;
Define the operator Ly and L, as
1
LO = f(xay) ’ v:c + §Trace(a(x,y)aT(x, y)vx(vx ))
1
Ly = g(z,y)-Vy+ iTrace(b(x, y)bT(x,y)Vy(Vy ))-
Then, (A.19) can be written in an operator notation as follows
ou 1
We assume that u has the following expansion
u=ug+euy + Uy + . ... (A.22)
Substituting (A.22) into (A.21), we have
0 0 1
% + e% +...= ELluO + (Louo + Liuy) + e€(Louy + Liug) + .. .. (A.23)
Comparing the coefficients on the scale €' and €°, we have
Ll’lLQ =0 (A24a)
% Loug + Lyu;. (A.24b)

Since L consists of the derivatives with respect to y. Equation (A.24a) implies that
up is a constant function with respect to y. Thus, ug = ug(t,z). Let p(y;x) be the

invariant density function related to the operator Lq, i.e, p(y;x) satisfies Lip = 0,
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where Lj is the adjoint operator of L;. Here y is treated as a variable and z is treated

as a constant. Define the averaging operator P, as follows

P,u :/ u p(y; x)dy. (A.25)
Applying the averaging operator P, to (A.24b), we have
Py% =P, Louy + Py Lyu. (A.26)
Since
Py% = L. %p(y;x) dy = % / ply; x)dy = %
and

PyLiw =/ Lyuy p(y; x)dy =/ uy (Lip) dy =0,
R” n
(A.26) can be rewritten as

ou 1
8—t0 =P, Loug =P, f(z,y) - Viuo + §IP’yTrace(a(a7, y)a' (x,y)Va(Vauo)).  (A.27)

Equation (A.27) is the Chapman-Kolmogorov equation that represents the dynamics
of x. In an infinite scale separation, u — ug as € — 0. Thus, the reduced equation

can be obtained from (A.27)

Example

Consider the following system

dvr = —ydt+ dB; (A.28)

dy = —a(y— z)dt+ odBs, (A.29)
where x and y are one dimensional stochastic processes. By and By are independent
Wiener processes. We assume z and y have a strong scale separation. We introduce
€ to the equation as follows

dy = —la(y —x)dt + LaalBg. (A.31)
€ Ve
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The corresponding Chapman-Komolgorov equation can be written as follows

ou 1
% = Lou + — Llu (A.32)
where
ou 10%u
ou 1 ,0%

Using the expansion, u = ug+ €u; + ... and substituting u into (A.32), equation (A.27)

for this example can be written as follows

auo 0u0 1 02’&0
— =P, Loug = P,(—y— + = A.
8t Yy oUo y( Yy 8,1' + 2 ax‘Q )7 ( 35)
where Pyg(y, z) = [ 9(y, z)p(y; x)dy and p(y; z) is the invariant density function
o _a-o)?
ply3) = | e (A.36)
o
Equation (A.35) can be simplified as follows
8u0 8U0 1 821,60 8u0 1 821,60
— = d - = —r—— + = . A.37
ot /yp(y’)ya T3 T Vor T3 (A.37)
Equation (A.37) has a corresponding stochastic differential equation
dX = —Xdt + dW. (A.38)

Equation (A.38) is, thus, the reduced equation for (A.28).

A.2.2 Homogenization Method

The averaging method dose not apply if P, Louy = 0 in (A.27). In this case, the time
of fast variables has to be rescaled to the order of €72, the epsilon form of (A.16) is

given as follows

dv = fo(z,y)dt + %fl (x,y)dt + a(x,y)dB (A.39a)

1 1
dy = gg(x,y)dt—i—gb(:c,y)dw, (A.39D)
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where we decompose f(x,y) as f(z,y) = fo(z,y) + fi(z,y).

The Chapman-Kolmogorov equation of (A.39) can be written as follows

% = fo(z) - Vou+ %Trace(a(x,y)aT(iE, Y)Vae(Viu)) + %fl(%y) Vau +
L 0(e.y) - Tyt STrace(ble )b (2,)9,(F,)) (A0

Define the operators Lo, L1, and L as

Lo = Jole,y)- Ve + 5 Trace(a(e, yae, 1) V(7. )
Ly = filz,y) V.

Ly = glw.9) - 9y + 5 Trace(ba, ) (5, ) V(T ).

Then (A.40) can be rewritten as

ou 1 1

Expanding u as (A.22) and substituting it into the above equation, we have

ou ou 1
0 ! = 2L2U0 -+

1
E + EE +...= 6_ (L1U0 + Lgul) + (Louo + L1U1 + LQUQ) + ... (A43)

€

Comparing the coefficients on the scale €72, ¢! and €, we have

LQUQ =0 (A44a)

L1u0 + L2U1 =0 (A44b)
8u0

E = Louo + L1U1 + L2u2. (A44C)

Equation (A.44a) implies that ug is in the null space of Ly. Thus, ug is a constant
function with respect to y, i.e., ug = wuo(t,x). Let p(y;z) be the invariant density
function related to the operator Lo, i.e, p(y;x) satisfies Lip = 0, where L3 is the

adjoint operator of Ly. Define the averaging operator P, as

P,u :/ u p(y; z)dy. (A.45)
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Applying the averaging operator, P, to (A.44b), we have
PyLﬂLQ + IP’ngul = PyLﬂLO = 0. (A46)

Equation (A.46) is the condition for applying the homogenization method. In other

word, one can apply the homogenization method if

fi(z,y)p(y; x)dy = 0. (A.47)
Rn
From (A.44b), u; can be rewritten as u; = —L; ' Liug. Substituting u; = —Ly ' Lyug

into (A.44c) and applying the averaging operator, we have
8u0

Py— =Py Louo + Py [— L1 Ly " Lyug) + P, Lous. (A.48)
Since Py% = % and P, Lous = 0, the above equation can be simplified as
8U0 _1
W = ]P)y L(]U(] +]P)y [—L1L2 Lluo]. (A49)
To interpret the inverse operator L, ', we consider the following problem
L' =g, and [ fplyandy=o. (A.50)
If we let g = [~ e™' fdt. Then
—Lyg = — / Loel2t fdt
0
> 8 Lot
= — — dt
/0 ot
= f-lmet s =~ [ ooy = 1. (A.51)
Thus,
—Ly'f = / ekt fdt. (A.52)
0

The term P, [—Ly Ly ' Lyug] in (A.49) can be computed as
Py [-Lali o] = [ o) | (B Trace( ) o, y(8)T V(P )] +
Elfi(z,y)Vafi(z,y(t)"] - Vouo)dt)dy

= [ ot B Trace ) oo ()9 (o)l +
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The expectation and the averaging under the invariant density function in (A.53) is,

in fact, redundant. Thus, equation (A.53) can be rewritten as follows

B, [~L1Ly Liug) = / " (E[Trace(fu(a, ) f (2, y(6) TV (Vo)) +

Elfi(2,y)Vafi(z,y(t)"] - Vauo)dt. (A.54)

Equations (A.49) and (A.54) together represent the Chapman-Kolmogorov equation
related to x variable. Thus, the reduced equation for x can be obtained from (A.49)

and (A.54). We give an example of the homogenization method here.
Example

Consider the following system

dr = —xdt+ ydt (A.55)

dy = —aydt+ odB, (A.56)

where x and y are one dimensional stochastic processes, and B is a one dimensional
Brownian motion. We assume x and y have a strong scale separation. We introduce

€ to the equation as follows

1
de = —xdt+ —ydt (A.57)
€

1 1
dy = ——aydt+ -odB. (A.58)
€ €

The corresponding Chapman-Komolgorov equation can be written as follows

ou 1 1
where
ou

L = —r— A.60

ou Iax ( )
ou

L = y— A.61

1u y@x ( )
ou 1 ,0%u



Using the expansion, u = ug + €u; + ... and substituting u into (A.59), we have

0
%? — P, Louo+ Py[—L1 Ly Lyug|
. 0u0 o 82U0
= B(—e )+ ([ Bl (A.63)

where the invariant density function related to Lo in this case is
ply) = || g™ (A.64)
wo?

/0 " E(0)y(t))dt = /0 h g—Ze—atdt _ o (A.65)

o 202

We note that

Thus, the Chapman-Kolmogorov equation for ug is written as follows

oug  dug  o* PPug
ot - ox + 202 02 (A.66)

and its corresponding stochastic differential equation is written as follows
dX = —Xdt + Zaw. (A.67)
Q@

Equation (A.67) is the reduced equation for (A.55). Readers interested in asymptotic

mode elimination can find more details in [36, 37, 38].
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Appendix B

Least Square Method

In this appendix , we assume that x and y are vector-valued variables where z € R"*!

and y € R™*!, We also assume that the relationship between x and vy is
y=ATx (B.1)

where A € R™™ and AT denotes the transpose of A. Let X be a time series of x
with length N, ie., X € R™¥ . Similarly, we let Y denote a time series of y with
length N, i.e., Y € R™¥. For the ease of notation, X; denotes a row vector of X at
row j and Y; denotes a row vector of Y at row i. To estimate A from time series X
and Y, we minimize the following error function

m N n

E= % SO AXp =Y =2 Y (O AuXy - i) (B.2)

k=1 i=1 j=1 i=1 k=1 j=1

N —

There are mn coefficients to estimate for this case. By taking the derivative with

respect to A, 1 <t <mn, 1 <s<m, and setting the derivative to zero, we have

N

OF -
ts

k=1 j=1

Equation (B.3) can be rewritten as follows

S A (XT) = VXT. (B.4)
j=1
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Equation (B.4) is true for 1 <t <n, 1 <s <m. In fact, (B.4) can be written in a
matrix notation as follows

AT(XXT) = (v XT) (B.5)

and the solution of (B.5) is

A= (XXT)"HxY™). (B.6)

91



Bibliography

1]

A. J. MAJDA AND 1. TIMOFEYEV, Remarkable statistical behavior for truncated

Burgers-Hopf dynamics, Proc. Nat. Acad. Sci. USA, 97 (2000), pp. 12413-12417.

A. MAJDA, AND 1. TIMOFEYEV, Statistical mechanics for truncations of the

Burgers-Hopf equation: a model for intrinsic stochastic behaviour with scaling,

Milan Journal of Mathematics, 70 (2002), pp. 39-96.

A. J. Maipa, I. TIMOFEYEV, AND E. VANDEN-EIINDEN, A mathematical
framework for stochastic climate models, Comm. Pure Appl. Math., 54 (2001),
pp. 891-974.

A. MaipA, I. TIMOFEYEV, AND E. VANDEN-EIINDEN, Stochastic models for

selected slow variables in large deterministic systems, Nonlinearity, 19 (2006),

pp. 769-794.

A. J. MAJDA, I. TIMOFEYEV, AND E. VANDEN-EIINDEN, Systematic strategies

for stochastic mode reduction in climate, Journal of the Atmospheric Sciences,

60 (2003), p. 1705-1722.

A. J. MAJDA, I. TIMOFEYEV, AND E. VANDEN-EIINDEN, Models for stochastic

climate prediction, Proc. Natl. Acad. Sci. USA, 96 (1999), p. 14687-14691.

92



[7]

[13]

[14]

[15]

[16]

R. ABramov, G. Kovacic, aAND A. J. MAJDA, Hamiltonian structure and

statistically relevant conserved quantities for the truncated Burgers-Hopf equa-

tion, Comm. Pure Appl. Math., 56 (2003), pp. 1-46.

D. BERNSTEIN, Optimal prediction of Burgers’s equation, Multiscale Model.

Simul., 6 (2007), pp. 27-52.

A. J. CHORIN, Conditional expectations and renormalization, Multiscale Model.

Simul., 1 (2003), pp. 105-118.

A. J. CHORIN, O. H. HALD, AND R. KUPFERMAN, Optimal prediction and

the Mori-Zwanzig representation of irreversible processes, Proc. Nat. Acad. Sci.

USA, 97 (2000), pp. 2968-2973.

A. J. CHORIN, O. H. HALD, AND R. KUPFERMAN, Optimal prediction with

memory, Physica D, 166 (2002), pp. 239-257.

A. J. CHORIN, A. P. KasT, AND R. KUPFERMAN, Optimal prediction of

underresolved dynamics, Proc. Nat. Acad. Sci. USA, 95 (1998), pp. 4094-4098.

A. J. CHORIN, A. P. KasT, AND R. KUPFERMAN, Unresolved computation

and optimal prediction, Comm. Pure Appl. Math., 52 (1999), pp. 1231-1254.

G. ArieL, B. EncquisT, AND R. TsAl, Numerical multiscale methods for

coupled oscillators, Multiscale Model. Simul., 7 (2008), pp. 1387-1404.

S. Kravrsov, D. KONDRASHOV, AND M. GHIL, Multilevel regression mod-

eling of nonlinear processes: deriwvation and applications to climatic variability,

Journal of Climate, 18 (2005), pp. 4404-4424.

D. T. CROMMELIN, AND E. VANDEN-EIINDEN, Fitting timeseries by

continuous-time Markov chains: a quadratic programming approach, Journal of

Computational Physics, 217 (2006), pp. 782-805.
93



[17]

[18]

[20]

[21]

[22]

23]

D. T. CROMMELIN, AND E. VANDEN-EIINDEN, Reconstruction of diffusions

using spectral data from timeseries, Comm. Math. Sci., 4 (2006), pp. 651-668.

D. CROMMELIN AND E. VANDEN-EIINDEN, Subgrid-scale parameterization with

conditional Markov chains, J. Atmos. Sci., 65 (2008), pp. 2661-2675.

T. D. FrRANK, AND P. J. BEEK, Stationary solutions of linear stochastic delay
differential equations: applications to biological systems, Physical Review E, 64

(2001), pp. 021917-1-021917-12.

U. KUCHLER, AND E. PLATEN, Strong discrete time approximation of stochastic

differential equations with time delay, Mathematics and Computers in Simula-

tion, 54 (2000), pp. 189-205.

P. E. KLOEDEN, AND E. PLATEN, Numerical solution of stochastic differential

equations, Springer-Verlag, 2000.

Y. Cao, D. T. GILLESPIE, AND L. R. PETZOLD, The slow-scale stochastic
stmulation algorithm, Journal of Chemical Physics, 122 (2005), pp. 014116-1—
014116-18.

W. E, D. Liu, AND E. VANDEN-EIINDEN, Nested stochastic simulation algo-

rithms for chemical kinetic systems with disparate rates, J. Chem. Phys., 123

(2005), p. 194107.

K. TakAHASHI, K. KA1zu, B. Hu, AND M. ToMITA, A multi-algorithm, multi-

timescale method for cell simulation, Bioinformatics, 20 (2004), p. 538-546.

E. DARVE, J. SOLOMON, AND A. Kia, Computing generalized Langevin equa-

tions and generalized Fokker-Planck equations, Proc. Natl. Acad. Sci., submitted.

94



[20]

[28]

[29]

[30]

[31]

[33]

C. FraNzKE, D. CROMMELIN, A. FISCHER, AND A. MAaAJDA, A Hidden

Markov Model perspective on regimes and metastability in atmospheric flows.

J. Climate, submitted, 2007.

X. SAN LIANG AND R. KLEEMAN, A rigorous formalism of information transfer

between dynamical system components. II. Continuous flow, Physica D, 227(2)

(2007), pp. 173-182.

E. VANDEN-EINDEN E W.. D. Liu, Analysis of multiscale methods for stochas-

tic differential equations, Comm. Pure Appl. Math., 58 (2005), pp. 1544-1585.

W. E AND B. ENGQUIST, The heterogeneous multiscale methods, Comm. Math.

Sci., 1(1) (2003), pp. 87-132.

W. E, B. EncquisT, X. L1, W. REN, AND E. VANDEN-EIINDEN, Hetero-

geneous multiscale methods: A review, Comm. Comput. Phys., 2(3) (2007),
pp. 367-450.

C. Hwoon, P. EspanoL, E. VANDEN-EIJNDEN, AND R. DELGADO-

BUSCALIONI, Mori-Zwanzig formalism as a practical computational tool,

Preprint, 2009.

I. HORENKO AND C. SCHUTTE, Likelihood-based estimation of multidimensional

Langevin models and its application to biomolecular dynamics, Multiscale Model.

Simul., 7 (2008), pp. 731-773.

M.A. KATSOULAKIS, A.J. MAJDA, AND A. SOPASAKIS, Multiscale couplings in

prototype hybrid deterministic/stochastic systems: Part 1, deterministic closures,

Comm. Math. Sci., 2 (2004), pp. 255-294.

95



[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

M.A. KATSOULAKIS, A.J. MAJDA, AND A. SOPASAKIS, Multiscale couplings

in prototype hybrid deterministic/stochastic systems: Part 2, stochastic closures,

Comm. Math. Sci., 3 (2005), pp. 453-478.

M.A. KATSOULAKIS, A.J. MAJDA, AND A. SOPASAKIS, Intermittency,
matastability and coarse graining for coupled deterministic-stochastic lattice sys-

tems, Nonlinearity, 19 (2006).

G. A. PAVLIOTIS AND A. STUART, Parameter estimation for multiscale diffu-

sions, J. Stat. Phys., 127 (2007), pp. 741-781.

D. GivoN, R. KUPFERMAN, AND A. STUART, Extracting macroscopic dynam-

ics: model problems and algorithms, Nonlinearity, 17 (2004), pp. R55-R127.

G. A. PAvVLIOTIS AND A. STUART, Multiscale methods: averaging and homog-

enization, Springer 1st edition, 2008.

B. OKSENDAL, Stochastic differential equations: an introduction with applica-

tions, Springer 6th edition, 2007.

A. PApouLIS, Probability, random variables, and stochastic processes, McGraw-

Hill 3rd edition, 1991.

A. BELLEN AND M. ZENNARO, Numerical methods for delay differential equa-

tions, Oxford University Press 1st edition, 2003.

R. S. ELLIs AND M. A. PINSKY, The first and second fluid approximations to

the linearized Boltzmann equation, J. Math. Pures Appl., 54 (1975), pp. 125-126.

R. Z. KHASMINSKY, Principle of averaging for parabolic and elliptic differential
equations and for Markov processes with small diffusion, Theory Probab. Appl.,
8 (1963), pp. 1-21.

96



[44] T. G. Kurtz, A limit theorem for perturbed operator semigroups with applica-

tions to random evolutions, J. Functional Analysis, 12 (1973), pp. 55-67.

[45] G. PAPANICOLAOU, Some probabilistic problems and methods in singular per-

turbations, Rocky Mountain J. Math., 6 (1976), pp. 653-673.

97



